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AUTHORS’ PREFACE 





The aim of the present book is to’help the reader ac- 
quire the proficiency needed to successfully apply the 
methods of mathematical physics to a variety of prob- 
lems drawn from mechanics, the theory of heat conduc- 
tion, and the theory of electric and magnetic phenomena. 
A. wide range of topics is covered, including not only 
problems of the simpler sort, but also problems of a 
more complicated nature involving such things as 
curvilinear coordinates, integral transforms, certain 
kinds of integral equations, etc. The book is intended 
both for students concomitantly studying the cor- 
responding topics in courses of mathematical physics, 
and for research scientists who in their work find it 
necessary to carry out calculations using the methods 
described here. We also think that quite apart from its 
value as a tool for acquiring technique, the book can 
also serve as a handbook, especially in view of the fact 
that answers to the problems are included. 


A rather solid background in applied mathematics is 
needed to profit from the book in its entirety. However, 
most of the problems appearing in Chapters 2 to 5 will 
be accessible to those who have taken only the usual 
first course in methods of mathematical physics. Chap- 
ters 6 to 8 are more specialized, and presuppose some 
familiarity with special functions, integral transforms, 
integral equations, and so on. 


To make the book easier to use, each section begins 
with a brief introduction describing its contents and 
presenting a certain amount of relevant background 
information. However, it is not claimed that this in- 


formation is complete in any sense, and the reader 
v 


50234 


vi 


AUTHORS’ PREFACE 


desiring further details must consult the literature, e.g., 
the books and monographs cited at the end of each 
chapter. 


The majority of problems in this collection are ac- 
companied by hints, facilitating the choice of meaning- 
ful methods of solution. In addition, certain problems, 
whose numbers are equipped with asterisks (e.g., *52, 
*148, etc.), are solved in detail in a special section at 
the end of the book. The problems singled out in this 
way have been selected either because they illustrate the 
application of certain specific methods, or because of 
their special difficulty or particular importance in the 
applications. Because of the applied character of the 
book, we restrict ourselves to formal solutions, whose 
rigorous justification can be supplied by the interested 
reader. 


In compiling the collection, we have consulted not 
only the classic works on mathematical physics, but 
also a number of journal articles. Material accumulated 
during years of teaching and research in the Department 
of Mathematical Physics at the Leningrad Polytechnic 
Institute, as well as work done in connection with in- 
dustrial projects, plays a role in the material presented 
here. 


It would be impractical, and in many cases impossible, 
to cite the original source where a given problem was 
solved for the first time. Thus references to the literature 
have been confined to cases we find particularly relevant. 


We would like to take this opportunity to thank Prof. 
G. A. Grinberg for many valuable suggestions made 
in the course of writing the book. 
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TRANSLATOR’S PREFACE 





The present edition differs from the Russian original 
in various respects, of which three merit particular 
mention: 


1. The Bibliography has been expanded and up- 
dated. For example, the original sources of works 
translated into Russian have becn tracked down, 
all references have been equipped with titles, further 
references (especially, later editions and English 
translations) have been added, and so on. As in 
other volumes of this series, the system of references 
is in “letter-number form.” Thus L10 refers to the 
tenth paper (or book) whose (first) author’s surname 
begins with the letter L, where the entire Bibliog- 
raphy is arranged in lexicographic order, and 
chronological order as well, whenever there are 
several papers by the same author. 


2. Working from an extensive list of errata sent 
me by the authors, I have corrected numerous 
misprints and mistakes present in the Russian edi- 
tion. I am particularly grateful for their help, since 
the task of eliminating errors from a book of this 
type (consisting primarily of problems and answers) 
is both imperative and one which only the authors 
themselves can perform in finite time! The authors 
have also been kind enough to answer a number of 
specific questions that arose in the course of the 
translation. 


3. It was felt that the English-language edition 
would benefit greatly by the addition of material 
on the approximate solution of problems of mathe- 


matical physics, since the emphasis of the Russian 
vii 
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edition is on exact solutions. This led to the writ- 
ing of a Supplement on variational and related 
methods by Professor Edward L. Reiss of the 
Courant Institute of Mathematical Sciences of New 
York University. The Supplement is independent of 
the rest of the book, even to the extent of having its 
own references. 


Although the expression “mathematical physics" was 
preserved in the title of the book as entirely fitting and 
perhaps the most descriptive, one could just as well 
have substituted “applied physics and engineering" or 
"applied mathematics," at least in the sense in which 
these terms are used in the United States. 
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DERIVATION OF EQUATIONS AND 
FORMULATION OF PROBLEMS 








Chapter 1 is devoted to problem material on the derivation of the 
equations of mathematical physics and the formulation of appropriate initial 
and boundary conditions. It also serves as a convenient place to list the 
basic equations appearing later in the book. Throughout, we assume that the 
reader is familiar with the physical laws underlying the mathematical 
formulation of the problems which arise in various branches of physics. 

The chapter consists of three sections devoted in turn to problems of 
mechanics, heat conduction and the theory of electric and magnetic phe- 
nomena. Each section starts with the basic equations governing the corre- 
sponding set of problems, with appropriate references to sources where the 
derivations can be found. Special attention is devoted to the formulation of 
problems of electrodynamics, since this subject is inadequately covered in 
the available literature.’ 


l. Mechanics 


This section contains problems on the derivation of equations of motion 
and formulation of initial and boundary conditions for vibrating strings, 
membranes, rods and plates, as well as some examples pertaining to the 
statics of deformable media. It will be assumed that the reader has already 


! Those particularly interested in mathematical aspects of the formulation of physical 
problems can find relevant material in C5, G1, L1, P2, SÍ and S13. (The reference scheme 


is explained in the Translator's Preface.) 
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encountered the basic equations in a first course on mathematical physics.” 
Thus we shall merely list the equations concisely, at the same time explaining 
the notation to be used in the book. 


1. The equation of a vibrating string is 
Qu Lau _ qd) »= A 
oa qe p’ 


where u(x, t) is the displacement of the point of the string with abscissa 
x at the timet, q(x, t) is the external load per unit length, Tis the tension, 
and p is the linear density. 


2. The equation for longitudinal oscillations of a rod of constant cross 


section is 
Fu  190?u E 
een Wen 
Ox"  v* Ot p 


where u(x, t) is the displacement of the cross section of the rod with 
abscissa x at the time ¢, E is Young's modulus, and > is the density. 


3. The equation for transverse oscillations of a rod (beam) is 


2 
9u, 19u qon oS ee 
Ox! a! a” EJ oS 
where u(x, t) is the displacement of the points along the midline of the 
rod, q(x, t) is the external load per unit length, E is Young's modulus, 


J is the moment of inertia of a transverse cross section, p is the density, 
and S is the cross-sectional area. 


4. The equation of a vibrating membrane is 


Eu Til. dh, ya IE 


p 


where u(x, y, t) is the displacement of the point (x, y) of the membrane 
at the time t, g(x, y, t) is the external load per unit area, T is the tension 


per unit length of the boundary of the membrane, and p is the surface 
density. 


ox! ayo ar T 


5 


5. The equation for transverse oscillations of a thin elastic plate is 


A qub C end, b = m 
b* Qt D oh 


2 See S6 (Vol. ID, S14, TI and T2. Concerning the derivation of the equations of 
vibrating plates, see T4. 
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where u(x, t) is the displacement of the point (x, y) of the midplane of 
the plate at the time t, q(x, y, t) is the density of the external load, D 
is the flexural rigidity, h is the thickness, p is the density, and 


o o? 
"d ae 
is the two-dimensional Laplacian operator. 
The above equations lead to corresponding equations for static 
deflections, if we regard the external load g and the unknown displace- 


ment u as independent of the time ¢. For example, the equilibrium 
equation for the membrane is 


6. 
Ou Ow _ _ ay) 
ox dy? T. 
the static deflection of the plate satisfies the equation 
7. 
Au = q(x, y) 
D 5 
and so on. 


Among the other equations governing the statics of elastic bodies 


which will figure in this book, we cite the familiar equation 
8. 
au, Pu 
ox! əy? 


for twisting of a prismatic rod, where u(x, y) is the torsion function. 


ieh 


We now give some problems on the formulation of initial and boundary 
conditions for these equations, and also some problems on the derivation of 
other differential equations. 


1. Describe the initial and boundary conditions for a vibrating string with 
fixed ends (0 < x < /), which is stretched at the point x = c and time t = 0 
to a height h, and then released without initial velocity. 


Ans. 

m O<X<c, 
ee “| =0; 
erg lm c 

h— ec X 

l—c 


ul. = Unt = 0. 
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2. A concentrated load of mass m, is fastened at the point x = c of a 
string 0 < x < l of length /. Find the equations describing vibrations of the 
string with arbitrary initial conditions, assuming that the ends of the string 
are fastened. 





Ans. 
U], 0 « xX« C, u; 1 u, 0 ( 1 2) 
HZ 2 ^ 2 ae prn 
us, C«x«l 0x v“ ot 
with initial conditions 
Qu 
ulo =f) Z| 869. 
Ot lt=0 
and boundary conditions 
Qus — Ou, Mg Oru 
Uy} .-0 == Wal ent = 0, ui]. az Wales: (2 > LS , = T EE N 
t= T 





3. Formulate initial and boundary conditions for the problem of longi- 
tudinal oscillations of a rod in the following special cases: 

a) A rod of length /is clamped at the end x = 0 and stretched by a force F 
applied to the other end; at the time t = 0 the force is suddenly discontinued; 

b) A tensile force F(t) is applied at the time ¢ = 0 to the end x = / of a 
cantilever in equilibrium; 

c) A cantilever clamped at the point x = 0, with a load of mass M, at the 


free end x = /, undergoes longitudinal oscillations subject to arbitrary initial 
conditions. 














Ans. 
a) ul = x E e = 0, ul. = 0, "o 0; 
b) ul, 4 = 0, a De 0, ul, y = 0, = a m 3 
€) uho = (x), A piis g(x), tl,» = 0, a ln — Mes us 











4. Derive the differential equation for longitudinal oscillations of a thin 
rod of variable cross section S = S(x). As an example, derive the equation 
for oscillations of a conical rod. 


Ans. 
1 =| 2 1 ĝu JE 
oa ge e} S x) SS S == — 
S(x) dx ©) 0x v or? 0 : o 
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5. Derive the equation for torsional oscillations of a shaft of circular 
cross section. 


Ans. a9 M! 29 
ax? o0 C 
where (x, t) is the angular displacement of the cross section x relative to the 
equilibrium position, v = J Glo, p is the density, and G is the shear modulus. 


Hint. The torque at the cross section x is given by the expression 


Maer. 
Ox 


where J is the polar moment of inertia of a cross section of the shaft. 


6. Formulate initial and boundary conditions for the problem of torsional 
oscillations of a shaft of circular cross section and length /, where the end 
x = Oisclamped and a disk-shaped mass with moment of inertia Jy is attached 
to the other end. At the time t = 0, the disk is rotated through a given angle 
a and then released without initial velocity. 


Ans. 





00 
mat, Z| 20 
lie E l Ot li-o 
08 J, 0°0 
01.4 = 0, =| ————|. 
z-o Ox x=. GJ de x=l 








7. A cantilever of length / is clamped at one end x = 0 and loaded by a 
force F at the other end. At the time t = 0, the action of the force is suddenly 
discontinued. Formulate initial and boundary conditions for the corre- 
sponding oscillations. 


Ans. Initial conditions 





F Qu 
= — (3lx? — x’), —| =0, 
"lico 6EJ Bou Ot lizo 
and boundary conditions 
Qu u u 
ul 2-0 SS = U, AP == = = 0. 
ox x=0 Ox g=l Ox ql 











8. Describe initial and boundary conditions for the problem of free 
oscillations of a disk-shaped plate with clamped edge, whose initial deforma- 
tion is due to a concentrated force F applied at the center of the disk. 


Ans. 

Fr r P as t5 Qu 
I nt ——(ge—r:)), = 
8rD oa = 16D ) ot 
UN vai 

or r=a 





ule v 


t=0 


Ula = 0, 
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Hint. To determine the static deflection due to the concentrated force, 
consider the force as the limiting case of a load of density Free? uniformly 
distributed over a small disk of radius e. 


9. Show that the problem of the deflection of a plate with a simply 
supported polygonal boundary reduces to the solution of Poisson’s equation 


Aw = f(x, y), 


with boundary condition w|;. = 0 (fis a known function). 
Hint. Note that in the present case, the boundary conditions on the 
supported edge can be written in the form u|, = 0, Aul = 0. 


10. Show that the velocity potential for the three-dimensional flow of an 
ideal incompressible fluid containing no sources is described by Laplace’s 
equation 

Au = 0. 

Hint. Use the condition 


f yenas =0 


(v is the vector describing the velocity of fluid particles at a given point, S is 
an arbitrary closed surface inside the flow, and n is the exterior normal to the 
surface S) and the condition 


v = —grad u 
for potential flow. 
11. Formulate mathematically the problem of the flow of an ideal fluid 


past an object bounded by a surface S, where fluid emanates from a point 
source of strength m located at a point M, in the region exterior to S. 


Ans. The problem reduces to finding a solution of the equation 
Au = 0 


which is regular (i.e., has no singularities) in the region exterior to S, except at 
the point Mọ. In a neighborhood of Mo, 


m 


u = ——WY + a regular function 
axp|MMl ^ S 


where M is a point near M, and o is the density of the fluid (|M M,| denotes 
the distance between M and M,). The desired function u must satisfy the 
boundary condition 

Ou 


Onls | 
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and the condition 
u = O(R7Y), R— o 
at infinity. 


2. Heat Conduction 


As proved in courses on mathematical physics (see S1, T1), the flow of heat 
in a body of thermal conductivity k, specific heat c and density p is governed 
by Fourier's equation 


where T(M, t) is the temperature at the point M, and Q is the density of heat 
sources within the body.” The boundary conditions to be satisfied on the 
surface of the body (or its parts) depend on the particular problem under 
consideration. Most often it is assumed that the surface of the body has a 
given temperature T|s = f(P, t), where P is a point of the surface S, or that 
the body radiates heat into the surrounding medium according to Newton's 
law, which states that the amount of heat radiated by a unit area of the 
surface per unit time is proportional to the difference between the temperature 
of the surface and that of the surrounding medium. In the latter case, the 
boundary condition takes the form 


oT ) 
— + AT 
Z B 


where 0/0n indicates differentiation with respect to the exterior normal to S, 
Tmea is the temperature of the surrounding medium, and A is the heat 
exchange coefficient or emissivity. Without loss of generality, we can assume 
that Tmea — 0; this assumption is made in all the problems involving heat 
conduction except Prob. 155.* 

We now give a few problems on the formulation of initial and boundary 
conditions for the equation of heat conduction (and for the related diffusion 


equation). 





= h Tmea, 
S 


12. Let the temperature of a conductor in the form of an infinite cylinder 
of radius a be initially the same as that of the surrounding medium. Suppose 
that starting from the time ? = 0, the conductor is heated by a constant 


? The density of heat current (i.e., the heat flux) is described by the vector 
q — —k grad T. 


* Examples of other boundary conditions encountered in the applications are given in 
Probs. 365, 367 and 370. 
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electric current releasing an amount of heat Q per unit volume of the con- 
ductor. Give a mathematical formulation of the corresponding problem of 
heat conduction, assuming that the heat exchange at the surface of the con- 
ductor obeys Newton’s law.® 


Ans. The temperature T(r, t) satisfies the equation 


12(,27) er _@ ea kt 
rör\ Or Os. k’ ce 


with initial condition 


and boundary condition 


oT | 
hT 
(E +8 





r=a 


13. A homogeneous sphere of radius a is heated for a long time by heat 
sources uniformly distributed throughout its volume with density ©. Write 
the equations which describe the cooling of the sphere after the sources are 
turned off, assuming that the heat exchange between the surface of the sphere 
and the surrounding medium, during both the heating and cooling, obeys 
Newton’s law. 





Ans. 
12» 2 oT (= | 
ee ——, hT = 0, 
22 Or Ot or m BERN s 
Q Qa 
Db ze 
Ico aes SP 


14. Two slabs of thicknesses a, and a>, made from different materials and 
heated to temperatures T? and T2, are put into contact with each other at the 
time £ = 0. Write the equations governing the resulting process of tempera- 
ture equalization, assuming that the free surfaces are thermally insulated from 
the surrounding medium. 


Ans. 
QT, _ 610, OT, 
ox? k, ôt 


OT, _ C202 OTs 


0<x< a), = 
i D ox? k, ôt 


(a, < x < a, + ao), 


with initial conditions 
0 
Ts = T; 





* It is recommended that the problem be solved directly from underlying physical 
principles, without regarding Fourier's equation as known. 
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and boundary conditions 
aT; 
Ox Iz=0 


2h = 0. 
Ox x=aıtag 
15. A nonuniformly heated body in the form of a circular ring of radius a 
with a small cross section cools by giving off heat from its lateral surface. 
Write the equations describing the corresponding process of temperature 
equalization, assuming that the temperature drop inside the ring can be 
neglected and that the surface cooling obeys Newton’s law. 


Ans. 


Be: 


aT, 
z=aı d Ox 


— 0, Tiley = T,| 3 
z=aı x 





z=aı? 








10°T OT h t 
Ba ae S KF E , 

a” 09 o S co 
where p is the perimeter, S the cross-sectional area and h the heat exchange 
coefficient. The temperature, which must be a periodic function of the angular 
coordinate ọ, satisfies the initial condition 


: . p Ten zd So). 
where fis a given function. 


16. Show that the concentration C(x, y, z, f) of a substance diffusing in a 
gas or liquid obeys the differential equation 


where © is the source density of the diffusing substance and D is the diffusion 
coefficient. 

Hint. Starting from Nernst’s law q = —grad C (where the vector q is the 
density of flow of the diffusing substance), write a conservation equation for 
an arbitrary volume element. 


3. Electricity and Magnetism 


An important class of problems of mathematical physics involves integra- 
tion of the differential equations arising in various branches of electromagnetic 
theory. Assuming that the reader has previously encountered this subject 
(see G5, J6, P1), we shall regard the following basic equations as known: 


1. The equations of electrostatics 


Au = — TE 5 = —grad u, 
€ 
where u is the potential of the electrostatic field E, p = p(M) is the 
volume density of charge at the point M, e is the dielectric constant of 


the medium, and A is the Laplacian operator. 
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2. The equations 


Au = — 9 ; j= —o grad u, (1) 
c 


for the distribution of d-c current density inside a homogeneous 
conductor, where u is the potential of the current field, j is the current 
density vector, Q — Q(M) is the volume density of current sources (in 
particular, Q may vanish), and c is the conductivity. 


3. The equations 


AA = ch Be oun 
c u 
for the magnetic field due to d-c currents, where A is the vector poten- 
tial of the magnetic field H, the vector j‘ is the density of the (external) 
currents producing the magnetic field, x is the magnetic permeability 
of the medium, c is the velocity of light in vacuum, and A is the 
Laplacian operator.® 


4. Maxwell’s equations 





aane oe Sae i dm uer 
c Ot c c 
ole = — #98 | 
c Ot 
im 
divH =0 


for the electromagnetic field in a homogeneous isotropic medium, 
where E and H are the electric and magnetic field vectors, e, u and c 
are the dielectric constant, the magnetic permeability and the conduc- 
tivity of the medium, c is the velocity of light, and ọ and j*? are the 
charge and current densities producing the field." 





* The components of the vector AA in a Cartesian coordinate system are AA,, AA, 
and AA,. To calculate the components of the vector AA in other coordinate systems, one 
should use the relation 


AA = grad div A -~ curl curl A. 


Expressions for the components of AA in cylindrical and spherical coordinates are given 
on p. 389-390. 


* Jt should be noted that if j is given, then p cannot be chosen arbitrarily, but must 
satisfy the differential equation 
0p | Ano 


— + — p == —div je) 
àr I = p div jf 


implied by the first and third Maxwell equations. 
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If we use the relations 


Heina. eig, la 


u c Ot 


to introduce the vector and scalar potentials A and u,® the problem of deter- 
mining the electromagnetic field reduces to integrating the system of equations 


eL OA 4rou ðA ATU ee 
AA is Pul 


e ot c Qt c 
We E AO ME 
car c dt : 


We now consider the mathematical formulation of various problems 
involving electric and magnetic fields (both static and variable), as well as 
some problems on transformations of the differential equations of electro- 
dynamics which are useful in special cases. 


17. Formulate mathematically the problem of finding the three-dimen- 
sional electrostatic field between N conductors of arbitrary shape at given 
potentials V; (i = 1,..., N). 

Ans. In the region D bounded by the surfaces S, (i = 1,..., N) of the 
conductors, the potential u satisfies Laplace's equation 


Au = 0. 
The boundary conditions have the form 


ul, Teen, 


where, in the case where the point at infinity belongs to D, these conditions 
must be supplemented by the requirement that at infinity the potential u 
approach zero uniformly in all directions. 


Comment. If none of the surfaces S; extends to infinity, then the products 
Ru and R? grad u (where R? = x? + y? + z?) remain uniformly bounded as 
R — œ. However, these conditions need not be included in the formulation 
of the problem, since the uniqueness of the solution is guaranteed by the 
above requirement that the potential u approach zero uniformly as R — oo. 


18. A charge Q is placed at the point My = (xy, Yo, zo) near a conductor at 
potential V, bounded by a surface 5. Formulate the corresponding problem 
of electrostatics. 





? The quantities A and u are not independent, but are connected by the relation 


Bit cd 
divi coe ae psy 
c Ot c 
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Ans. The potential u satisfies Laplace's equation at every point of the 
region surrounding the conductor, except at the point Mo, near which 


u = x + a regular function, 


(R = |MM| is the distance between the points M and Mj). Moreover, the 
potential satisfies the boundary condition u|; = V and the condition that 
u| „ — 0 uniformly in all directions. 


19. A thin charged wire of charge g per unit 
length is placed inside a grounded cylindrical shell 
whose generators are parallel to the wire (see 
Figure 1). Formulate the corresponding two- 
dimensional electrostatic problem. 


Ans. The potential u satisfies the two- 
dimensional Laplace equation 
Qu , Ou 
gt aos 
0x" oy? 
in the whole region D except at the point M,, where the potential has a 
logarithmic singularity 








= 0 





FiGURE 1 Au = 


u = —2q ln R + a regular function. 
The boundary condition is u|r = 0. 


20. Reformulate the preceding problem for the case where the charged 
wire is placed outside the conductor, and the total charge per unit length of 
the conductor is specified instead of its potential. 


Ans. The boundary condition is now 


au 


=0 
Os Ir 


(0/0s denotes differentiation along the tangent to the contour T), while the 
condition at infinity becomes 


ulo = —2(Q + q) In R + a bounded function, 
where Q is the charge per unit length of the conductor. 
21. Show that the problem of the current distribution in a thin conducting 


shell (see Figure 2) reduces to integration of the equation 


Au = Jn 
oh 


> 
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where u is the potential of the current distribution in the shell (j = —o grad u 
is the current density vector), c is the conductivity and A the thickness of the 
shell, j$? is the normal component of the density of current applied to the 
shell by using suitable electrodes, and A is the appropriate two-dimensional 
Laplacian, ı.e., 
ds = Hide + Heap’, Au = [2 (#5 2) i 2 (Hs au) | 
H,Hg Ou H, 0a op Hg op 
(ds is the element of arc length on the surface of the shell). 


Hint. Average equation (1), p. 12 (giving the volume distribution of 
current) over the thickness of the shell. 





n "E 
Ho (1) 
— 
— 
FIGURE 2 FIGURE 3 


22. Suppose an object of arbitrary shape, made of magnetic material of 
permeability u, is magnetized by being introduced into a homogeneous 
magnetic field Hy (see Figure 3). Formulate mathematically the correspond- 
ing problem of magnetostatics. 

Ans. If u is the potential of the magnetic field H (i.e., H = —grad u), the 
problem reduces to integration of the equation 


Au, = 0, i= 1,2, 


with the boundary conditions 








er. e Qus 
R xm On ls On Is 
and the following conditions at infinity 
—gradw|., = Ho, ul. is bounded. 


Hint. It helps to keep in mind that in the source-free part of space, the 
magnetic field H satisfies the equations 


curl H — 0, div H — 0, 


which imply 
H = —gradu | Au— 0. 
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23. The differential equations for wave propagation down a long trans- 
mission line, with self-inductance L, capacitance C, resistance R and leakage 
conductance G per unit length, take the form 


4=0 Ro ae] Qu al al Qu 
——=L—+RI, —-—=C—+ Gu, 

Ox at 0x et 
E Lo where u(x, t) and I(x, t) are the values of the 
voltage and current at the point x at the time 
FIGURE 4 t (see Tl, p. 18). Formulate initial and 


boundary conditions for wave propagation 
along such a line, if at one end a constant voltage E is switched on in series 
with a lumped resistance A, while the other end is terminated by a coil 
of self-inductance L (see Figure 4). 
Ans. 
lint = 0, Teo = 0, 
ol 
E= ul eo + Rol |, 0, ul. —L e 
Ot z=} 
24. Show that if j'? = 0 and p|,_, = 0, then the differential equations for 
the electromagnetic potentials A and u can be satisfied by setting 
ieee OT CARS 
c Qt c 
where II is the Hertz vector satisfying the equation 
up, um rg 
è ot ê ôt 
Derive expressions for the vectors E and H in terms of the vector II. 
Ans. 


u = —div II, 


> 


oll 
H = £ cun (2 +n), E = curl curl II. 
£ 
Hint. According to footnote 7, p. 12, it follows from j' = 0 and 


elio = 0 that e = 0 for arbitrary t. 


25. Verify that if j = 0 and ele = 0, then the vectors E and H satisfy 
the same differential equation as the Hertz vector, i.e.,? 


o FE 4ruc OE 


AE - Lo 
c? at c t 

gyro Hb, SoC 
c? ar c Gt 


? In some problems it is more convenient to start from these equations than from the 
equations for the electromagnetic potentials or for the Hertz vector. 
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26. Show that for steady-state harmonic oscillations of frequency o, 
in which the time dependence of the quantities defining the electromagnetic 
field (i.e., the vectors E and H, the charge and current densities which are the 
sources of the field, etc.) is characterized by a factor e'?*, Maxwell’s equations 
(see p. 12) take the form 


AA* + kA* = — = jo", 


H* =! curl Aa E*= — ie (cur curl A* — u i”) n 
u ck c 


where f* denotes the complex amplitude of a scalar or vector function f, 


and! 
? 4 : 
T NE Se. Im k <0. 


Cc 


Comment. The importance of this problem consists in showing that only 
one unknown function (rather than two) is needed to calculate the electro- 
magnetic field in the case of harmonic time dependence. 


27. Starting from Maxwell’s equations for the case of steady-state 
harmonic oscillations, deduce the corresponding differential equations for the 
two-dimensional (planar) electromagnetic problem, where 


prenen GOP 40). 
Ez = E, —0, E; = E(x, y), 
H; = Hx, y) H% um H(x, y) H; = 0. 
Ans. 


4ruiw , 
J: 





AE + KE = 


c OE H c OE 


Hose E = 


uio Qy' "^ uio ax 


Hint. For harmonic time dependence, the connection between j(?* and 
e* is given by 





euio . «(e)* 
eo = Em divj , 


which in the present case implies ọ* = 0. 
10 For example, if j'^ = ji? sin wt, where j,” is real, then the actual values of E and 
H are given by the imaginary parts of the expressions E* ei?! and H*e?f, 


18 DERIVATION OF EQUATIONS AND FORMULATION OF PROBLEMS PROB. 28 


28. Derive the equations for steady-state harmonic electromagnetic 
oscillations for the case of axial symmetry, where 
JO HIP" =0, j9t—jm2) 
E SE, 2), By = Oy BE, 
Hy =H}=0, HZ=H(r, 2). 


Ans. 
AH + (e -4)n = 4x 0j 
r c Or’ 
uio OH 
p USE, 
ck? dz 
gio[1 9 4n | 
E, = -Hefi rH) ——j|. 
ck? Lor. ) c 7 
Hint. Note that 
& _ Hio 9j 
ek? oz! 
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SOME SPECIAL METHODS 
FOR SOLVING HYPERBOLIC 
AND ELLIPTIC EQUATIONS 





This chapter deals with some special methods which, unlike those 
considered later, can only be used to solve problems pertaining to partial 
differential equations of a particular type, e.g., of the hyperbolic or elliptic 
type.! Among such methods, we mention Riemann’s method for solving the 
Cauchy problem for hyperbolic equations, the Green’s function method for 
solving boundary value problems involving elliptic equations, complex 
variable methods for solving the two-dimensional problems of potential theory 
and so on. There are a great many such special methods, which in some cases 
belong to the more difficult problems of the theory of partial differential 
equations. Thus it will be impossible to go into very much detail here. Instead 
we confine ourselves to a few simple problems illustrating the methods most 
frequently encountered in practice. 


I. Hyperbolic Equations 


It will be recalled that problems of mathematical physics involving the 
propagation of various kinds of waves (elastic, electromagnetic, etc.) in one, 
two or three dimensions lead to the consideration of partial differential 
equations of the hyperbolic type, subject to extra conditions. Depending on 
the character of these conditions, the problem is classified as a Cauchy 
problem or as a mixed problem. By the mixed problem for an equation of the 


1 Concerning the classification of partial differential equations, see C5, G1, T1, etc. 
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hyperbolic type, we mean a problem where the unknown function u must 
satisfy not only initial conditions, but also boundary conditions specified on 
the boundary of some spatial region D, while by the Cauchy problem we 
mean a problem where D is an unbounded region and u need only satisfy 
initial conditions. 

In particular, for a second-order differential equation of the form 


44 u ( Qu au) 
T WM ee «as 
22 4 fea $ Ox, Ox, 


where xi, x», X, are spatial coordinates and x, = t is the time, the Cauchy 
problem reduces to finding a solution satisfying the initial conditions 





Qu 
at 
where o and y are given functions of the coordinates. A more general prob- 


lem, also known in the literature as the Cauchy problem, consists in finding a 
solution of (1) subject to conditions of the form 
Qu 
u|s (P), an 
where S is a given hyperplane in four-dimensional space-time, n is the normal 
to S, and q(P), v(P) are given functions of a point P on the surface S. 

In many cases, Cauchy's problem can be solved by resorting to special 
methods such as the wave-propagation method (which can be used to con- 
struct general integrals of certain partial differential equations of the hyper- 
bolic type), Riemann's method and its generalizations, etc., as illustrated by 
the following set of problems:? 


= Wx, Xo, X3), 
t=0 


ulı-o = Q(Xi X2, X3), 





= YP), 
S 





29. Solve the problem of oscillations of an infinite string under the action 
of a distributed load q(x, t), subject to the initial conditions 


Qu 
= XJ, — — | X). 
= E =o 
Ans. 
1 1 x+vt 
u(x, t) = 3 [o(x — vt) + o(x + vt)] + m HS) dé 
U Ja—wt 


v 
— č, T) dě d7, 
=: ST. IK 1) dě 


2 These methods can sometimes be used to solve the mixed problem (see Prob. 41 and 
TI, Sec. 2.2). However, as a rule, the mixed problem requires the use of the methods 


considered in Chaps. 4-7, among which the method of the Laplace transform (see Chap. 6, 
Sec. 3) is particularly effective. 
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where v = J T/o, T is the tension and o 
the linear density of the string, and the 
region of integration D is shown in 
Figure 5. 

Hint. Introduce new variables 


T 





x— vt =a, x + vt = p. Ü 


x-vt xtv 


30. Study the oscillations of an infi- FIGURE 5 
nite string produced by a concentrated 
load Q = Q(t) moving along the string in the direction of the positive x-axis 
with velocity v < v (where v is the velocity of propagation of oscillations 
along the string). Solve the problem, assuming that at the time t = 0 the 
string is at rest and the source of oscillations is at the point x — 0. 


Ans. The displacement at a fixed point x > 0 is given by the formulas 


x 
0, O<t<-, 
v 
(vi—2)/ (v—vo) 
v x x 
u=l— Q(t) dr, RES 
2T Jo v Vo 
v (vt+2)/(vt+v0) x 
= Q(t) dr, —<1t<o, 
2T Jo Vo 
For x < 0 we have 
x 
0, O<t<—-, 
v 
* v (vt+2)/(v+ v9) x 
— Q(t) dr, — — « t « 0. 
2T Jo v 


Hint. Regard the concentrated load as the limit of a distributed load, 
and use the result of the previous problem. 


31. Investigate the nature of the oscillations observed at a fixed point 
x > 0 of the string considered in the preceding problem, assuming that the 
moving source undergoes harmonic oscillations 


of frequency w. Q(t) = Qo sin wt 


Ans. The displacement at the point x > 0 is given by the formula 





x 

0, O<t<-, 

v 

vt — x x x 

u= De (1 — cos w ) Se EM 
20T v — Ug v Uo 


£2 (1 — cos o tta), Fer: 
20T v + Uo Vo 


22 SOME SPECIAL METHODS PROB. 32 


Before the time ¢ = x/v, the point x is at rest. During the interval 
x 
ee, 
v Vo 
i.e., as the source approaches, the point x undergoes harmonic oscillations of 


frequency 
ow 





W, = > 0. 


v= Vo 
For t > x/vp, i.e., as the source recedes, the frequency of the observed oscilla- 
tions is 
QU 


U + vo 





Wo = 
(the Doppler effect). 


32. A semi-infinite rod, clamped at the end x = oo and free from forces 
at the end x = 0, undergoes longitudinal oscillations. Investigate the nature 
of these oscillations, assuming that the initial conditions are of the form 

Qu 
ulı=o = f(x), =| 20 
Ot lio 
and that f(x) > 0 as x > oo. 

Ans. 

(oid i[f (ot — x) + f(et + x), 0 x n, 
u(x, t) — 
[fa — vt) + f(x + en), (t « x « oo. 


Hint. Make the even extension of the function f(x) to the negative x-axis, 
and use the solution of the Cauchy problem for an infinite string. 


33. Find the distribution of voltage and current along an infinite trans- 
mission line with parameters L, C, R and G, given the initial conditions 


ule = 9(x). Io = (x), —900 « x « oo, 


assuming that the parameters of the line are connected by the relation 


mia 
AIO 


(a distortionless line). 
Ans. 


u(x, 1) = e > [e(x — of) + ox + o0] + s [bx — of) — (x + a. 


I(x, t) = enn [Vx — vt) + $(x + v0] + A [p(x — vt) — g(x + onl} 


where «= RIL, v = VLC. 
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Hint. Use Prob. 23 to write the differential equation for u, introduce 
a new unknown function w by writing u = e-"tw, and choose y such that the 
coefficient of Ow/dt vanishes. 


34. Show that the solution of the wave equation 


1 ou 
Au — — — =0, 
v? ot 
with radially symmetric initial conditions 
Qu 
uio = e(r), SAG = vr), 0<r< oo, 
Ot lio 


is given by the formula 
- = rtot 

ee (r — vt)o(r ZB: (r + vt) o(r + vt) s dl Í BUS. 

r 2vr t 


where the values of the functions o and U for negative arguments are given by 
the relations 


u(r, 
T-—U 


! 


o( — r) = etr), yi — r) = y(r). 


Hint. Transform the equation by setting ru — w, where w is a new 
unknown function. Then bear in mind that u remains bounded as r — 0. 


35. Study the oscillations occurring in a gas initially at rest when a local 
condensation s, is formed inside a sphere of radius a contained in the gas. 


Ans. The condensation of the gas at an arbitrary point r is 


Soc Td Ir — al 


s= 0<t<——, 

0 r>a v 

r — ot r—a r a 
s = so ——, Een 

2r v v 
r a 
s = 0, ipu ur 
U 


where v is the velocity of wave propagation in the gas. 
Hint. By the condensation is meant the quantity 
P Po 
Po 


(i.e., the relative change in density of the oscillating gas), which satisfies the 
differential equation 





so 


| — 


2 
As — eg 
Ot 


2 


e 
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where v = J C Pol C. po, Cp and c, are the specific heats at constant pressure and 

volume, and p, and o, are the initial values of the pressure and density. This 

problem is a special case of the preceding problem, corresponding to initial 
conditions 

So O<r<a, as 

Sls | — 0. 


0 r>a, at 





t=0 


36. Ina gas initially at rest, a condensation s = s, localized in the volume 
bounded by a surface o is created at the time ¢ = 0. Show that the condensa- 
tion at the point M = (x, y, z) at an arbitrary time t is given by the expression 


2( d 
X, yY, Z, t) = zb 
s(x, y, Z, t) A S 


vt 
where S,, is the sphere of radius vt with center at the point M, and o, is the 
part cut out of S,, by the surface c. 


Hint. Use the general solution of the homogeneous wave equation 


for arbitrary initial conditions (see Gl, p. 197). 


37. The solution of the Cauchy problem for the three-dimensional in- 
homogeneous wave equation 
^u ME —4rp(x, y, Z, t) 
v gor LO 


with initial conditions 
Qu 


u|i-o = g(x, y» z), a E 


«(En e p= 4 
I ede BEER in 
y 


= U(x, y, 2), 


is of the form 


Q = = 
u(x, y, z, t) = E (fos, + tos) +f d% dy dC, 


TA yr) where r = V(x — Ey --(y — 9? 4+ (zE, 
Pp», and ,, are the average values of 
the functions o and Q over a sphere of 
radius vf with its center at the point M — 
(x, y, z), and the integration is over the 
region G,, bounded by this sphere 
(see K4, p. 101). Starting from this fact, 
solve the corresponding problem for 
FIGURE 6 the two-dimensional inhomogeneous 
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equation 
Qu Pu 1 Zu 
4.2 2 ^ 2^42 eed s Ys tjs 
ox Gy? op TD 
with initial conditions 
Qu 
tlisa = g(x, y), DA = Ux, y). 
Ot i-o 





Ans. 


Q [4 
u(x, y, t) = — (to* + tp*) + 2f poe LE dé dy dr, 
ot D JvXt —r) er r? 
where 
1 Í fen) 
Kur dE d , 2— x— 2 P 2 
ES PN ee Edn, r—(x—8y-G — 0, 
S is the disk of radius vr with center at the point (x, y), and D is the right 
circular cone shown in Figure 6. 


38. Show that one solution of the two-dimensional wave equation 


2 2 2 
zuo old eg 
ox oy vo 

is the function 
u = Re (0), 


where f is an arbitrary analytic function of the argument 9, related to the 
variables x, y, and t by the relation 


EE ub Tes 95 
v v 


Comment. This class of solutions of the wave equation is widely used in 
diffraction theory and other applications (see K4, p. 114 and S6, Vol. III, 
Pt. 2, p. 176). 

39. Applying Riemann’s method (see Tl, p. 116), solve the hyperbolic 
equation 


(where v and c are given constants), with arbitrary initial conditions 


ulm = a, | = un. 
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Ans. 


u(x, t) = > [o(x — vt) + g(x + vt)] 





1 atrt zt v? Je t 
a ! is 
+, | [OER R 








where 


R = V (vt? — (x — £). 


40. Find the distribution of current along an infinite transmission line 
with parameters L, C, Rand G, assuming that at the time 7 = 0 the current 
vanishes while the voltage is nonzero and equal to a constant V on the section 
of the line |x| < a. 








Ans. 
O<x<a— vt, 
—at ED. 

I(x, Divide ee T Io [B] , © SUE Xe ae Ut, 
atvi<xn< oo, 
eal ( Je (x = ay 

ze“ Tol IpI 

(Ca) hea 0<x<ut—a, 
Ze ed, (aJe — 6 ). t—a<x<ıta, 
0, vtita<x< o, 

where 

"" In, Z= Lr, ge eee. pa Ree 
ABC 2LC 2LC 


and /,(x) is the Bessel function of imaginary argument. 


Hint. Use the result of the preceding problem. 


41. A semi-infinite rod of variable cross section S(x) = S(O)e””", where 
the end x = 0 is clamped, undergoes longitudinal oscillations with initial 
conditions 

Qu 


o = JO), == = 0. 
los f(x) ailes 


Find the displacement of an arbitrary cross section of the rod at an arbitrary 
time f. 
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Ans. 


1 
u(x, t) = ; € pe ttf JB x) a=! EFF (ot = x)] 


i if0<x < vt, 
u(x, t) = er Mf (x + vt) + el? f(x — vt)] 


avt el, (aR E 
=e | nE) pee if vt « x « oo, 
4 x—vt 2 R, 


where Ri ; = N (vr)? — (x F £y. 


Hint. By introducing a new unknown function w = "i S(x)u, reduce this 
problem to the integration of the equation in Prob. 39. 


2. Elliptic Equations: The Green's Function Method 


A typical problem of the kind to be considered in this section is to find a 
solution of a partial differential equation of the elliptic type which is well- 
behaved in a given spatial region D and satisfies certain conditions on the 
boundary S of D. The simplest such problem is to find a function u which is 
harmonic in a region D with boundary S;? and satisfies one of the following 
boundary conditions 


uly — fO). (2a) 
= = f(P), (2b) 
n; ls 





REO 
— — hu 
On, 

where f(P) is a given function of a variable point P of S, n; is the interior 
normal to S at P, and h is a positive constant. The problem is called the first 
boundary value problem (of potential theory) or the Dirichlet problem if the 
boundary condition is of the form (2a), the second boundary value problem or 
the Neumann problem if the boundary condition is of the form (2b), and the 
third boundary value problem or the Robin problem if the boundary condition 





= f (P ) (2c) 
S 





3 A function u is said to be harmonic in a (two or three-dimensional) region D if u and 
its first and second partial derivatives are continuous and satisfy Laplace's equation 
Au — 0 in D. If D is unbounded, certain extra requirements must be imposed on the 


behavior of u at infinity (see T1, p. 265). 
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is of the form (2c). Similar problems can also be formulated for Helmholtz’s 


equation 
Au + ku = 0 


and other equations of elliptic type encountered in mathematical physics. 

One of the special methods for solving boundary value problems of this 
kind is based on the use of the Green’s function (see S6, Vol. IV and TI, 
Chap. 4). The key result of this theory is that the solution of the boundary 
value problem for Poisson’s equation 


Au = —F(M), (3) 


subject to any of the boundary conditions (2a)-(2c), can be written in quadra- 
tures, once we know the Green’s function. The Green’s function does not 
depend on the form of the functions f(P) and F(M), and can be found by 
considering a special boundary value problem (see below). 

Thus, for example, the solution of the first boundary value problem for the 
equation (3) can be written in the form 


u( M) -Í S(P) 26 do «f. f(M)G dr, (4) 


nj 


where M is a variable point and M, a fixed point of the region D (do is the 
element of surface area and dr the element of volume). Here the Green's 
function G(M, M,) is the function such that 


l. G is harmonic in D except at the point M,, near which G is of the form 


1 -L p 


G(M, M,) = —— — + 
( 0) 4r |MM,| 


b 


where the function v is regular (i.e., has no singularities) in D; 


2. G satisfies the boundary condition 
Gls = 0. 
It follows that v is harmonic and satisfies the boundary condition 


1 


vis = — ———, 
|s 47 |PM,| 


i.e., v is the solution of a special case of the Dirichlet problem. 

The same formula (4) gives the solution of the first boundary value prob- 
lem in two dimensions, if by the Green’s function we now mean a function 
such that : 
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1. Gis harmonic in a planar region D except at the point Mo, near which 
G is of the form 


G(M, M) = ~ In 





+ a regular function; 


2x |MM,| 
2. G satisfies the boundary condition 
Gls =v 


on the contour bounding D. 


Formulas of a similar kind can be found giving solutions of other bound- 
ary value problems, involving Laplace’s equation, Poisson’s equation, 
Helmholtz’s equation, etc. 

Green’s functions for regions of various shapes can be found by using 
the methods considered in Chaps. 4-7, and also by using certain special 
techniques, like the method of images and the method of inversion.* The 
method of images allows us to construct the Green’s function for a half-space 
and for a sphere (or, in two dimensions, for a half-plane and a circle) and for 
certain regions of a more complicated shape, e.g., the layer bounded by two 
parallel planes or the interior of an angle of zn radians (n = 1, 2,...). 
Starting from the Green’s function for a region D and using the method of 
inversion, we can find the Green’s function for the region D* obtained by 
inverting D in a sphere lying outside D. Thus, for example, we can find the 
Green’s function for a sphere from a knowledge of the Green’s function for a 
half-space, the Green’s function for the region bounded by two intersecting 
spheres from the Green’s function for the region bounded by two intersecting 
planes, and so on. 

We now give some problems illustrating these methods of constructing 
Green’s functions, and also a few problems of a more theoretical nature. 


42. Construct the Green’s function for the two-dimensional Dirichlet 
problem in the case where the region D is the first quadrant x > 0, y > 0. 
Ans. 


1 1 1 1 1 
G(M, m= | 7 3E -5| 
4n IM M, IM M,| |M M;l IMM,| 


where M= (x, y, z), Mo = (Xo. Yoo Zo), Ma > (— Xo; Yo» Zo), M; = (— xo — yo Zo) 
and M, = (xo, — Yo Zo). 
Hint. Use the method of images. 








43. Using the method of images, construct the Green’s function for the 
Dirichlet problem in the case where the region D is the part of space lying 
between two parallel planes z = +//2. 


4 See TI, and in particular G5, which contains a number of interesting applications of 
the method of inversion to problems of electrostatics. 
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Ans. 
G(M,M,)=+ > — 
9 an £a VR + [z — z, — 2nl? 
ee ee eee 
—OAR 4 [z + zy — Qn +11] 
where 


R = (x — xy + — yo. 

44. Use the method of inversion to deduce the Green's function for the 
Dirichlet problem in the case where D is a sphere of radius a with its center at 
the origin O, assuming that the expression for the Green's function of a half- 
space is known. 

Ans. 








1 
GM, My) => — |. 
anL|MMy| Om, [MM] 


where Mi is the image of the point Mj in the sphere. 


45. Find the Green's function for a hemisphere of radius a. 
Ans. 











G(M, M 1 1 a 1 1 a 1 | 


os saline Tom |MM;] |MM| ` |OM,| |MM4 
where M, is the image of M, in the corresponding full sphere, M, is the image 


of M, in the diametral plane of the hemisphere, and M, is the image of M, in 
the full sphere. 


46. The Green's function G = G(M, M,) for the Neumann problem? 


Au = —F(M), an =) 


is defined by the conditions 
l. Gis harmonic in D except at the fixed point M,, near which G is of the 
form 
l 


= — — — — -- a regular function; 
Ar |MM,| 


* Here M is a point of the three-dimensional region D, P is a point of the surface S 
bounding D, and the functions f and F satisfy the condition 


n fdo = N Fdz 


for the solvability of the Neumann problem. If the Green’s function is known, the solution 
is given by the formula 


WM) = —| f(P)6 do + |, FG dr + const. 
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2. 
9G| _ 1 
Onjls S. 
where S, is the area of the surface S; 
3. 
Í G do =Q. 


Verify that in the special case where D is a sphere of radius a with 
center at the origin O, the Green’s function is 


G(M, Mo) — p ER + uf en, 
Ara |00| |IMM,| 2ra 
IOM,| |OM,| 


where M, is the image of the point M, in the sphere, and © is the foot 
of the perpendicular dropped from the point M onto the line OM.. 


47. A conductor bounded by a closed surface S and held at a given 
potential V is introduced into an arbitrary external field with potential up. 
Suppose we know the charge density p(P, Mo) at the point P of the surface S 
in the case where the surface is grounded and the external field is due to a 
unit charge at an arbitrary point M, outside the conductor. Show that the 
potential distribution in the general case is given by the formula 


uM) = V + u Mo) + |, (P) CP, Mo) de. 
Hint. The formula 
3G 
w(M,) =| f(P) — dc 
S On 


represents the solution of the boundary value problem 
Aw = 0 outside S, 
W|gs— f(P) Wl. —0 

in terms of the Green's function. Apply this formula to the function w — 
u — u, bearing in mind the electrostatic interpretation of the Green's 
function. 

48. Find the Green's function for the two-dimensional Dirichlet problem, 
assuming that we know the function č = C(z) mapping a given region in the 


z-plane conformally onto the upper half of the C-plane (Im $ > 0). Use the 
result to construct the Green's function for the half-strip x > 0, 0 < y < m. 
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Ans. 





G(M, M,) = — x Re [in = 2) 


where © and C, are the points of the half-plane corresponding to M = (x, y) 
and M, = (xe, yo). In the case of the half-strip, 

G(M, My) 

1 [cosh (x -- xo) — cos (y + yo)][cosh (x — xo) — cos(y — Yo)] 
4x [cosh (x + xo) — cos (y — yo)][cosh (x — xo) — cos (y + yo) 


Hint. The conformal mapping of the half-strip onto the half-plane is 
accomplished by the function ¢ = cosh z. 


49. The boundary value problem 


A*u = F(M), 
du 
= 0, —|=0 
"ls On Is 





(A is the two-dimensional Laplacian, and M is a point of a planar region D 
bounded by a contour S) is encountered in the theory of bending of thin 
elastic plates. The solution of this problem can be written in the form 


u(M,) = pr F(M)G dz 


(dr is an element of area), where the Green’s function G = G(M, M,) is 
defined by the conditions 


1. Gis the solution of the biharmonic equation A?u = 0 which is regular 
(i.e., free of singularities) in D, except at the fixed point M,, near which 
G is of the form 


1 2 ; 
G = - IM My" In |MM,| + a regular function; 
T 


Gls = 0, 2e 


= 0. 
On 


S 





Verify that in the special case where D is a disk of radius a with its center 
at the origin O, the Green's function is given by 


9 MM 2 2 2 2 " 
G(M, Mo) HM, MM E ( _ [OMil ) ( [OM] Jl 


l6xL a |OM,|° |MM,|? a? a? 





where M, is the image of the point M, in the circle bounding D. 
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3. Elliptic Equations: The Method of Conformal Mapping 


In mathematical physics one often encounters the problem of finding a 
function which is harmonic in a two-dimensional region D and satisfies the 
boundary condition 


uls =f (5a) 
is Qu 
Ən a 5 (5b) 


where fis a given function and n is the normal to the contour S bounding D. 
For example, such problems arise in studying electrostatics, magnetostatics, 
heat conduction, flow of ideal fluids, filtration phenomena, and so on. An 
effective method of solving problems of this kind is to construct a function 
of a complex variable € = F(z) such that F(z) is analytic in D and maps D 
conformally onto a region D* (with boundary S*) ofa special form for which 
the solution of the given problem is either known or can be found more 
simply than for the original region D. Here it is assumed that F'(z) is non- 
zero in the region D, a condition which guarantees that the mapping is 
one-to-one. In asserting that this method leads to a solution of the boundary 
value problem, we rely on the fact that the Laplacian and the boundary 
conditions (5a) and (5b) preserve their form? under the transformation from 
the variables x and y to the new variables & and y defined by the relation 


E+ in = F(x + iy). 


The method of conformal mapping can also be used to deal with more 
complicated boundary value problems, e.g., problems where the value of the 
unknown function u is specified on parts of the contour S while the value of 
du/@n is specified on the rest of S, problems of jet flow of an ideal flow where 
the form of S is not known in advance but is determined in the course of 
solving the problem, and so on. 

In many cases, the construction of the function ¢ = F(z) mapping the 
region D onto the region D* can be accomplished by consecutive application 
of several mappings which involve elementary functions. Of particular 
importance in applied work is the case where D is a polygon and D* is the 
upper half-plane. Then the function effecting the mapping can be found by 
using the familiar Schwarz-Christoffel transformation (see W1). The use of 
conformal mapping to solve problems of mathematical physics, involving 





* In the case of the boundary condition (5b), the value taken by the normal derivative 


on the contour S* is 
1 


|F'(z)] |s f 
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the biharmonic equation as well as Laplace’s equation, is amply discussed in 
books on complex variable theory and in special monographs (see B3, F10, 
M10, S7, etc.). Hence we confine ourselves here to a few typical problems 
which illustrate the technique of the method, assuming that the reader is 
already familiar with the elementary theory of conformal mapping. 

In most of the problems, the required conformal mapping can be found 
by using the Schwarz-Christoffel transformation. Problems 51, 57 and 59 
require knowledge of the properties of elliptic integrals and Jacobian elliptic 
functions. In connection with Probs. 50-54, the following remarks will be 
found helpful: If ọ is the potential of a stationary plane-parallel flow of an 
ideal fluid, described by the velocity field v = —grad c, then by the complex 
potential w == w(z) is meant a function of the complex variable z = x + iy 
whose real part equals 9. In other words, w = @ + iy, where y is related to 
9 by the Cauchy-Riemann equations 

ma, en 


əx əy = ays 
The lines of flow or streamlines are described by the family of curves y = 
const, and hence the function y is called the stream function. The amount of 
fluid Q flowing per unit time between two streamlines 9 = ¥, and y = ys 
(in a slab of unit thickness parallel to the xy-plane) is given by 


Q > loa ES Yel. 


The components of the velocity vector v = v, + iv, are related to the deriva- 
tive of the complex potential by the formula 


; dw 
bz, — ID = — "n . 
The complex potential is a valuable tool for studying plane-parallel flows.? 


50. An ideal fluid, whose velocity at infinity equals t, — r4, ty = 0, 
flows past an obstacle in the shape of an elliptical cylinder 


2 


go eq. 


I^ 
to r2 


t2 


a 


Use the method of conformal mapping to find the complex potential of the 
flow. 


* Similarly, in the theory of stationary heat flow and in electrostatics, one can introduce 
complex potentials, with the role of v and o being played by q/k (the ratio of the heat 
flow density to the thermal conductivity) and the temperature T in the first case, and by 
the electric vector E and the clectrostatic potential ọ in the second case. 
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Ans. The relation between the complex potential w and the variable z is 
given in parametric form by the equations 


2 
w= chere), „_atbt 
2a t 2 a 2 








where r belongs to the region |t| > a, 0 < arg t < x 


Hint. First make a conformal mapping of the part of the region occupied 
by the flow and lying above the axis of symmetry onto the half-plane with a 
semi-circular cut of radius a, and then map this region conformally onto the 
upper half of the C-plane in such a way that the semi-circular arc of radius a 
goes into the interval (—a, a) of the real axis. 


51. Solve the preceding problem for the case where the obstacle is a 
cylinder —a « x « a, —b « y « b of rectangular cross section. 


Ans. The complex potential has the parametric representation 


wa ctm . z= A af fs dt + ib (0 < arg < x), 


where 
apni aes 
E(k) — k^K(k)' 


and the modulus of the elliptic integrals is determined from the condition 


b E(k)— K(k’) 


a E(k) — k K(k) ` 


Hint. Use the Schwarz-Christoffel transformation to map the region 
occupied by the flow and lying above the axis of symmetry y = 0 onto the 
half-plane in such a way that the vertices +a, +a + ib go into the points 
+1/k, +1. 


*52. Study the two-dimensional 
motion of an ideal fluid in the channel 
of variable cross section shown in 
Figure 7, assuming that at infinity the 
direction of the flow coincides with 
the x-axis and has the values 





Bats am Us; v, olco = Vy 


(av, = bv,). FIGURE 7 
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Find the distribution of velocity along the axis of symmetry of the flow.* 
Ans. The velocity distribution in parametric form is given by the equations 


(sso _ el p by en (1<1<2). 
= f, a EPIO b 


Hint. Using the Schwarz-Christoffel transformation, map the domain 
ABCDE onto the upper half-plane of 
the complex variable C = & + in, requir- 
ing the points B, C and D to go into the 
points č = —1, C=-—A and {= 0, 
where A is a number between 0 and 1 
which subsequent calculations show to 
be equal to the ratio b?/a?. 








53. Solve the preceding problem for 
the case where the channel has the form 
shown in Figure 8, assuming that 








*54. Investigate the jet flow of a 


liquid through a slot of width 2a ina VO E er 
plane wall (see Figure 9), assuming i 
that the amount of fluid flowing | 
through the slot per unit time (in a | 
slab of unit thickness parallel to the 
xy-plane) equals Q. Find the form of | 
the jet. Td 
| i 


Ans. In parametric form, the equa- 
tion of the curve bounding the jet is FIGURE 9 


FIGURE 8 ER = Vy 
Ans 
E 1 x HE gu 
Pao I Sisi E ar (t 0. 
Va (1 + &)* a m o t—1 
Hint. Transform the region bounded by the wall of the channel and the 
axis of symmetry of the flow into the 
i A 
upper half-plane of the complex vari- y 
able 5, making the vertices B and C | 
go into the points —1 and 0. SN | / P 
= k 20 — x 





* In Probs. 52-54, where the flow is symmetric with respect to an axis, it is convenient 
to assume that $ = 0 along this axis. The value of & along any other streamline can be 
found by using the formula Q = |}, — d]. 
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given by 
fe, zol apg Ü 
a +D’ a 1+ ED 2 OE (DU 


; (0 « t « 1). 
The width of the jet at a great distance from the slot is 


perin, 
1 + (2/7) 
Hint. Use Kirkhhoff’s method (see K2, p. 332 ff.). 
55. A pipe of radius a lies below the ground at depth h (see Figure 10). 
Find the stationary temperature distribution in the region surrounding the 


pipe, assuming that the temperature of the earth’s surface is zero, while the 
temperature of the pipe is Tọ. 


Ans. - 
B 7:0 Q y 
Toa eee | 
In [(h + c)/a] : 
i j VC? — d yy 4c? y? EE 
(x — oh 4 y ' 





where c = Vk — a, 
Hint. Usea fractional linear transformation 
z—c 
goin | 
z+c Z 


to map the given region into a circular ring. Fisur£ 10 


56. Find the stationary temperature distribution in a wall of thickness a 
near the corner of a building (see Figure 11), assuming that the temperature 
of the inside surface of the wall is 7,, while the temperature of the outside 

surface is zero. 


Ans. 


T — T, Re S In x}, 
TI 


ae — arc tan | +1+ i, 
2 1l-t 
1/2 
[n 
C—1 
and In and arc tan denote the branches which 
FIGURE 11 go to zero as t — 0. 
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Hint. Use the Schwarz-Christoffel transformation to map the figure 
ABCDA onto the upper half-plane of the complex variable {, making the 
points B, C and D go into the points — 1, 0, A, where % is to be determined 
(a calculation shows that A = 1). 


57. Solve the problem of the stationary temperature distribution in a 
homogeneous slab —oo <x < oo, —b « y< b of thickness 25, inside 
which there is another thin slab of thickness 2a (a < b) sharing the same 
midplane and held at temperature 7,. It is assumed that the temperature of 
the outside surfaces of the slab equals zero. Calculate the flow of heat Q 
given off by the source per unit time. 


Ans. 


z 
weTHip= Tl -i) 
l 4 


where the relation between the complex variables X and z is given by the 
equation 


nee, 
k 2b 
and the modulus of the elliptic function is 
k = tanh £ . 
2b 
Moreover, 
AT, K 
Q= x K? 


Where x is the thermal conductivity of the slab, while K and K’ are the complete 
elliptic integrals with moduli k and k’ = V1 — kè. 





Hint. Using the transformation 


1 tZ 
t = =- tanh 
2b 


where k has the value indicated above, map the strip 
—0 <x « 0,0 « y< b onto the upper half-plane 
. of the variable f. Then use the Schwarz-Christoffel 
transformation to transform this strip into a rectangle 
with vertices at the points +K, +/K’ in the C-plane. 


58. A wire with charge q per unit length is located 
near the rectangular edge of a grounded conductor 
FIGURE 12 (see Figure 12). Find the distribution of the electric 
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field in the symmetry plane of the region between the wire and the 
conductor. 


Ans. In parametric form, the field is given by the formulas 
E]; 0— _ 9 TM , 
ala — "1 + s? 


zb WA E nO IHM (0 & 2 « 19, 


where v, is the value of the parameter 7, corresponding to y = A. 

Hint. Map the part of the z-plane lying outside the conductor onto the 
upper half-plane of the variable č = & + in, making the corners go into the 
points č = +1. 

*59. On the axis of a box —a < x < a, 0 < y < b of rectangular cross 
section with grounded walls, there is a thin wire with charge q per unit length. 


Write an expression for an appropriate complex potential, and calculate the 
distribution of charge density on the walls of the box. 


Ans. : 
iere 
a Vk 
w = —2q sn — — —-— , 
fia 
a Vk 


where sn z is a Jacobian elliptic function with modulus k. The modulus k is 
determined from the equation 
Pa 
a K’ 
where K = K(k) is the complete elliptic integral of the first kind and K' = 
K(/1 — K?). The distribution of charge density on the wall —a < x < a, 
y = Q is given by the formulas 


on EX an & = 

a a q KVk 

SS —— ee = , 
= I LE 


where cn z and dn z are Jacobian elliptic functions. 

Hint. Use the Schwarz-Christoffel transformation to map the interior of 
the rectangle onto the upper half-plane, making the vertices +a, +a + ib of 
the rectangle go into the points +1, +1/k. During the calculations, bear in 


mind that ik' 


l 
n 2 em Jk . 


40 SOME SPECIAL METHODS PROB. 60 


60. Find the electrostatic field on the axis of an electronic lens made of 
two pairs of plates at potentials +V and —V, separated by a space 2a 
(see Figure 13). 
Ans 














y . 
| Ej,-o _ vi — = 
E, i 1— XX? 3 
m 1, LEE +- = 
2b 2 1-3 
(-l<&< B 
where 
V 
FiGure 13 Ey = b (1 = %), 


and X is a number between 0 and 1 determined from the equation 





Hint. Map the upper half-plane of the variable z = x + iy cut along the 
line segments (— oo + ib, —a + ib) and (a + ib, oo + ib) onto the upper 
half-plane of the variable C, in such a way that the corners go into the points 
+1, --1/A. Then transform the half-plane onto the half-strip 


; Imt> 0. 


61. Find the field on the axis of the electronic lens shown in Figure 14. 











Ans. 
Eyo V1—-# ^ 
Eo 1—(Ep»' 4 4 d 
C e! Vo A 
DW 0*pr——gsL | ii To 
a+b X— ab pe gesi He puce 
Bg 14-6 E MN 
e E f fasi: 
a+b »—1 
(—1 < E« 1), 
where A is determined from the equation FIGURE d 
A+A EY, 41 1+ yn | ) 
rn Fre A = b. 
TE TR d Y In ^ yin{i-+-}, 
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and we introduce the abbreviations 


a—b y, — Ve 1 — (f? 
—=-y Eps a. 
a+b a+b 14y 


Hint. Map the domain ABCDEA onto the upper half-plane of the variable 
C = E + im, making the points B, C, D and E go into the points —A, —1, 1 
and u. After determining the function z = z(C), carry out the transformation 
C — sin f. 


62. Find the magnetic field in the midplane of the magnet whose poles 
have the rectangular shape shown in Figure 15, 
assuming that the magnet is made of iron with 
infinite magnetic permeability (u = oo). 

Ans. 





Hj, _ t EX qd Lc 
H, DR t 2 dde 
(0<t< 1), 


where H, is the homogeneous field in the mid- 
plane of the magnet at a great distance from the 
edge. 

Hint. Map the region ABCD onto the upper 
half-plane, making the points B and C go into the points —1 and 0. 





FIGURE 15 


63. The region x > 0, y < 0 is filled with iron of magnetic permeability 
u = oo. Find the magnetic field due to a linear current source J passing 
through the point (—a, 0). 

Ans. The components of the field are determined by the relation 

; 2/3 — 9,2/3 
Ho e 4iJ a 2z l 
3c 21/3 74/3 + ETE E a^? 

where c is the velocity of light. 

Hint. Bear in mind that near the current source, the complex potential 
of the magnetic field has a logarithmic singularity: 


w= 2e In (z — zo) 4- a regular function. 
c 
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STEADY-STATE HARMONIC 
OSCILLATIONS 





A solution of a partial differential equation is said to be a steady-state 
harmonic oscillation if its time dependence is described by the factor e*, 
where w is the frequency. Problems involving steady-state harmonic 
oscillations are among the simplest and the most important encountered in 
mathematical physics. Because of the particularly simple form of the time 
dependence, we can eliminate the variable f from the original equation, 
thereby reducing the problem to the determination of complex amplitudes 
depending only on the spatial coordinates. In the special case where the 
solution depends only on a single spatial coordinate, the equation for the 
complex amplitude reduces to an ordinary differential equation. This 
category, to which most of the problems in the present chapter belong, is 
of considerable interest because of its numerous applications to concrete 
problems of mechanics, electromagnetic theory, etc. Moreover, such prob- 
lems are very important from a methodological standpoint, since they serve 
as the best introduction to the technique of particular solutions to be con- 
sidered in Chapter 4. Thus, for example, the problem of determining natural 
frequencies anticipates the problem of determining eigenvalues, and the 
problem of forced oscillations gives insight into ways of overcoming difficulties 
associated with the application of the Fourier method to inhomogeneous 
equations. 


! [n using complex quantities in intermediate steps of our calculations, we rely on the 
fact that the equations of mathematical physics (at least, those considered here) are linear. 
Thus, to obtain the final answer, we need only take the real or imaginary part of some 
expression (depending on the conditions of the particular problem). 


42 
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This chapter contains three sections. The first is devoted to problems on 
the determination of natural frequencies of vibrating systems (strings, rods, 
membranes and plates), while the second deals with forced oscillations of 
such systems.’ The third section is concerned with problems on steady-state 
electromagnetic oscillations in transmission lines and cavity resonators, 
certain related problems on the propagation of electromagnetic waves in 
waveguides of given cross section, etc. 


l. Elastic Bodies: Free Oscillations 


64. Find the natural frequencies for longitudinal oscillations of a canti- 
lever beam of length /. 
Ans, 
2n+1 


oO, = TU, ji Does 
2l 


where v — V Ele, E is Young's modulus, and o is the density. 





65. Solve the preceding problem, assuming that the free end of the beam 
is loaded by a mass Mo. 


Ans. 


where the y, are consecutive positive roots of the equation 


tany = un 
Y Y M, 
(ie, 0 <Yı<...<yn<...) and M is the mass of the beam. 


66. Determine the natural frequencies for torsional oscillations of a rod 
of length /, one end of which is clamped, while the other end is attached to a 
disk whose moment of inertia with respect to the axis of rotation is Jo. 


Ans. 
us Ies 2 sss 


Oo, = 


~le 


where v = JGle, G is the shear modulus, o is the density, the y, are con- 
secutive positive roots of the equation 


tan -—À 
Y Y p» 


and J is the moment of inertia of the rod. 


? The forced oscillations studied in this chapter will always have the same frequency 
as the perturbing force itself. 
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67. Find the natural frequencies for transverse oscillations of a beam of 
length / with simply supported ends. 


Ans. 


9 


a 2 2 
gy em EIER n-—ud2:5 


where a? — V EJ oS, E is Young's modulus, J is the moment of inertia and S 
the area of a cross section, and o is the density. 


68. Find the natural frequencies for transverse oscillations of a beam of 
length / with clamped ends. 


Ans. 


a” 2 
On = Yw nc eee 


where the constant a is the same as in the preceding problem and the y, are 
consecutive positive roots of the equation cosh y cos y = I. 


*69. Solve the preceding problem, assuming that one end of the beam 
(of mass M) is clamped, while the other is loaded by a mass M,. Using the 
method of successive approximations, calculate the values of the first three 
frequencies, given that 


Ans. 


On = — Y» n=1,2,..., 
where the y, are consecutive positive roots of the equation 
My |. ; 
1 + cosh Y cos y = ar Y(sin y cosh y — cos y sinh y). 


70. Find the natural frequencies for radial oscillations of a circular 
membrane of radius a. 


Ans. 


v 
On =- Yr pem 2: 
a 


where v — V Tle, T is the tension per unit length of the boundary, o is the 
surface density, and the vy, are consecutive positive roots of the equation 
Joy) = 0 involving the Bessel function of order zero. 


71. Find the natural frequencies for oscillations of a rectangular mem- 
brane with sides a and 5. 
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Ans, 


m? 


Omn = TU 


2 
n 
— +5, m,n=1,2,..., 
a^ p 
where v is the same as in the preceding problem. 


72. Find the natural frequencies for transverse radial oscillations of a 
circular plate of radius a whose edge is clamped. Calculate the first three 
roots of the transcendental equation determining the frequencies. 

Ans. 


2 
2 
On = p Ye 11:2. 244 


where b? = \/D/ ph, D is the flexural rigidity, p the density and A the thickness 
of the plate, and the y, are consecutive positive roots of the equation 


Joh Go + JACO) = 0 


(the notation is the same as in the theory of cylinder functions). Numerical 
calculations show that the first three roots are y, = 3.20, y, = 6.30, y4 = 9.44. 


73. Find the maximum wavelength Amax of a nonplanar sound wave? 
which can propagate inside a hollow cylinder tube with perfectly reflecting 
walls, whose cross section is a) a rectangle with sides a and b; b) a circle of 
radius a. 


Áns. 
a) Amax = 2a, a> b; 
2na 
b) Amax = TT , 
Yı 


where y, = 3.832 is the smallest positive root of the equation J,(y) = 0 (for 
waves which are symmetric with respect to the diametral plane). 


74. Find the natural frequencies for acoustic oscillations in an enclosure 
shaped like a rectangular parallelepiped with sides a, b and c. 


Ans. 


2 2 2 
onns = no (2Y + (5) + (2) m,n, p=0,1,2,..., 
a 


where v is the velocity of wave propagation (m, n, p cannot all vanish simulta- 
neously). 


z : 2 ; 
3 A plane sound wave f ( — | can propagate unimpeded in a tube of arbitrary cross 
section. 
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75. Find the natural frequencies of an acoustic resonator,’ where the 
oscillations have axial symmetry and the resonator is a) a sphere of radius a; 
b) a circular cylinder of radius a and height /. 


Ans. 


v 
a) Uo eR m —0,1,2,..., m] 2.3 
a 


where the Y,» are consecutive positive roots of the equation 


2X9 ux: 4% (Ym) i J int Lg (Ym) 


Jin yg (X) is the Bessel function of order m + 3, and r is the velocity of wave 
propagation; 
b) Onn = 3i (ns) x (ef m=0,1,2,..., 
l a 


where the vy, are consecutive positive roots of the equation J;(y) = 0. 


2. Elastic Bodies: Forced Oscillations 


76. A string of length / with ends fastened at the points x = 0 and x = / 
undergoes oscillations under the action of a concentrated force A sin (of + 9) 
applied at some point x = c of the string. Find the form of the forced 
oscillations. 


Ans. I 
X wW —u 
sin — en sin Quod : D<X<c, 
Av sin = v U 
u(x, D) = OE LA TX) io + ọ) 
oT sin (wl/v) . ac e(l — x) 
sin — sin ————— , c«xz«l, 
Ü v 
where v = ÍT], T is the tension and o the linear density of the string. 


77. Solve the preceding problem for the case where the external force is 
uniformly distributed over the whole length of the string. 


Ans, 
; „sin E sin ex = x) 
2qu" v ZU . 
u(x, re: — sin (el -H 9). 
ST P sin (œl -+ 9) 
cos — 
2v 


where q is the amplitude of the load per unit length of the string. 


* An acoustic resonator is a device used to amplify acoustic oscillations, and consists 
of an enclosure whose walls reflect sound. 
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78. Find the forced longitudinal oscillations of a rod of length J, if the end 
x = 0 is clamped while the end x = Z is acted upon by a force A sin (wt + o). 


Ans. 
sin 2x 
Av 
ES% wl 
co 








u(x, t) = sin (wt 4- 9), 


v 


where v = y Ele, E is Young's modulus, o is the density and S the cross- 
sectional area of the rod. 


79. Find the forced oscillations of a beam simply supported at the ends 
x = 0 and x = |, under the action of a uniformly distributed pulsating load 
q sin ot. 





Ans. 
m l @ l 
i cosh Ye(s — 7 ce) 
ga a a : 
u(x, tr) = — + — — 1| sin ot, 
0 0 EJo? Vo l Vo l 
2 cosh — - 2 cos — - 
a 2 a 2 


where a? = VEJIeS, E is Young's modulus, J is the moment of inertia, o the 
density and S the cross-sectional area of the beam. 


80. Solve the preceding problem under the assumption that the oscillations 
are due to a concentrated force A sin wt applied to the point x = c. 


Ans. 


Aa’ sin wt 
quU a 
2EJo« o sin — sinh = 
a a 
m e(l — m ol o1 — Q2 
sinh vol sin ye - o sin Vox — sin vol sinh Ye = o sinh vox : 
a a a a a a 
O0<cx<e, 
m ol — : "m ol ads lo 
sinh vol sin ve — x) sin zn — sin vol sinh vat! — x) sinh = ' 
a a 2 a a a 
c«x«l 


81. A cantilever is clamped at one end x — 0 and loaded at the other end 
x = l by a force A sin ot. Find the resulting forced oscillations. 
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Ans. With the notation of the preceding problem, 


a m ol wl 
(cosh Vox — cos = (sinh vol + sin vel) 
a a 


Aa? sin ot a 


i m ol 
2EJoN o 1 + cos Vel cosh vel 
a a 


n © " wl 
(sinh yox — sin D (cosh vol + cos ie) 
a 





u(x, t) = 





a a a 
ol ol 
1 + cos vol cosh vel 

a a 


82. Find the forced oscillations of a circular membrane of radius a 
due to a pulsating load q sin (wt + ¢) uniformly distributed over the mem- 
brane. 


Ans. 


"med | Iqfwr/v) : 
u(r, t) — E rend sin (ot + 9), 


where v — VTi, T is the tension per unit length of the contour, o is the 
surface density of the membrane, and J,(x) is the Bessel function of order 
zero. 


*83. Solve the preceding problem, assuming that the load is uniformly 
distributed over a disk of radius b < a. 





Ans. 
u(r, t) = sg sin (wt + 9) 

á 20T i 
w edh] y (se, (2b) — 1,(24) »(85]. O<r<b 
rob  Jy(wa)/v v v v v 

x 

alt fe) afe] crc 
J,(wa/v) v v v v 


where J,(x) and Y,(x) are cylinder functions. 


84. Study the forced oscillations of a circular plate of radius a with a 
clamped edge under the action of a uniformly distributed pulsating load 
q sin (ot + 9). 
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Ans. With the usual notation from the theory of cylinder functions, 
NE Re ERE 
, ee) s pn) 
"b "NR b b 


ee 








u(r, t) = 











where b? = J D/ph, Dis the flexural rigidity, A the thickness and ¢ the density 
of the plate. 


85. Find the steady-state harmonic oscillations of frequency c inside a 
spherical resonator due to a point source of sound located at the center of 
the sphere, bearing in mind that the potential of a point source of frequency 
o in free space is given by 

pend sin (ot — kR) 
R 


where k = w/v is the wave number and R the distance from the source. 


Ans. The velocity potential is 


sin (ot — kr) ka cos (ot — ka) + sin (ot — ka) sin kr 
F 


+ ae EI T, 


kacoska — sin ka r 


u(r, t) = A 


where a is the radius of the sphere. 


3. Electromagnetic Oscillations 


86. Find the steady-state harmonic oscillations of voltage in a long 
transmission line with parameters L, C and R, if the end x = O is attached to 
a source of variable voltage E sin (wt + 9), while the end x = /is terminated 
by a resistance Ro. 


Ans. 
. e(l—x e(l — x 
sin o eod +o cos 
u(x, t) = Im Eget — ). 
ol , Ro ol 
sin — + —— cos — 
ve  iZ* v* 
where 








1 
ELE: 
wL 


are the complex propagation velocity and wave resistance of the line. 
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87. Solve the preceding problem, assuming that the load terminating the 
line is a concentrated inductance Lp, instead of a resistance Ro. 


Ans. 


en o(1 — x) ET oL, ds oll — x) 


we * * p* 
u(x, t) = Im | ge? L Z 
ol , oL, Eod wl 


v Z* p* 


88. Find the components of the electromagnetic field in a transverse 
magnetic wave propagating in a waveguide whose cross section is a rectangle 
with sides a and 5.5 Calculate the corresponding cutoff wavelength Amax 
(i.e., the maximum wavelength passed by the waveguide). 








Ans. 
. mx MTX . ny iwz 
E, = —iv cos LP sin TT eioan, 
a a 
. nn . MTX — TY uo. 
E, = —iv sin cog AEE Gies et) 
a 
m* mn MTX . nny 
E, = d -F =) sin —— sin —= grits oe) 
a b a 
MT. MEX o HAY en 
H, = ik sin = cos 229. g-i(z-on 
a 
MT MTX . ANTY en 
H, = —ik — cos = sin Z etre), 
a a 
Hg 
2ab o mrt nm 
URSA VS ee ui p m,n=1,2,..., 
a+b a 


where k = w/c is the wave number. An arbitrary constant factor has been 


omitted in all the expressions for the components of the electromagnetic 
field. 


89. Solve the preceding problem for a transverse electric wave. 





* By a transverse magnetic wave (TM-wave) is meant a wave in which the magnetic 
field vector H is perpendicular to the direction of wave propagation. Similarly, a transverse 
electric wave (TE-wave) is a wave in which the electric field vector E is perpendicular to 
the direction of propagation, and a transverse electromagnetic wave (TEM-wave) is a 
wave in which both vectors E and H are perpendicular to the direction of propagation 
(see S3, p. 154). 
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Ans. 
Am MIX. ATY gei 
E, = ik — cos — sin BEY ie: en 
a 
MT. MEX HX Guo. 
„= —ik — sin — cos MEY giton, 
a a 
z = 0, 
, MT. MTX ANTY i 
H, = iv — sin —— cos TI erior-en, 
a a 
Hm NRX . ANTY sues 
H, = iv > cos —— sin es go an 
a 


2 2 
mè? n MTX  NTY ay 
H, = e + =) cos ZZY cos LTY e7i0e—ot) 








z , 
a p a 
, mmu; mne 
y S= hoa a m,n = 0, 1.225 
a b 


Amax = 2a if a>b 
(m and n cannot vanish simultaneously). 


90. Find the components of the electromagnetic field in a transverse 
magnetic wave propagating in a waveguide whose cross section is a circle of 
radius a, and determine the corresponding cut-off frequency Amax. 


Ans. 
2» m . r —i(vz—wt) 
A, = —ik — sin ne Jn tan Ze : 


r 
. P r —il "E 
H, = —ik Ymn cos mọ Ja (an De ilvz sity 
a a 
H, = 0, 
= jy Ymn 4 F\ —itvz—ot) 
E,= —1IV — Cos mo Jin Ymi e ^ 
a a 


. m . r —4( —ot 
E, = iv— sin mo Jaa tes rye Ec 


2 r T 
E, — (=) cos mp J, (.. z) gee 
a 


a 
2 
2 in 
y = Ji = Youn 5 
a 


2 v 
ee A0); 


You 


where k = w/c is the wave number, and the Ym» are consecutive positive roots 
of the equation J,,(y) = 0 (m = 0, 1, 2, . . .) involving the Bessel function of 
order m. 
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*91. Calculate the cutoff wavelength Amax for a 7M-wave propagating in 
a waveguide whose cross section is a circular sector of radius a and central 


angle a. 


Ans. 


2ra 
Amax = > 


Yo 
where yọ is the smallest positive root of the equations 
Jano Y) = 9, np l3 
involving the Bessel function J (x). 


92. Describe the free harmonic oscillations in an electromagnetic resonator 
in the form of a rectangular parallelepiped with sides a, b, c and perfectly 
conducting walls. 





Ans. 
MTX . NT i TZ . MTX NT TE 
E, = A cos —— sin — sin P, H, = M sin = cos = cos E, 
a b c a c 
. MTX ANTY . prz MTX . NTY TZ 
E, = B sin —— cos” sin P= , H, = N cos —— sin T cos = , 
a b c a b c 
. MTX . NT TZ MTN nny . prz 
E, = Csin sin? cos EZ, H, = P cos = cos sin P™ , 
a b c a b c 


where m, n and p are integers, and the constants A, B, C, M, N and P are 
connected by the relations 


"TA EBE 

a c 

w--l(m - =), 
ik Nb c 

ncs L(Ea- tme). 
ik\c a 

pe imn tE 4), 
ik\ a b 


(k is the wave number). 


93. Solve the preceding problem for a resonator in the form of a circular 
cylinder of radius a and length /. 
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Ans. 
E, = AS Yn Des i sin m , 
a/ sin mo l 
1 N 
E,—B- Joa Yon z) SD MP sin E, 
r a/ cos mọ l 


> 


r\cosmp nnz 
= cos — 


E, = CJ, (Yan . 
sin mo l 


a 


1 ; 
H,- M1 Ja Yn z) sin m... PTZ 
a 


a/ cos mọ l 
H, = NI. v... Des "T cos TE, 
a/ sin mo l 


5 


z) sin me jp nnz 


H,— Ply, (v... 
r cos mq l 


a 


where m and n are integers, the constants A, B, C, M, N and P are connected 
by the relations 


Ac = 
a l 
Ymn 1 
PRISE COIT 
a m 
M = —1+(¥cm—B™), 
ik l 
v=~4(4™ ce), 
ik l a 
P= - 4 (pi 4 am), 
ik a 


and the y,,, are consecutive roots of the equation J,,(y) = 0. 


94. A high-frequency current / sin wt flows along a cylindrical conductor 
of radius a, made of material of conductivity c and magnetic permeability u. 
Find the distribution of current density along the cross section of the wire, 
and calculate the active resistance of the conductor at the frequency w (the 
skin effect problem). 
Ans. The complex amplitude of the current density is given by the 
formula 
j) 2A Jo(kr) 
Ka) Joka) 
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where 
Ik Jo{ka) 
2ra J (ka) ` 
The resistance per unit length of the conductor is 
Ikl? c Jaka) _ pada), 
2rao(k? — k*)L Jılka) J (ka) 


(the overbar denotes the complex conjugate), where 


k= Je me. Manag (1 — i). 


Taking account of the asymptotic behavior of the Bessel functions for large 
values of the argument, we find that 


Ka) = 


QU 














Je) x J^ en Ro 4. 
j(a) r R, 28 
where 
yeh e due 
V 2100. 
and 
EE 1 
? na? 


is the d-c resistance. 


95. Solve the skin effect problem for a conductor whose cross section is 
a strip of width 2a. Find the corresponding current distribution and resistance. 


Ans. 


JOY) = COSI »  JHa)= ak cot ka, 
ja) cos ka 2 
" TIE (k cot ka — K cot ka), 
2e(K^ — 
where / is the amplitude of the total current. For high frequencies, 
I(x) A ge me Ro FE , Ro = lt: ! 
(a) R, 8 2ac 








where ò is the same as in the preceding problem. 


References 


Marcuvitz (M4), Morse (M8), Rayleigh (R1), Schelkunoff (S3), Stratton 
(S17), Timoshenko (T2). 
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THE FOURIER METHOD 


The Fourier method is one of the most general techniques of mathematical 
physics, and is effective in solving a very wide class of problems. Its use, 
which is not restricted to equations of any particular type (e.g., hyperbolic 
or elliptic), relies on the fact that linear problems obey the superposition 
principle, i.e., any linear combination of solutions of a homogeneous linear 
partial differential equation is itself a solution of the equation. Thus, if a 
linear equation Lu = 0 has a certain set of particular solutions 


uU = up | 2 
the sum of the series 


is also a solution, provided the convergence of the series permits interchanging 
the operations Z and X. Similarly, if Lu = 0 has a set of particular solutions 


u =U), U<ASV, 
which depend continuously on the parameter X in the interval (u, v), then the 
integral 
u= fu, d 
u 
is also a solution, provided the operations L and f can be interchanged. 
Given a problem of mathematical physics involving the integration of a 


differential equation Lu = 0 subject to certain initial and boundary con- 
ditions, the basic idea of the Fourier method is to construct a solution by 
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superposition of particular solutions. If the operator Lu = 0 has an appro- 
priate structure, we can “separate variables,” i.e., the particular solutions 
can be written as products of factors, each involving only one independent 
variable and satisfying an ordinary differential equation. By suitably 
choosing some of the parameters figuring in this relatively simple problem. 
it is usually possible to satisfy all the homogeneous boundary conditions, 
thereby singling out a countable or uncountable set of particular solutions 
of the required type. Then, after making a superposition of these solutions, 
we choose the remaining parameters in such a way as to satisfy the inhomo- 
geneous boundary conditions. 

Having made these general remarks, we now confine ourselves in this 
chapter to problems of mathematical physics which lead to integration of the 
differential equation 


x3 L9 au) Mac (a<x<be<y<a, (1) 


where M, is a differential operator of the form 


0° Q 
M,=A— B= C, 
2 2t E 


A, B and C are given constants, and p(x), g(x) and r(x) are given continuous 
functions such that p(x) and q(x) are positive, and p(x) is continuously 
differentiable. [In the next chapter, we shall consider the inhomogeneous 
case, where the right-hand side of (1) is a given function F(x, y).] For the 
time being, we assume that the interval (a, b) is finite and that the behavior 
of the functions p, q and r at the end points a and b is such that the ratios all 


eG) gs) ro 0) 
Px) p(X) p(x) 


approach finite limits as x — a and x — b. Moreover, we require the 
solution of (1) to satisfy homogeneous boundary conditions at the end points 
of (a, b), of the form 


ð 
Xa — RE Bul. = 0. Xp = T Bytt| pn = 0, (3) 
Ox 'z-a OX Ix=d 


! Equation (1) is not the most general second-order equation with two independent 
variables which permits separation of variables, but it includes as special cases most of 
the commonly encountered equations of mathematical physics. 
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where «,, &,, 8, and B, are given constants, some of which may equal zero,” 
and inhomogeneous boundary conditions at the end points of (c, d), whose 
form depends on whether the differential equation is of hyperbolic, parabolic 
or elliptic type (cf. footnote 1, p. 20). If the equation is of elliptic type, 
it will be sufficiently general for our purposes to assume that these conditions 
are of the form 

ES Eu Oaths x: g(x), m a Sul, == g4(x), (4) 

y "w-c Qy y=d 

where Ye, Ya, 9, and 3, are given constants, while g,(x) and g,(x) are given 
functions defined in the interval (c, d). On the other hand, if the equation 
is of the hyperbolic or parabolic type, which corresponds to problems of 
mathematical physics where the variable y plays the role of a time varying 
over an infinite interval (c, oo), then the inhomogeneous boundary conditions 
take the form of initial conditions, i.e., 


2 
uu =f), | = 8x) (4) 
y Iv=e 
in the hyperbolic case, and 
ul, f) 4) 


in the parabolic case. 
We now look for a function u = u(x, y) satisfying the differential equation 


(1) and the boundary conditions (3) and (4) [or (4), (4")]. Following the basic 
procedure already mentioned, we consider particular solutions of equation 


(1) of the form 

u = X(x) Y(y). (5) 

After substituting (5) into (1), the variables separate, and the result is a pair 
of ordinary differential equations 

(pX^) + Qr — 4)X = 0, (6) 

M,Y —13Y «0 (7) 


? [n particular, we obtain boundary conditions of the first kind 
ul = u). = 0 
if x, = % = 0, B, = B, = 1, boundary conditions of the second kind 
Qu _ ôu 
0x ox 
if a, = «, = 1,8, = B, = 0, and so on. In the applications, one also encounters boundary 


conditions of the form 


=0 


a=b 








z—a 


ou 


al as ular Ox 


= Qu 
dx 


(3) 








> 
r=t ı=b 


which are not comprised in the formulas (3). 
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determining the factors X and Y, where à is an arbitrary parameter. The 
requirement that the particular solutions (5) satisfy the homogeneous 
boundary conditions (3) leads to corresponding homogeneous boundary 
conditions for the function X: 


«,X'(a) + B,X(a) — 0, — o, X'(b) + B, X(b) = 0. (8) 


The problem of solving equation (6) subject to the boundary conditions (8) is 
called the Sturm-Liouville problem. For arbitrary A, this problem will in 
general have no solution other than the trivial solution X — 0. However, for 
certain values of A, called eigenvalues, there are nontrivial solutions, called 
eigenfunctions. In the theory of the Sturm-Liouville problem, it is shown that 
with our assumptions concerning the interval (a, b) and the functions p, q 
and r, the spectrum (i.e., the set of all eigenvalues) is discrete, consisting of 
countably many real eigenvalues A = 2, (n = 1,2, . . .), each associated with 
a single eigenfunction X — X,(x) which is uniquely defined (except for a 
constant factor). The eigenfunctions X,(x) are found to be orthogonal on the 
interval (a, b) with weight r(x), i.e., 


Ir X m2) 0) dx = 0 if mn. 


Moreover, under certain conditions,? a function f(x) defined in (a, b) can be 
expanded as a series of the form 


SO IHK, a<x<b, 


n=l 


with coefficients 
POX, (x) dx 
00 [rowa C 


The calculation of the eigenvalues and the corresponding eigenfunctions 
is easily carried out in the case where the linearly independent solutions and 
hence the general solution of (6) are known for arbitary A. In fact, substitution 
of the general solution into the boundary conditions (8) then gives a homo- 
geneous linear system for the arbitrary constants, and the condition that the 
determinant of this system vanish leads at once to a transcendental equation 
for the permissible values of à. After the eigenvalues and eigenfunctions have 
been determined, we find the second factor Y(y) in (5) by solving (7), with 
^ = AX. If the original equation is of hyperbolic or elliptic type, the general 
solution of (7) can be written in the form 


YQ) = PYM) + PYP), 


? For example, if f(x) is piecewise smooth in (a, b). 
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where Y% and Y® are linearly independent solutions of (7) and c®, c? 


n? 


are arbitrary constants.* In this way, we arrive at a set of particular solutions 


and the solution of the problem is then constructed in the form of a series 


© 
w= Su, 
n=1 


where the coefficients c? are found by substituting this series into the 
boundary conditions (4).5 

If the function u satisfies boundary conditions of the type (3’) instead of 
(3), the above method carries over virtually without change, except that now 
two linearly independent eigenfunctions may correspond to the same eigen- 
value. Things become more complicated if the interval (a, b) is infinite, or if 
one (or both) of the end points of (a, b) is singular, i.e., if one of the ratios (2) 
becomes infinite as we approach the given end point. In such cases, which are 
among the most interesting encountered in practice, the boundary condition 
involving the singular end point or the point x = b = oo cannot be prescribed 
arbitrarily, but rather is replaced by a condition whose formulation in 
concrete situations usually presents no special difficulties (most often, the 
condition consists in the requirement that the solution remain bounded as 
the singular point is approached). In the case where the interval (a, b) is 
finite and only one end point is singular, the eigenfunctions are found as the 
nontrivial solutions of equation (6) satisfying some condition of the type 
just mentioned at the singular point and a condition like (3) at the other 
end point. The same approach can be used to find the eigenfunctions for a 
finite interval with two singular end points, for an infinite interval, and so on. 
The essential difference between these cases and the case analyzed above is 
that the spectrum may now be either discrete or not, depending on the 
structure of the differential equation and the nature of the boundary con- 
ditions. If the spectrum is still discrete, despite the presence of an infinite 
interval or of a singular end point, the Fourier method can be applied with 
no essential changes. On the other hand, if the spectrum is no longer discrete, 
the character of the solution changes. In the case of a continuous spectrum,® 


4 If the equation is of parabolic type, the general solution is of the form 
Y) = c, Y«(y). 


5 For rigorous justification of the application of the Fourier method to problems of 
mathematical physics of this or more complicated types, see L1, Tl, T7, etc. In many 
cases, however, it is an easy matter to verify directly the validity of the solution found 
formally by the procedure just described. 

ê Chapters 4-5 are devoted exclusively to problems with discrete spectra. Problems 
with continuous spectra will be considered in Chapter 6. 
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the solution is constructed from particular solutions by integrating instead 
of summing with respect to the parameter A, and the unknown functions 
appearing in the integrand are determined by using the theory of integral 
transforms instead of the theory of expansions in series of eigenfunctions.? 

The problems in the present chapter can all be solved by the Fourier 
method (in most cases by the method just described), and are grouped into 
five sections, two devoted to mechanics, two to heat conduction (including 
a few problems on diffusion), and one to electricity and magnetism. We also 
include a few problems involving inhomogeneous equations and inhomo- 
geneous boundary conditions, which can be solved by the Fourier method 
after being reduced to homogeneous problems by the use of appropriate 
tricks. However, inhomogeneous problems will for the most part be con- 
sidered in Chap. 5, where they are studied systematically. Since an entire 
chapter (Chap. 7) will be devoted to the less familiar special coordinate 
systems, we confine ourselves here to rectangular and polar coordinates 
(both cylindrical and spherical). To illustrate further extensions of the 
Fourier method, we include a few problems of a more complicated type, 
e.g., problems involving three variables, elasticity theory, fourth-order differ- 
ential equations, etc. 


I. Mechanics: Vibrating Systems, Acoustics 


*96. At the time ¢ = 0, a string with ends fastened at the points x = 0 
and x = / is plucked at the point x = c, and then released without initial 
velocity. Find the displacement u(x, t) of an arbitrary point of the string if 
u(c, 0) = h. 


Ans. 
2h P sin (nxc/l) . nax nmt 
u(x, t) == sanua sin — cos —— , 
v“ e(l uu n 


where v = V T]o, T is the tension and o is the linear density. 


97. Find the vibrations of a 
string if the initial displacement 
has the form shown in Figure 

x 16, while the initial velocity is 
zero at every point of the 
FIGURE 16 string. 





7 For information concerning such integral expansions and Sturm-Liouville theory in 
general (especially the singular case), see Al, L13, S6, Vol. V and T6. 
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u(x, 1) = ———— 
(l—a)n? £A  Qn-1y 21 21 


98. Solve the preceding problem, assuming that the initial form of the 
string is a parabola symmetric with respect to the center of the string and 
that the maximum initial displacement from equilibrium is /. 


Ans. 


aS Je (2n + 1)nx (2n + 1)xvt 
t ——— Senn 
u(x, t) = 2 On + DP cos T COS 2l j 


99. At the time t = 0, the center of a string of length 2/ fastened at the 
points x = —/ and x =/ receives an impulse P. Find the subsequent 
vibrations of the string 


ese s Posi On SEDE DII S Oe. 
TUP n=0 2n +1 2l 


Hint. Consider the vibrations of the string subject to the initial conditions 


P 
25) Qu = We |x| < e, 
uio $T AS t "T es 

, 0 0€8«|x <], 


and then take the limit as £ > 0. 


100. Study the vibrations of a string fastened at the points x = 0 and 
x= due to a suddenly applied load distributed along the string with 
constant density q which subsequently remains constant. The string is 
assumed to be at rest at the time t = 0. 


Ans. 
u x) 4 © sinl@n + Dxx/l] - (2n + 1)rovt}. 


ql (x arx 
jud Ep 
dl) RL Qno y 1 


Hint. Before applying the Fourier method, make the problem homo- 
geneous by subtracting out the static deflection of the string under the 
uniform load. 


101. Find the vibrations of a string —/ < x < / of mass m loaded at the 
point x = 0 by a concentrated mass mọ. In ur the problem, assume 
that the load is initially displaced by a small amount A, and that the initial 
velocity of the string is zero. 
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Ans. 


Ix] 

sin y, {1 — T 

u(x, t) = 2ha » = een cos P^, 
n=1 Yn [4 22 Yn 


2y4 


where « = m/m, and the y, are consecutive positive roots of the equation 
tan Y = aly. 

102. A rod of length /, density p and cross-sectional area S is clamped 
at the end x = 0 and stretched by a force F applied at the other end x = 7. 
Study the longitudinal oscillations of the rod if the force is suddenly dis- 
continued at the time t = 0. 

Ans. 
SF 5 ri „en + Dax R (2n + 1)xvt 


D = 
«053 — ES = On — 2l 21 


where v — V Elo and E is Young's modulus. 


103. Find the general solution of the problem of longitudinal oscillations 
of a rod of length / with arbitrary initial conditions 





0 
uj. =, =| =a) 
Ot i-o 
if the end x — 0 is clamped and the end x — / is free. 
Ans. 
, Qn + eel „ers Drs + 1)r— L 2l 
u(x, t) = = ——— 
(52 = 72, [eos FG) si 21 er E + Irr 


uae (2n + Det [ac ET (2n -+ Mrd H sin (2n + lrx l 
21 0 2l 2l 
104. Investigate the longitudinal oscillations of a cantilever of length / 
and mass M if the end x = 0 is clamped while the end x = / is loaded by a 
concentrated mass Mo, which at the time t = 0 experiences a displacement 8 
without acquiring any initial velocity. 


Ans. 
sin I^ 
Ce as ey Um. eee 
0 n=1 Y. peiin l 


2Yn 
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where the y, are consecutive positive roots of the equation 


ytany= td . 
M 
105. Find the longitudinal oscillations of a rod of length / if the end 
x = 0 is clamped while the end x = / receives an impulse P at the time 
t = 0. The rod is assumed to be at rest before the impulse acts. 


Ans. In the notation of the preceding problem, 
4Pl & (—1)" - 
(—1) S (2n + Dx eia (2n + Drot 
xvM 72 2n + 1 21 21 
Hint. Solve the problem of oscillations with the initial conditions 


u(x, t) = 


0, 0cxc«l—s, 








v = —, l—e«x«l, 
P 


where S is the cross-sectional area of the rod, and then take the 
limit as « > 0. 


106. Find the displacement of the points of a rod of length / clamped 
at the end x — 0, which undergoes longitudinal oscillations under the action 
of a pulsating force A sin ot applied to the free end x — /. The rod is assumed 
to be at rest before the force begins to act. 








Áns. 
. DX 
A sin — 
u(x, t) = < sin ot 
ES% ol 
v 


sin (2n + 1)rx sin (2n + Dnot 





— 4 fol > (—1)” 2l i 2H l 
«(e one] EE >] u (=) 


Hint. To make the problem homogeneous, represent the displacement as 
a sum of free and forced oscillations (see Prob. 78). Another method of 
solution is given in Chap. 5 (see Prob. 211). 

107. A conical cantilever with the dimensions shown in Figure 17 is 
stretched by a force F applied at the end x = /. Study the longitudinal 
oscillations which result when the force is suddenly discontinued. 

Ans. 
2F cot « X COS Yn sin {X Ynvt 


<a a a 
Vp g rE(a — x tana) 4 y,[(sin 2y,/2y,) — 1] l l 
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FIGURE 17 
where the y, are consecutive positive roots of the equation 
a 
tan Y = ( = T «Jv 


*108. Solve the problem of the longitudinal oscillations of the pyramid- 
shaped cantilever of rectangular cross section and constant thickness shown 
in Figure 18, subject to a given initial deformation ul, = f(x). 





Ficure 18 


Ans. 


ee ea a) ane 
b* (4a°/n?y2b®) — X3. (b) a 


x [^ f(&Ya — & tan )X,, (a — & tan a) dt, 


X40) = xo (2) = re), 


where 


Jo(x) and Y,(x) are cylinder functions of order zero), and the y, are con- 
secutive positive roots of the equation 


< X,(b)= 0. 
oS: x *109. Find the general solution 
m = of the problem of longitudinal oscil- 

EN 3 


lations of a rod consisting of two 
FIGURE 19 rigidly fastened sections with different 
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dimensions and elastic properties (see Figure 19). It is assumed that the ends 
of the rods are clamped and that the initial state of the rod is characterized 
by the conditions 


Qu 
uico — f(x), L| =0 
Ot i-o 
Ans. 
0 y a ; 
e. Sıpı |? SOUPO dE + Sapa [^ fut) a o 
u(x, t) = 2,2, as —— wx) cos HE, 
"3 —— qS,o, sin? 22"! + a,S,o, sin? y, m 
db, 
where 
pia 
u(x) = sin O + 41) sin 2221 —a,« x< 0, 
ay ay, 
u,(x) = 
u(x) = sin ales a sin Yp» 0 «c x € as, 


Us 


the y,, are consecutive positive roots of the equation 





Sav Ezp tan y + Sy Esp; tan TE _ 0, 


a02 


the two sections have Young's moduli E; cross-sectional areas S, and 
densities o; (i = 1, 2), and v; = V Elo; 


110. A pointer is fastened to the free end of a rod of length / clamped at 
the end x — 0. Study the torsional oscillations which result if at the time 
t = 0 the pointer is twisted through an angle a and then released without 
initial velocity, given that the moment of inertia of the pointer with respect 
to the axis of rotation is Jo. 


Ans. 
Jz E t 
dx, f) = 2a — YS SN 
Jo n=1 Yn 1 + sin 2Yn I 
2Y, 


where the y, are consecutive positive roots of the equation 


tan = 
Y Y A 


Jis the moment of inertia, G the shear modulus and p the density of the rod, 
and v = J G/p. 
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111. Solve the preceding problem with arbitrary initial conditions 














08 
Olo = ; ec em). 

la-fG. LL = 8) 

Ans. 
P sin VŽ 
0x) m7 7 
( 2, ral , sin 2n) 
2Y, 
i s BS COR are 
x [cos wf re cos 12 dé + — sin fat Í g (E) cos is d| . 
I Jo l Ynt l Jo l 


with the previous notation. 


*112. A disk with moment of inertia J, is fastened to the point x = c of 
a cylindrical shaft with clamped ends x = 0 and x = /. Find the torsional 
oscillations of the shaft if the disk is twisted through the angle a at the time 
t — O and then released without initial velocity. 











Ans. 
2al 2 : Qi . Yna Yntt 
(x, t) = -—————— > sin y,{ 1 — 7] sin 0,(x) cos — 
( 2) a l l l 
ali—- SSS SSS 
l D, 
where 
in2y,a/D] . o a 
D, = off + ee [ge (i -f 
"ll oy, mu y 
in? — (all . 
4. [ gi sin 2y,(1 — (al » sine, 
l 2 l 
sin a sin y, (i — 2, Ü dca. 
0, (x) x 
sin = sin v(i — S, (ex 


the y, are consecutive positive roots of the equation 


Joy . ya. ( a) 
sin y = — sin — sin y| 1 — ~J, 
P Ger OE T 


and J is the moment of inertia of the shaft. 
113. A disk with moment of inertia J, is fastened to one end x = 0 of a 
circular shaft, and another disk with moment of inertia J, is fastened to the 


other end x = /. Find the torsional oscillations of the shaft if the relative 
angle of rotation of the disks equals a. 
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Ans. 


J ; 

J 2 — (1 — cos Ya) + Yn Sin Yn 
O(x, DSE > Eo LÀ 

0 n=1 „2 2 J 2| sin 2y J 
A nern. g 
x E — (cos du c Ya — Jo sin 1) cos ar], 
l J l l 

where the vy, are consecutive positive roots of the equation 


Jo 2) 
(24 4 


Jor r 
JJ 
and J is the moment of inertia of the shaft. 


tan y = 


> 


—1 


*114. Find the general solution of the problem of transverse oscillations 
of a beam of length /, simply supported at its ends x = 0 and x = l, with 
arbitrary initial conditions 

ul. = f(x) 2u | = g(x). 
Ot i-o 
Ans. 


oo 2.9.2 i 
u(x, t) = = TD Lee r IG sin i 
n=1 
ae a Moa ef 75 ag sin ' "eX 
sin 5 $ d 
ra ats) l 


where a? = V EJ[pS, E is Young's modulus, J the moment of inertia of a 
cross section, p the density and S the cross-sectional area of the beam. 








115. Investigate the transverse oscillations of a beam of length /, simply 
supported at its ends x — 0 and x — /, under the action of an impulse P 
applied to the point x = c at the time t = 0. 

Ans. 


oO ci 2 2 2 
21P Su une) sin 7 sin ” a t 
mEJoS n l l 
Hint. Solve the problem of the oscillations of the beam with the initial 
conditions 


u(x, t) = 


ðu ae, ce—e<x<cHte, 
ulia = 0, Se = 2eSe 
Ot lio 


0, otherwise, 
and then take the limit as e > 0. 
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116. A beam of length 2/, clamped at its ends x = +/, undergoes 
transverse oscillations with initial conditions 


ð 
uli = f(x), a * 


— 0. 





Find the oscillations of the beam, assuming that the initial deflection of the 
beam is symmetric with respect to the center of the beam and that there is no 
initial velocity. 

Ans. 


oo 2 2,772 
u(x, t) — iy a), (cosh Yn COS Ya¥ _ cos Yn cosh s) 
l 721, cos Y, cosh” y, l l 


1 m y 
x | f(& (cosh Yn COS = — cos y,, cosh xš) dé, 
0 


where the y, are consecutive positive roots of the equation tan y + tanh y = 0. 


117. A beam simply supported at the points x — 0 and x = l is in 
equilibrium under the action of a concentrated force F applied at the point 
x — c. Find the transverse oscillations which result if the force is suddenly 
removed. 

Ans. 


2FI? sin (nre/l) . nux | mat 
u(x, t) e 2 —— ~ sin — cos — 
(5 1) — EJ £ p ] Pr 
*118. Find the transverse oscillations of a cantilever of length / if the 
initial deflection is due to a concentrated force F applied to the free end 
x = land is suddenly removed at the time t = 0. 
Ans. 
3 oo 2 2,772 
ehe 2Fl > X (x) cos (yza't/) 


EJ 7, (cos v, sinh y, — sin y, cosh y,)y2 
where 


X,(x) = (sin y, + sinh y,) (cos a — cosh r) 


— (cos v, -H cosh y,) (sin T — sinh z) : 


and the y, are consecutive positive roots of the equation cos y cosh y + 1 = 0. 


119. A beam of length / is simply supported at the end x = 0 and clamped 
at the end x = l. Find the transverse oscillations of the beam under the 
action of a suddenly applied uniformly distributed load q. 
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Ans. 
qx(! — x) 2" 2 
u(x, t) = = (I Ix — 2x 
(x, t) ASEJ (I + ) 
It &sinh y, — 2 cosh i i 2a? 
F qe 2 Ya : aid Yn an Yn + SIN Y, ls Yna S 
EJ 4A yn sinh? y, sin’ y,, = 


ax 


X ,(x) = sinh y, sin npe sin Y, sinh Tez ; 


where the y, are consecutive positive roots of the equation tan y = tanh y. 


Hint. Make the problem homogeneous by subtracting out the static 
deflection of the beam. 


*120. Study the axially symmetric vibrations of a circular membrane of 
radius a due to an impulse P applied at the time ¢ = 0 and distributed over 
a disk of radius e. 


Ans. 
2Pv > Ji yse[a) Jo (=) sin Y! 


u r,t = me 
reT n=1 YQ) a 


a 
where J,(x) and J,(x) are Bessel functions, the y, are consecutive positive roots 
of the equation J,(y) = 0, T is the tension per unit length of the boundary, 


e is the surface density of the membrane, and v = JV Te, 
Hint. The initial conditions have the form 


Qu Ug — — > O<r<e, 


u|izo = 0, = 


ot 





t=0 
e<r<a. 


121. Find the general solution of the problem of vibrations of a ring- 
shaped membrane fastened to the circles r — a and r = b, and subject to 
arbitrary initial conditions 

2 _ 
ule f(rh =| `= g(r). 
ka f(r) Sch g(r) 
Ans. 
28 — XR y,ot [ 
ur, f) == > — | cos — (e)R,,(e) d 
(r, 1) b 2. a) — ar? (a) y J, (OR ( de 
b 2 wea] 
+— sin? Í pg(p)R,,(p) ae, 
Y4U b Ja 





where 


vo unl) mi 


70 THE FOURIER METHOD PROB. 122 


is a linear combination of Bessel functions of the first and second kinds, and 
the y,, are consecutive positive roots of the equation R,(a) = 0. 


122. Determine the axially symmetric vibrations of a circular membrane 
of radius a due to a pulsating load q sin ot which is uniformly distributed 
over the whole membrane and begins to act at the time t = 0. 

Ans. 


q 


ies = afi u Merl PN 2vaq & Je(y,ría) sin (y,vt/a) 
po 


J((wa/v) oT n=1 Yi 1— (vy,/@a)” 


where the y, are consecutive positive roots of the equation J,(y) = 0. 


Hint. Make the problem homogeneous by subtracting out the forced 
oscillations (see Prob. 82). 


123. Find the vibrations of a rectangular membrane —a « x « a, 
—b < y < b with initial conditions 
Qu 


ulia = f(x, y) 3 


where fis a given function which is even in each of the variables. 


Áns. 


u(x,y,t) = > > Assy cos ene cos u 


T. (1) ES run 
2a 2b . 





= 0, 


t=0 


m=0 n=0 


where 


4 afb ex = 
Ann =~ [| [fes eos CAEDE ogg Qn Day dy ay, 
ab Jo Jo 2a 2b 


*124. Study the transverse oscillations of a circular plate of radius a 
with a clamped edge, for arbitrary initial conditions 


ul. E f(r), a i 





= g(r). 
=0 
Ans. 


1 & R (r yip fe 
u(r, t) = — —— [cos | R, d 
a? 2 Ir) er) a” Jo ef (OR, (9) de 


9 9,9 


(e uri D 
ty ; sin 2 feer ode. 


n 0 








where 


R0) = I(E) — acr, a 
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is a linear combination of cylinder functions, the y, are consecutive roots of 
the equation R}(a) = 0, b? = V D[oh, and D is the flexural rigidity, A the 
thickness and p the density of the plate. 





125. Solve the preceding problem for the case where the oscillations are 
due to an impulse P applied at the center of the plate at the time ¢ = 0. 


Ans. 
Pb* S Uy, — JAYR, G) . vib?t 


u(r, t) — 
2nD ai — vulnera) a? 
Hint. Solve the problem with the initial conditions 
Qu er 0<r<e, 
ul = 0, al ne^ oli 
Elı=o e<r<a, 


and then take the limit as e > 0. 


126. Investigate the transverse oscillations of a circular plate of radius a 
with a clamped edge under the action of a concentrated force F applied to 
the center of the plate. The plate is assumed to be at rest at the time t = 0. 


Ans. 





r? 
u(r,t) = ( In ^ + a? — " 


a? 


167D 
B Fa S IYn) = Jol¥n) 
2D far Yl or ors) 
with the notation of Prob. 124. 


Hint. Make the problem homogeneous by subtracting out the static 
deflection of the plate. 


tbt 
R,,(r) cos tat : 


> 


127. Study the radial oscillations of a gas confined in a spherical reso- 
nator,® assuming that the initial values of the velocity potential and its time 
derivative are 


au 
ues fS Fl =o. 


® The velocity potential of an oscillating gas satisfies the wave equation 


Ai = n En 
(see T1, p. 25). In Probs. 127-130 it is assumed that the walls are perfectly reflecting, i.e. 


that 
Ou 


On |s 


= 0. 
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Ans. 
sin (Y„r/a) cos (y,Ut/a) = 
u ees Cono) [ arco) sin YAE do + | Yo de, 
n=1 
where the y, are consecutive te roots of the equation tan y = y, ais the 
radius of the sphere and v is the velocity of wave propagation in the gas. 


128. Investigate the steady-state acoustic oscillations in a semi-infinite 
cylindrical pipe of radius a, assuming that the distribution of the normal 
component of the velocity of the air particles in the plane z = 0 is a given 
function 


(vp), o = f(r) sin ot. 


Consider the special cases 
a) f()—w b) f= volo), 


where y is the smallest positive root of the equation J;(y) = 0. 
Ans. The velocity potential is given by the formula 


Se Mo Cet 


where k = w/v, the y, are consecutive nonnegative roots of the equation 
ACY) = 0 (Yo = 0), and J,(x), Ji (x) are Bessel functions. In the special cases, 





u(z, t) = — 3 cos (wt — kz), 
ei xot (7 Jè )z . e 
HL (Fla) 
129. Find the steady-state harmonic oscillations of sound inside a conical 


horn a < r < oo, 0 < 0 < a, assuming that the velocity distribution along 
the base of the horn is given by 


(vc)... — f(8) sin ot. 
Consider the special case f/(0) = vp. 


u(r, z, t) — Im food (££ 





Ans. 
tut o0 (2) » 
u(r, 0, t) = Im |- = v.d Heyn) 
k sin? X n=1 P, (cos a) HOY, (ka) 
P, (cos 0) Í a . 
: 0)P 0 
OP! (cos a) : f( ) X (COS ) sin 0 dd 
Vin Ym=’n 





ee H Hkr) r) 


~ k(1 — cosa) HËX(ka) ? seine ao), 
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where the v,, are RN roots of the equation P, (cos a) = 0, P (x) is the 
Legendre function and H,?,, (x) the second Hankel function. In the special 
case, 


u(r, i) = 2v,a NE a sin [wt — k(r = a)]— 2ka cos [ot — k(r — a) - 
1 + 4k*a” 


130. Solve the problem of diffraction of a plane sound wave uye’®!-%2) 
by a spherical obstacle of radius a. 


Ans. 


othe) _ y, Be Bae ia 
2kr 
x Sen En De ri? 2kaJ, (ka) — I ı,(ka) 
> 2kaH (ka) — HP r4(ka) 


uU = uge 
H u4(kr)P „(cos 0), 
where J,,,,,(x) is the Bessel function of the first kind, Hay the second 
Hankel function, and P,(x) the Legendre polynomial. 


Hint. If the velocity potential is written as a sum 
u = (uge** + ue, 
then solving the problem reduces to integrating Helmholtz’s equation 


Au, + Ku, — 0 
with the boundary condition 
Qu, O irz 
SS (e uo) 
Or h-a Or ( o) 


where u, must satisfy the radiation condition at infinity. 


2. Mechanics: Statics of Deformable Media, Fluid Dynamics 


131. Find the equilibrium shape of a rectangular membrane with sides 
2a and 2b under the action of a uniformly distributed load q, choosing the 
origin at the center of the membrane. Calculate the deflection of the center 
of the membrane, assuming that the ratio b/a takes the values 1, 2 and 3. 


Ans. 


u(x, y) 
u 2e E). 16 2 e ree (=1)"** cosh [Qn + 1)xy/2a] eT (2n + I)rx 
|. Tk ^ (2n + D? cosh [(2n + 1)rb/2a] 2a 


> 
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where T is the tension per unit length of the boundary. Numerical calcula- 
tions show that u(0, 0) = kQ/T, where Q = gab is the total load, and 
kloya-ı = 0.295, ^ k|j,-. = 0.228, klaya=3 = 0.164. 


Hint. Make the problem homogeneous by subtracting out the particular 
solution of the equation for equilibrium of the membrane which depends 
only on the coordinate x and satisfies the boundary conditions on the sides 


X = +a. 


*132. Find the equilibrium shape of a semicircular membrane of radius a 
(see Figure 20) under a uniformly distributed load q. 


Ans. 


iz er E a) me 


1 2 2 2 M 
= (5 + =) cos 2o — 2) arc tan > 
. 


2X" Ger 


a 
1738 2 2 2 CE NE 
+1(2-8) a arose] _! m 2) 
a r a“ + r“ + 2ar cos 9. a 


where T is the tension per unit length of the boundary. 


Hint. To apply the Fourier method, sub- 
tract out the particular solution 





2 
qr n2 
u, = — sin 
; 2T L 





LA 


S. 


FIGURE 20 


^ of the equilibrium equation. To write the 
solution in closed form, it is necessary to sum a 
series (this has been done in the answer). 


133. Study the twisting of a rod whose cross section is a rectangle with 
sides a and b. Find the torsion function and the torsional rigidity. 


Ans. The torsion function is 

8a? & sin [(2n + 1)rx/a] cosh[(2n + (35 — vyr/a] 

B (2n + 1y cosh [(2n + D)xb[2a] ° 
O<x<a,0<yjy< b) 


u(x, y) = x(a — x) — 


and the torsional rigidity is 


C — Ga fè- sS tanh [(2n -+ 1)xb/2a)\ 
» n-0 (2n + 1)° | 


where G is the shear modulus. 
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Hint, Make the problem homogeneous by subtracting out the particular 
solution of the differential equation for the torsion function which depends 
only on the coordinate x and satisfies the boundary conditions for x = 0 and 
x=a. 

134. A rectangular plate with sides 2a and 2b, simply supported on its 
edges, is acted upon by a uniformly distributed load g. Find the deformation 
of the plate, choosing the origin at the center of the plate. Derive an ex- 
pression for the deflection of the plate. 


Ans. 
a | ee = 5 2^ tanh 2 = 
Ls a a 
0.0 =F 2 Gat eral | 
n=0 2 cosh —— — —— 


2a 
where D is the flexural rigidity of the plate. 

Hint. Subtract out the particular solution of the deflection equation 
which depends only on the coordinate x and satisfies the boundary conditions 
for x = +a. 

135. Solve the preceding problem, assuming that the boundaries x = +a 
are simply supported, while the boundaries y = +b are free. Calculate the 
deflection at the center of the plate. 

Ans. 


qa* p jus Se. 
u(0, 0) — A popa eme On 1 


Ic v e (2n + xb — (Qn + I)mb mS (2n + 1)xb 
1 — v 2a 2a 2a 





x 
(3 -+ v) sinh en Min cosh Cu md Unb —(1—v) (2n + xb 
2a 2a 2a 


where v is Poisson’s ratio. 

*136. A semicircular plate of radius a is clamped along the semicircular 
arc and simply supported along its rectilinear edge. Find the deflection of 
the plate under a uniform load. Write a formula for the deflection of the 
axis of symmetry of the plate, and represent the result in the form of a graph. 

Ans. 


4 4 2 4 2 4 
u(r.) - 2 [7 - (64 2455-45 cst) arctan a z 
a p* 





2 24Dia* 8r r ar 
- 455-2432 +3 “)| 
4x\ a? 


(see Figure 21). 
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ga/240 
0.12 
0.08 


Qin 


0 05 | 


FIGURE 21 


Hint. Make the problem homogeneous by subtracting out the particular 
solution ; 
4a 
Spo m 9, 0<p<r 
ofthe deflection equation satisfying the boundary conditions on the rectilinear 
edge. 

137. An infinite cylinder of radius a is placed in a plane-parallel flow of 
an ideal fluid. Find the velocity potential, 
choosing the origin at the center of the 
cylinder and the direction of the x-axis 
opposite to the direction of flow (see Fig- 
ure 22). 


Ans. 





2 
u(r, 9) = v, (; + £) cos © + const, 
" 


where v, is the value of the flow velocity 
far from the cylinder. 


FIGURE 22 


138. Find the velocity potential for flow of an ideal fluid emanating from 
a source of strength m and flowing past an infinite cylinder of radius a, where 
the configuration of the cylinder and the source is shown in Figure 23. 

Ans. 


u(r, 9) = = In = + const, 


where bb = a? and the meaning of the var- 
ious symbols is indicated in the figure. 


Hint. Subtract the source potential 





m 
un = — — Ing + const 
2n 


FIGURE 23 


from the solution. 


139. Solve the problem of plane-parallel flow of an ideal fluid past a 
sphere of radius a, choosing the origin of a system of spherical coordinates 
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r, 8, at the center of the sphere, with the direction of the z-axis opposite 
to that of the flow. 


Ans. 


3 
u(r, 9) = v, (- + ©) cos § + const, 
r 


where va is the value of the flow velocity far from the sphere. 


*140. Solve the problem of flow past a sphere of radius a due to a source 
of strength m at a distance b from the center. 


Ans. 


u(r, 8) = [Li In Ee 9- | 
4xLo bep a p+rcos0—b 


with the same notation as in Figure 23, except that the x-axis now becomes 
the z-axis. 


3. Heat Conduction: Nonstationary Problems 


141. A slab of thickness 2a, thermal conductivity k, specific heat c and 
density p is heated to temperature 7,, and its faces are then held at tem- 
perature Tọ, starting from the time t = 0 (see 
Figure 24). Find the temperature distribution 
T(x, t) in the slab. 





Ans. 
Tr C7 
pepe | 
x g- Gne haa Šos (2n + 1)rx 


2a 


FIGURE 24 


where t = kt/cp. 


142. Describe the equalization of a given initial temperature distribution 
T(x, 0) = f(x) in a slab whose faces x = 0 and x = a do not transmit heat. 


Ans. 
ra ge gl VENTUS TER T nnt 
Te, == | f(Odt--* De eos. | J(B)eós— de, 
a Jo a a 0 


a 


n=1 


143. Starting from the time ¢ = 0, a slab —a « x « a of thickness 2a 
with a given initial temperature distribution T(x, 0) = f(x) radiates heat into 
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the surrounding medium, whose temperature is taken to be zero. Assuming 
that the radiation obeys Newton’s law, find the temperature distribution in 
the slab for arbitrary time f. 








Ans. Es 
1 = cos a Ye 
T(x, f) ae E a — sem | fe cos =— dé 
0 sin 2y," 
Ex 2400 


ints 





PE 





1 < 
= 5 dé, 
umm : 


- (7! ay? 3 f(& em 
i sin "ESI y? 


2y® 


where t = kt/cp, the y? are consecutive positive roots of the equation 


h is the heat exchange coefficient, and the y£’ are the corresponding roots of 
the equation 


(2) 
tan y = — den 


ah 


144. Starting from the time ¢ = 0, heat is produced with constant density 
Q in a slab —a « x « a of thickness 2a. Find the temperature distribution 
in the slab, assuming that its faces are held at temperature zero and that the 
initial temperature is also zero. 


Ans. 


T(x, j= 9r (i =) ‚or > N wer} —(2nt1)"n°s/40" Lo (2n + Dax 
2k n= o Qn + 1) 2a 


Hint. Make the problem homogeneous by subtracting out the solution 
of the corresponding stationary problem. 


*145. An inhomogeneous slab consisting of two layers with different 
thermal properties is heated to a certain temperature Tọ, and then cooled 
by having its faces held at temperature zero starting from the time f = 0. 
Assuming that the faces of the slab are at x = 0 and x = a, + a, (where a, 
and a, are the thicknesses of the two layers), find the temperature distribution 
in the slab. 
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Ans. 
„ta sets os a bey, _ cos v. 
T(x, t) =2T% >. ayb, ab, 
n y, sin en eo p daba in? y | 
ay b a,bık, E 
aov be Gav Po Y |; p ix 


gatiba] X a(x), 


sin O<x<a, 
oe PRA by 
AX) = 
: : dE + az — x) 
ae a<x<a,+ ay, 
101 


where the y, are consecutive positive roots of the equation 


V bs ka tan y + Jb, kı tan ——— asy bey = 0, 
aw b, b, 


the two layers have specific heats c;, densities p; and thermal conductivities 
k; (i = 1, 2), and b; = C:0:/k;. 


146. The ends of a thin rod of length / are held at different temperatures, 
while the lateral surface of the rod gives off heat into the surrounding medium 
according to Newton's law. Find the temperature distribution along the rod, 
assuming that the ends of the rod x — 0 and x — / have temperatures zero 
and Ty, respectively, and that the initial temperature equals zero. 


Ans. 
T(x, t) = To [ves Vax en En ei) - z sin EN pow 
inh Vu. mmc) d 
where p and S are the perimeter and cross-sectional area of the rod, A is 
the heat exchange coefficient figuring in Newton's law, and u = ph/S. 


Hint. The problem reduces to integration of the differential equation 
OT OT 


— T 
"E: E 





(see C3, p. 134). 


147. A cylinder of radius a is heated to temperature 7, and then cooled 
by having its surface held at temperature zero starting from the time ¢ = 0. 
Find the subsequent temperature distribution in the cylinder, assuming that 
all cross sections have the same temperature distribution.” 
Ans. 
E Jo(yarla) 2 
T(r, t) 20895 Ara) , i uu 
n=1 YnI (Yn) 


° This corresponds to a long cylinder (theoretically, infinitely long). 
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where r is the distance from the axis of the cylinder, J,(x) and J,(x) are 
Bessel functions, the y, are consecutive roots of the equation July) = 9, 
+ = kt/cp where k is the thermal conductivity, c the specific heat and p the 
density of the cylinder. 


*148. Describe the equalization of a given axially symmetric initial 
temperature distribution T(r, 0) = f(r) in an infinite cylinder of radius a, 
whose lateral surface does not transmit heat. 


Ans. 
2 Í : S Jolyarla) rave Í $ Yn? 
T(r, 2— de +2 ————e (e)eJ. ded 
(r, 1) =| Joe de 2 To) (en T] de 
where the y, are consecutive positive roots of the equation Jı(y) = 0. 





149. An infinite cylinder of radius a, initially heated to the temperature 
To, subsequently cools off by radiating heat into the surrounding medium 
according to Newton’s law. Describe the cooling process. 

Ans. 


ica) =y 
T(r, t) = 2T, Jin erani) iia) 
n=1 Joy) T Ji) Yn 


where the y, are consecutive positive roots of the equation 


Jy) = ahJ(y). 

150. Starting from the time t = 0, Joule heat is produced with density Q 
in a cylindrical conductor of radius a. Find the temperature distribution 
over a cross section, assuming that both the initial temperature and the 
surface temperature equal zero. 


Ans. 
: ; x = ar a? 
T(r, t) = ak - (2) =) Lorina yee 1 
ar a qm Yir) 
where the y, are consecutive positive roots of the equation J,(y) = 0. 


Hint. Make the problem homogeneous by subtracting out the particular 
solution corresponding to the stationary distribution of temperature in the 
cylinder. 


151. A cylindrical conductor of radius a is heated for a long time by an 
electric current producing heat in the conductor with density Q. Study the 
process of cooling that ensues after the current is turned off, assuming that 
the cooling from the surface always obeys Newton's law and that the tem- 
perature of the surrounding medium equals zero. 


Ans. 
3], © ya 
Ter, p = LERS _Irariade z 
k n=1 YY st (ahly,) ] 
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where the v, are consecutive positive roots of the equation 


YA = ahSo(y); 


and is the heat exchange coefficient. 


Hint. To determine the initial condition for the cooling problem, find 
the stationary distribution of temperature during the period of heating. 


152. Find the temperature distribution in a cylindrical pipe a < f < b if 
there is a constant heat current of density q through the inner surface r = a, 
while the outer surface r = b is held at temperature zero. The initial tem- 
perature of the pipe is assumed to be zero. 

Ans. 

T(r, N) = Tin b xb Atl Ga!) R,,(re re —ynt/o | 
where 
r F 
Ry(r) = YYJo onle) — Joly) Yo vn , 
where J,(x) and Y,(x) are Bessel functions, and the y, are consecutive 
positive roots of the equation R,(a) = 0. 

Hint. Subtract out the particular solution corresponding to the stationary 
distribution of temperature in the pipe. 

*153. Find the general solution of the problem of the cooling of a sphere 
of radius a, given that the initial temperature distribution of the sphere is 
T(r, 0) — f(r), while the surface temperature equals zero. 


Ans. 
T(r, 1) 2p wa e sin T m Se) sin "7 p de, 


where k is the thermal M c the specific heat and p the density of 
the sphere, and 7 = kt/co. 

154. Find the temperature distribution in a sphere of radius a whose 
surface radiates heat starting from the time f = 0 according to Newton’s 
law, if the initial temperature is Tọ. 


Ans. 





2T. ah Sos Y, sin (y,r/a) oa 
r 1—ah n=1 Yn E (sin 27 al 2V a) 

where A is the heat exchange coefficient, and the vy, are consecutive positive 

roots of the equation 


T(r, t) = 


Y . 
i — ah 





tan y = 
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155. A spherical object of radius a is heated for a long time by a source 
producing heat with volume density Q. Study the process of cooling that 
ensues after the heating is stopped, assuming that the cooling is due to 
radiation from the surface and that the temperature of the air in the chamber 
where the heating occurred is Tọ. 


Ans. 
20a°h & COS Y, ira, YaF 


TiS ee Le ee sin — , 
ve ° (1 ah)kr 2 vll — (sin 2y,/2y,)] a 


where the y,„ are consecutive positive roots of the equation 


Y 
1—ah 





tan Y — 


Hint. To determine the initial temperature distribution in the sphere, 
solve the corresponding stationary problem. 


156. The region between two parallel planes x = 0 and x = a is occupied 
by a solution with a given initial concentration C(x, 0) — f(x). Describe the 
subsequent equalization of concentration, assuming that the walls are 
impermeable. Examine the special case 


0, O<x<c, 
f 


Co c<x<a 
Ans. In the special case, 
ce 2 &sin (nxc/a) _ ,2,25,,2 nux 
C(x, t) — c1 _-— - S BERND. PM cos —], 
ü: EI n a 


where D is the diffusion coefficient. 


157. Find the concentration in a solution inside a cylindrical pipe 
a « r « b with impermeable walls, if the initial concentration distribution is 








Cu azr<c, 
Eli = f(r) = | 
0, c «r « b. 
Ans. 
C= cn ce me 2 Ry OR» (r) eae) 
p? — a ml Uili,bla) 
where 


Ry(r) = Ji(y) Yo (£) — Vi(y)Jo (£) ; 


where J,(x) and Y,(x) are Bessel functions, and the y, are consecutive 
positive roots of the equation R;(5) = 0. 
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158. Find the concentration of a gas inside a cylindrical metal object of 
radius a, assuming that the initial concentration of the gas is C(t, 0) = f(r) 
and that the object is surrounded by a medium in which the gas is maintained 
at constant concentration C}. Consider the special case f(r) = Co. 

Ans. —ynDtla” 


20? & Jolrurla) 
Cr, t) = Oy C += A E ON I DR 
me qu. D 2 "Alm + Ga? D’)? 


a n a, a*CyJy(Y,, 
An =| TON e) dp — 2S rhe) | 
0 a a a 
where the y, are consecutive positive roots of the equation 


wie = T A). 


D 
In the special case, 
242 co —ya Dt/a* 
€i 2x a [Cs — (e3/2)C1] e Jor r/a) 
C(r, t) = =C, + z 2 2 2]p2w ^ 
x D n=1 Ynad WY n sr (a a [D )] 
Hint. The problem reduces to solving the differential equation 
_1ac 
D at’ 
with initial condition 
Clı=o = f(r) 
and boundary condition 
—D ge TA «C|.... = XC), 
Y Ir=a 


where « and a, are the coefficients characterizing the emission and re- 
absorption of the gas by the surface of the metal (see G3). 


4. Heat Conduction: Stationary Problems 


159. Find the stationary temperature distribution 7(x, y) in an infinite 
bar of rectangular cross section (see Figure 25) if three faces are held at 
temperature zero, while a given temperature distribution T(x, b) = f(x) is 
maintained on the fourth side. Apply the 
resulting general formulas to the special 
case f(x) = To- 

Ans. 

Tee 2 » zin (nry/a) sin 7X 
a ,~ sinh (nrb/a) a 


a y nnt - 
x [re sin P dé. 





FIGURE 25 
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In the special case, 


4T, & sinh [(2n + Dry/a] sin [Qn + 1)rx/a] 
Tx) = > Doo 
x fz sinh [(2n + 1)xb/a] 2n +1 
160. Find the distribution of temperature in a bar of rectangular cross 
section if the two opposite faces y = 0 and y = 5 are held at temperatures 
zero and Tp, respectively, while the other two faces x == +a radiate heat into 
the surrounding medium (assumed to have temperature zero) according to 


Newton's law. 


Ans. 


a, 


T(x, y) - 2T, > a e o Yn SIUE CS) ravfa) cos Yat 
n=1 Yn "ds SIN Y, COS Yn sinh (Yabla) a 


3 


where the y, are consecutive positive roots of the equation 


Gas 


Y 


and / is the heat exchange coefficient. 


161. Find the stationary temperature distribution in a conductor of 
rectangular cross section —a « x « a, —b « y « b, heated by an electric 
current producing Joule heat Q per unit volume, if the faces of the conductor 
are held at temperature zero. 


Ans. 


al (=) 32 & Cap 
Tey = tae ees a 
œ») = Sk aj m 2 Qn + 1 


© cosh [(2n + Dryf2a] os (2n + 2d 
^" cosh [(2n + 1)rb/2a] 2a i 


where k is the thermal conductivity of the conductor. 


Hint. Subtract out the particular solution of the inhomogeneous heat 
conduction equation which depends only on the coordinate x and satisfies the 
boundary conditions for x = -+a. 





162. Solve the preceding problem, assuming that all faces of the 
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conductor radiate heat into the surrounding medium (assumed to have 
temperature zero) according to Newton’s law. 


Ans. 
nr | =) 1 
T(x, y) = &—-1-I1 — — i 
(x, y) i45 = E m 
— 2ah S sin Y, cos (y„x/a) cosh (y,y/a) 


3 AU + (sin 2y,/2y,)ILy, sinh (y, b/a) — ah cosh (y„bja)])’ 


where the y, are consecutive positive roots of the equation 


ne, 


163. A bar of rectangular cross section 0 < x < a, 0 < y < bis heated 
by a constant thermal current of density q incident on one face y — b of the 
bar. Find the stationary temperature distribution over a cross section of the 
bar, assuming that heat is lost by radiation into the surrounding medium 
according to Newton's law. 


Ans, 


q S Y,Sin y, + ah(1 — cos y,) 


T(x, y) = | 
e= 2ah + y? + (ah)? 


n=1 


ah. 


b= p= sinh “22 


cos 


a a 
Yn +— sin 


p hy . | 
a 2ahy, a 


h. y, 
T groan n. 


where the y, are consecutive positive roots of the equation 


164. A rectangular bar consists of two 
sections with different thermal conductiv- 
ities k, and ką, respectively (see Figure 
26). Find the temperature distribution in 
the bar, assuming that two opposite faces 
y = +b are at temperature Ty, while the 
other two sides are at temperature zero. FIGURE 26 
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Ans. 


tan Yn (cos y, — cos 155 d cosh 12 
q a a 
T(x, y) = 20,2, e R 


"i $ sin? 2 4 sin | cosh 2° 
ka ay ay ay 


a 
sin = sin 2% O< x < a; 


(x) ay ay 

T, (x) = 

g n Y„(aı + ag — x) 
a, 


sin Yn a< X « a4 ds, 


where the y, are consecutive positive roots of the equation 


tan Y + — a tan 192 = 0. rib 
ks i 


165. Determine the stationary temperature 9-2 p=0 
distribution in a bar whose cross section is a \ 7 
“curvilinear rectangle," with two faces consisting \ / 
of arcs of concentric circles and the other two NC ouf 
faces of segments of radii of the larger circle AU 
(see Figure 27). It is assumed that one of the 0 
curved faces r = b has temperature T,, while FIGURE 27 
the other faces are held at temperature zero. 


Ans. 
(2n+1)n/a 2n+1)r/a 
C 4 u (5 sin (2n + ro 


= = A A See en 
9) n er GT 2n E 1 
a b 


166. Solve the preceding problem, assuming that one of the plane faces 
9 = ais held at temperature 7,, while the other faces are held at temperature 
zero. 


Ans. 
(2n + Dx In (rja) inh (2n + Drop 


sin S 
_ 4 = In (b/a) In (b/a) 
ch 2n 4-1 GE (2n + Ira 
In (b/a) 
167. Find the stationary temperature distribution in a cylinder of radius 
a and length / (see Figure 28) with ends held at temperature zero and lateral 


surface held at temperature 7,. Calculate the temperature distribution along 
the axis of the cylinder, assuming that the ratio a// equals 0.5, 1, 2. 
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Ans. 
ToS Th Iy[(2n + Yrr/l] sin (2n + 1)nzz/l] 
T nao lo[(Qn + 1)xa/l] 2n +1 
where J,(x) is the Bessel function of imaginary argument. 
The results of numerical calculations of the quantity 


*, 


(p 
T, 





are given in the following table: 


0.611 0.698 
0.188 0.221 
0.012 0.014 





168. Solve the preceding problem, assuming that the ends of the cylinder 
do not transmit heat, while a given temperature distribution 


Trza =f) 

is maintained along the lateral surface of the cylinder. 

Ans. 

Iynnr]l) nnz |! nni 
T(r, z) = [vo dec De anne cos P [rgo cos at. 

*169. Solve Prob. 167, assuming that the ends of the cylinder cool off 
according to Newton’s law and choosing the origin at the center of the 
cylinder. 


Ans. 


r, z) = 2T, ne ; 
Su 2» Yn + sin y„ cos y, ER l 


where the y, are consecutive positive roots of the equation 


tan y = — 
en 


and h is the heat exchange coefficient. 


170. The walls of a cylindrical hole drilled in an infinite slab of thickness A 
(see Figure 29) are held at a given temperature 7). Find the stationary tem- 
perature distribution in the slab, if its plane faces have temperature zero. 
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Ans. 
4T, in [2n + 1)xz/h] 
T(r, z)= I uu n ( ) li 
TE 2n +1 
7 K,[{(2n + Drr/h] 
Koll2n + 1)ra/h]’ 


where K(x) is Macdonald’s function. 





171. Find the stationary temperature 
distribution in a cylinder O<r<a, FIGURE 29 
O< z< lif the upper end is at tem- 
perature T, while the rest of the surface is at temperature zero (cf. Prob. 167). 


Ans. 


Jol¥n Jo(¥nt/4) sinh (y„z/a) 
2 MS i xi DO YaJ115) sinh (Yalla) ° 


where the y, are consecutive positive roots of the equation July) = 0. 


172. Heat is produced with constant density Q in a cylinder of radius a, 
length / and thermal conductivity k. Find the stationary temperature distri- 
bution if heat leaves the cylinder through the part of the upper end bounded 
by the circle r = b < a, but not through the rest of the surface of the cylinder. 
It is assumed that the flow of heat out of the cylinder is uniformly distributed 
over the disk r < b. 


Ans. 


2 21 oc > 
T(r, 2) = — rab 4 2L S ACrablaaCyar/a) cosh ul T 
k 12 bic Y J a(n) sinh (y,„l/a) 


where the y, are consecutive positive roots of the equation J,(y) = 0. 


Hint. Subtract out a particular solution of the 
inhomogeneous heat conduction problem which 
depends only on the coordinate z. 


173. A cylinder standing on a thermally in- 
sulating slab is heated from above by a uniformly 
distributed thermal current (see Figure 30), and 
radiates heat from its lateral surface into the sur- 
rounding medium (assumed to be at temperature 
zero) according to Newton's law. Find the station- 
-FIGURE 30 ary distribution of heat in the cylinder. 
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Ans. 
2qa*h $ Joy ur[a) cosh (y„z/a) 
ka Yall + (ahy, Y] sinh (y,1/a) ' 


where the y, are consecutive positive roots of the equation 


ity) = ahJo(y), 
h is the heat exchange coefficient and q is the density of the incident heat 
current. 

174. A semi-infinite cylindrical pipe a < r < b, 0 < z < oo is heated at 
the end z = 0 held at temperature 7), and cooled at its lateral surfaces r = a 
and r — b held at temperature zero. Find the stationary temperature distri- 
bution in the pipe. 


T(r, z) = 


Ans. 
—Ynz/a 
; z (2*)* 
T(r, z) = rn 2, —————— (a<r<b,0<z< o), 
n=1 1 JoCY4) 
Jo(y,b[a) 
where 


ale) asm) uon 


is a linear combination of Bessel functions, and the vy, are consecutive positive 
roots of the equation 
b 
Z, (2 = 
a 


*175. An inhomogeneous cylinder formed of two sections with different 
thermal conductivities k, and k, (see Figure 31) is heated at its lateral surface 
held at temperature 7) and cooled at its ends held at temperature zero. 
Find the stationary temperature distribution 7(r, z) in the cylinder. 








Ans. 
hs r 
Q, tan Yn (cos Yn — COS tale) I, (z=) 
en a 
n=l v, (5 sin? Yn 2, 2 in? v.) (E) 
ka hi hi hı 
h 
an gy tee —h, « z « 0, 
h, hi 
h, — 
nein ee 0<z<h, 
Ficure 31 h, 


90 THE FOURIER METHOD PROB. 176 


and the y, are consecutive positive roots of the equation 


h, 
tan y + tan je = 0. 


2 1 


*176. Find the stationary temperature distribution in a sphere of radius 


a, if one part of its surface S, is held at constant 
temperature To, while the remaining part S, is held at Z 
temperature zero (see Figure 32). $1 
c 
Ans. 

T(r,0) — A — cos « — $ [P (cos a) 

n=1 

— P,,_,(cos a(z) P(cos o}, 

a 

in terms of the Legendre polynomials P,(x). cess 


177. Solve the preceding problem, assuming that 
heat is produced in the sphere with volume density Q, and that heat leaves 
the sphere through the surface S, flowing in the normal direction with 
constant density (the surface S; does not transmit heat). 


Ans. 
2 
T(r, 0) = Qa" =|- Eg l 


3k 2a? 1— cos« 


oo P — P u 
x Y Cage aem] P (cos | + const, 


n—1 


where k is the thermal conductivity of the sphere. 
Hint. Subtract out a particular solution of the inhomogeneous heat 
conduction equation which depends only on the variable r. 


178. A sphere of radius a is heated by a plane-parallel thermal current 
of density q incident on its surface, and gives off heat into the surrounding 
medium according to Newton's law. Find the stationary temperature dis- 
tribution in the sphere. 


Ans. 
T(r, 0) = el 1 r cos 
2kl2ah al-+ah 


OS PaO n+l — 
oe 2n + ah (2n — 1)(2n + ; ry" Ps, (cos o|, 
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in terms of the Legendre polynomials P,(x). Note that 


1:3-5---(Qn — 3)(2n — 1) 


SUD cd OCC EC (2n — 2)2n 


Vp WS 12) 


Hint. Here the boundary condition takes the form 


oT | 
— + hT 
(2 x 


9 cos 0, 0c0« 





r=a 


5. Electricity and Magnetism 


179. Find the electrostatic potential u(x, y) inside an elongated box of rec- 
y tangular cross section (see Figure 33), if two 
| opposite sides are at potential V and the 

uO other two sides are grounded. 


IL“ 
u:V - b — 4y „cosh [Qn + 1)rx/b] 
T 


j er Ce d yc 


ur cosh [(2n + 1)ra/b] 


pde x cos [2n + Dnyjb] 
| 2n+1 
FIGURE 33 180. Find the electrostatic potential 


u(x, y) inside a semi-infinite rectangular 
box (see Figure 34), if the vertical wall is held at potential V and the horizon- 
tal walls are held at potential zero. 

Ans. 
u(x, y) = ee arc tan Sin (rib) : 
Te sinh (rx/b) 


Hint. To represent the solution in closed form, use the expansion 


——— = = t E] 
Zoo sin 2n + 1) y 5 are tan cy 





x>0. 


181. Find the electrostatic potential u(x, y) 
between two infinite parallel sheets if one 
sheet y = 0 is at potential zero, while a given FIGURE 34 





92 THE FOURIER METHOD PROB. 182 


periodic potential 
u|,- =f (x) 
is maintained on the other sheet (where fis a function with a given period 2a). 


Ans, 
oo 


u(x, y) — 1 p Sa CD cos 075 EN nuc de 


a 77 sinh (nreb/a) a 





2a 2a 
m f FE sin = ae | + Í /(&) d£. 


182. A thin charged wire with linear charge density q is placed inside 
and parallel to a conducting cylinder of 
radius a held at potential zero. Use the 
familiar method of images to solve the cor- 
responding electrostatic problem, assuming 
that the wire is a distance b from the axis 
of the cylinder. 


Ans. 


u(r, p) = —2q Ino + 2q in? ; 





where R and R are the distances shown in 


FIGURE 35 . z 
Figure 35, and a? = bb. 


183. Solve the preceding problem if the wire is placed outside the cylinder, 
and if the cylinder has total charge Q per unit length. 


Ans. 
R 
u(r, Q) = —2q In R == 2(q + Q) ln r hr const, 


where R and R are the distances shown in Figure 36, and a? — bb. 





FIGURE 36 FiGURE 37 
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184. Find the electrostatic potential u(r, o) in the space between two 
conducting infinite half-cylinders, one of which is held at potential V and the 
other at potential zero (see Figure 37). It is assumed that the half-cylinders 
are separated by thin layers of insulating material along the lines where they 
meet. 


Ans. 
2ar cos J 
@— r] 


V 
u(r, 9) = ARE + - arc tan 
Hint. 'To solve the problem in closed form, use the expansion 


1)” 2n+1 1 2 
sr) cos Qn + 1)e = 5 arc tan 7$, r<a. 


n=0 
185. A cylinder of radius a made from material with dielectric constant € 
is introduced into a plane-parallel electric field with components E, = — Ep, 
E, = E, = 0. Find the resulting potential distribution, and show that the 
field inside the cylinder is homogeneous. 
Ans. The potential distribution is 





u = Ex 1 - z- (e Ju + const outside the cylinder, 
e+] 
2 Se j 
u = —— Ep x + const inside the cylinder. 
€ 


The field inside the cylinder is 
8 
e+ 1 ` 
186. Find the electrostatic potential u(r, z) inside a closed cylindrical 
surface of length / and radius a, if the base and lateral surface are held at 
potential V, while the upper surface is held at potential zero. 
Ans. 
S Joly„r/a) sinh (Yn 
n=1 YnJılYn) sinh (Ynl/a) 


where the y, are consecutive positive roots of the equation Jo(y) = 0. 


Hint. 
2 
T rdo | ar | 
a Yn 


187. Two metallic hemispheres of radius a, separated by a thin insulating 
washer, are held at potential V and zero, respectively, corresponding to the 
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boundary condition 
V, 0<9< i 


ula = x 
0, =< <r. 
2 


Find the electrostatic potential u(r, 8) in the space between the hemispheres. 


Ans. 


(Tp 23 PaL) Pastos 6) | 


in terms of the Legendre polynomials P,(x), where 


17355o (2n — 1) 
POS, P0) = ey Gem 
o(0) OSES a 
188. Find the electrostatic field of a point charge q placed at distance b 
from the center of a conducting sphere of radius a (a < b) held at potential 
zero.19 


Ans. The electrostatic potential is 


d q 
u(r, 0 = Bas 
(r, 9) = "im = 
where 
RA a Fh pcos b. R= [BE 4.7? — 2br cos 8, 


bb = a’, pt) 
b 


189. Solve the preceding problem, assuming that the sphere is made from 
material of dielectric constant e. 


Ans. The potential is 


u(r, 0) = 7 Oa LU TR m. (2 Jp P „(cos 0) 
u(r, 0) == —— € D 


e+ 1)n+ 1 
a n 
0 
axo (€ + T + aot 3) en 


outside the sphere, in terms of the Legendre polynomials P,(x). 


inside the sphere and 


?? This problem can either be solved by the method of i images or by the method of 
inversion (starting from the familiar solution of the problem of a point charge placed over 
a conducting plane). 
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*190. Find the distribution of d-c current in a thin rectangular sheet, 
if the current is applied by electrodes at the points x = —a, y = Oand x = a, 
y = 0 (see Figure 38). 


y 


He rn 


FIGURE 38 


Ans. The potential of the current distribution in the sheet is 
ee A 2 sinh (nrx/b) 
2chLb ~x 424 n cosh (nra/b) b 
where c is the conductivity and / the thickness 
of the sheet, and J is the total current flowing y 
through the sheet. 
Hint. The differential equation for the ALT 2 Jv x 


| + const, 


potential of the current distribution in a thin cl 
conducting shell is given in Prob. 21. 
191. Find the distribution of d-c current FIGURE 39 


in a thin disk of radius a, if the current is 
applied by electrodes at the points r =a, o = 0 and r =a, o = x (see 
Figure 39). 
Ans. 
2 
b- 2 cos @ + = 


a a? 
In —— + const. 


1+ 2 cose 5 





u(r, 9) = ENS 


*192. Find the distribution of d-c current in a cylindrical shell of radius 
a, height 2/ and thickness A, if the current is applied by electrodes at the 
points r = a, 9 = 0, z = +.. 

Ans. 

A T J |: > & sinh (nz/a) cos nọ 
2rchla „ıcosh (nl/a) n 

193. Find the distribution of d-c current in a hemispherical cap of radius 
a, if the current is applied by electrodes at the points r = a, 0 = 7/2, 9 = 0 
and r = a, 0 = 1/2, 9 = n (see Figure 40). 


| + const. 
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Ans. 





2 


1 + 2tan £ cos o + tan 2 


In Be WEE. + const. 
ZEN, pred tan > cos e+ tan“ > 





J u(0, ©) = 


FIGURE 40 


194. A d-c current J enters one end of a cylindrical conductor of radius a 
made from material of conductivity c and leaves the other end, via electrodes 
in the shape of disks of radius r < a (see Figure 41). Find the current 
distribution inside the conductor, assuming 
that the current is uniformly distributed over 
the electrodes. 

Ans. 


Jz 2J < sinh (y„z/a) 
xác nbo p cosh (y„h/a) 
x JiCysbla)J ys r[a) 
Ys aora) 
where the y, are consecutive positive roots of 
the equation Jı(y) = 0. 


Hint. 


[ns (=) dicrum A (25). Ficure 41 


0 a Yn à 





u(r, z) = 


+ const, 











Six 


FIGURE 42 


195. Find the current distribution in a homogeneous conductor in the 
form of a rectangular parallelepiped —a < x < a, —b < y<b,—c<z<c, 
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assuming that current enters and leaves via rectangular electrodes of dimen- 
sions 28 x 2e applied at the boundaries z = +c. The current distribution 
is assumed to be uniform over the area of the electrodes. 


























Ans. 
. MT . , mnz 
J j „sin — sinh —— 
Z a a a mmx 
u(x, y, z) = M > Bar 0p 
4cab  2x°ode 7, m mmc a 
cosh —— 
a 
R Se NTZ 
, Sin sinh — 
Jb b nny 
2x?oca Son? nuc b 
Hel osh 
. mnd . nme 
» œ Sin sin 
J a b 
T 3 3 > > 2 2 
n 00g pi ._ 
m=l n=l my [M a n 
2 b? 
2 2 
sinh JE 4 uz 
a? p? MTX 


S 


Mum e GO 
2 2 a 
cosh Je gd 
a? b? 


where J is the current and o the conductivity. 





nt 
OS zo + const, 


*196. A cylindrical pipe a < r < b made from material of magnetic 
permeability x is placed in a homogeneous magnetic field Ho. Find the 
resulting distribution of magnetic potential. Plot the lines of force for the 
values u = 5 and b/a = 1.5. 


Ans. 
2 __ 25 0058 2 
u = E — NEL + const, b<r< œ, 
b. + 1}? — ap — 1P Vr 
2 " 2 
U = pop en + const, a<r< b, 
bet) — aflu — 1) 
2 
Ug w ; + const, O Pea: 


Fe ae ee 
pu + N? are — 1) 


The lines of force are plotted in Figure 42. 
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197. Find the magnetic field due to a current J flowing in a wire placed 
inside a cylindrical hole of radius a drilled in iron of magnetic permeability 
u, if the wire is at distance b from the axis of the hole. Plot the lines of 
force for the values u = 3, bja = 0.5. 








Ans. 
asse Sie er ene O<r<a, 
c cu-cl 
— 1 
PRU p N 2 In R + const, a<r<Q, 
€ al c util 


where A, and A, are the values of the z-component of the vector potential 
of the magnetic field in the air and in the iron, and 


R = vr? + b? — 2br cos 9, R — vr? + 6 — 2br cos 9, bb — a*. 


The lines of force are shown in Figure 43. 





FIGURE 43 


198. Solve the preceding problem for the limiting case u = co. Find the 
equation of the lines of force in the air and in the iron. 


Ans. 


A= = cad In RR + const, 
c 


1 2 
-= A, = — = In r + const. 
u c 
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The lines of force are ovals of Cassini 


RR = const 


in the air, and circles 
r = const 


in the iron. 

199. A sphere of radius a made from material of magnetic permeability 
& is introduced into a homogeneous magnetic field with components 
H, = H, = 0, H, = — H,. Show that the field inside the sphere is homo- 
geneous, and find its value. 


Ans. 
decies 
ud 2 

200. A hollow sphere a < r < b of magnetic permeability u is placed in 
a homogeneous magnetic field H, = H, = 0, H, = — H,. Solve the corre- 
sponding problem of magnetostatics. 

Ans. 

3 
29 HZ ; + const, O<r<a, 


blu + 22u + 1) — 2a°%(u — 1) 
3b’[2y + Nr? + (u — Da’JHoz 
[bu + 2)(2u + 1) — 2a” — 1)°] 

ba^ — bu — 1)(Qu + DHoz 
v T BN + 2020 + 1) — 2a — 1] 
*201. Find the magnetic field due to a d-c 
current J flowing in a circular loop of radius 
ro inside a hollow spherical shield made from 
material of magnetic permeability u (see Figure 
44). 
Ans. The components of the vector potential 
of the magnetic field are 
A, T= Ag == 0 
2rJu = (4n + 3)? 1 
A, = Alr, ) = = > PaO 
* (9 c 25 + 1)(2n + 2) in FIGURE 44 
x (ro r ** P2, (Cos 0) 
[Qn + Du + Qn + 2)][Qn + Du + Qn + 1)] 
— (a[by'^**(Qn + 1Y2n -+ 2Xu — 1)? 
rb, 


+ const, a<r<b, 


H + const, b< r< œ. 
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in terms of the associated Legendre functions P2,,,(x). Note that 


1: — Qn + D 


dos 
Pi ! 0) = —1 ntl 
2n+1(0) = (—1) TUER On 


202. A lossless open-ended transmission line of length / with parameters 
L and C is charged to a constant potential E (cf. Prob. 23). Determine the 
current distribution along the line, assuming that a coil of self-inductance Lo 
is connected across the end x = / at the time t = 0. 

Ans. 
zy sin (y,vt/l) sin (y„x/D 


I(x, t) — ; 
> Z n=l cos vali, n a(1 "E a)] 


where the y, are consecutive positive roots of the equation 


m 


tan Y — 


< 


a = LI/Lo, v = 1/VLC is the velocity of wave propagation along the line, 
and Z = Lv is the wave resistance of the line. 


203. A transmission line with parameters L, C and R is short-circuited 
at one end x = /and connected at the other end x = 0 to a source of constant 
e.m.f. E. Find the voltage distribution along the line, for the case of zero 
initial conditions. 











Ans. 
u(x, t) = e(1 _ 5) . 2E e RLS 
l = n=1 
( nru*t RI, me sin (nrx/l) 
x {cos sin ——— | -—————— 
l 2nrZ* l n 
where 
T PNEU Reh le 
JLC^ ML’ 


Hint. Make the boundary conditions homogeneous by subtracting out 
a particular solution of the differential equation depending only on the 
coordinate x. 


204. A plane electromagnetic wave with electric field components E, = 
E, = 0, E, = Eget (where k = w/c is the wave number) is incident on 
an infinite perfectly conducting cylinder of radius a. Find the resulting 
diffracted electric field. 
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Ans, 


E, = Zien Qo _ Jo(ka) HQOXkr) 
HP (ka) ' 


— 2 s NUES H (kr) cos ne | eot 
where J,(x) and H(? (x) are Bessel functions of the first and third kinds. 
205. Solve the preceding problem, assuming that the cylinder is made 
from material of conductivity c and dielectric constant e. 
Ans. 
kıJo(kza)J (kıa) — ke olka Jo(kea) 


HO Car 
kgH®(kya)J (koa) — kyJo(kea)H?"(k,a) " is 


E,— g,| gero + 


+2 2 e intl ek e =. Fad (asa) à Hkr) cos nọ] eit. 
n=1 k,HS (k1a)J,(Kaa) i: kJ (koa) H¢ (ka) 
r>a, 
E= 2] J (ker) 
"o nalk Joka) HP (kya) — ke? '(kya)Jo(kea) 
i DI ler) cos n 2- je 
n=1 kıJ„(kza)H,, (ka) == kH% (kıa)J(Kea) 

O<r<a, 


a ja oc — 4riow 
LS > 2.5 See ee T8 
c c? 


*206. Find the electromagnetic oscillations in a spherical resonator of 
radius a excited by a dipole of moment P located at the center of the sphere, 
assuming that the direction of the dipole coincides with the direction of the 
z-axis. 

Ans. The complex amplitudes of the field components are 

H, =< Ho = 0, 
1 + ikr 2a. 
e 


H, = H(r, 0) = 2| 
cr r 


1 + ika — k'a* (Be 

ka cos ka + (k?a? — 1)sin ka \ kr 
ia 

— krsin 0 00 

ið 

P (rH), 

= 0, 


+ ke ™ — cos kr) |sin 0, 





E, ees (H, sin 0), 


Ey = 


E 


9 
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in terms of the spherical coordinates r, 0 and o, where o is the frequency of 
the oscillations and k = w/c is the wave number. 
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THE EIGENFUNCTION METHOD FOR 
SOLVING INHOMOGENEOUS PROBLEMS 





In this chapter we study various inhomogeneous problems of mathematical 
physics leading to integration of the equation 


Tepa d = ac) + Mu = F(x,y) (<x<be<y<d), 
(1) 


which is the same as equation (1) of Chap. 4, except for the presence of the 
given function F(x, y) in the right-hand side.' This time we require that the 
solution of (1) satisfy inhomogeneous boundary conditions 
„u 
“0x 
where a, o, Bas B, are constants and /,(y), f,(y) are given functions. In the 
elliptic case, 
Qu Qu 
Yez ES S,u|,. = gx) Ya i^ 
oy y-c oy Y 
where again Ye Ya 9,, 9, are constants and g,(x), g,(x) are given functions. 
In the hyperbolic and parabolic cases, the boundary conditions (3) are 
replaced by the conditions (4’) and (4^), p. 57. 
It is sometimes possible to find a particular solution u* of equation (1) 


Ó 
oc Batt | ena E ful), Ly 2. | E Boula = hO), (2) 





qz 








E qu lis = g(x), (3) 





1 In particular, the functions p(x), q(x), r(x) and the differential operator M, have the 
same meaning as on p. 56. 
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satisfying the conditions (2), and then the substitution u = u* + v reduces 
the present problem to the homogeneous problem which can be solved by the 
Fourier method. The problem can also be solved easily in the case where only 
the differential equation (1) is inhomogeneous, but not the boundary 
conditions (2), so that f, — f, — 0. Then we can look for a solution in the 
form of an expansion 


u = S u(y) X,(%), a<x<b (4) 


with respect to the eigenfunctions X,(x) of the homogeneous problem, i.e., 
4 . S 
the nontrivial solutions of the equation 


PAY + Qr —4)X —0 (5 
satisfying the homogeneous boundary conditions 
«X (a) + B.X(a) — 0, — o X'(b) + B,X(b) = 0. (6) 


Suppose the right-hand side of (1) can be expanded in a series with respect to 
the functions X,(x), so that 


F(x, y) =Š FOX), a <x <b, 


n=1 


where 
[irrt X0) dx 


Fy) = b 9 

[^rX36) dx 

Then, after substituting (4) into (1), the problem reduces to the integration 
of the ordinary differential equation 


Mu, — Au, = FC), 


where the A, are the eigenvalues of the homogeneous problem. To determine 
the resulting constants of integration, we substitute (4) into (3) [or into 
equations (45, (4^), p. 57], expand the functions on the right in terms of the 
eigenfunctions X,(x) and then equate corresponding coefficients of the 
functions X,(x). 

The general case of inhomogeneous boundary conditions can be reduced 
to the problem just considered (an inhomogeneous differential equation 
and homogeneous boundary conditions) by looking for a solution of the 
form u = u* + v, where u* is a sufficiently smooth function which satisfies 
the boundary conditions (2) but, unlike the case mentioned above, is not 
necessarily a solution of the differential equation. For example, if the 
boundary conditions are of the first kind, i.e., 


ul. zx fO), ul. s = fy) 
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we can choose u* to be the following linear function of x: 








x 
ur = 
= (7) 
Similarly, if the boundary conditions are of the second kind, i.e., 
Qu Qu 
dr Fa FAY), ox QUO 
we can choose 
l(x—ay a l(b—xy y 
* — 
8 
dor a ah Te Zr Jas (8) 


and so on. However, it should be noted that this method, involving as it does 
a function u* which is to a large extent arbitrary, is not always successful (for 
example, in cases where the boundary conditions are discontinuous). In fact, 
improper choice of u* [even such simple functions as (7) and (8)] can lead to 
great complication in later stages of the calculations. 

A more adequate method of solving inhomogeneous problems has been 
proposed by Grinberg (G4),? and is free from the need to choose the function 
u* in each particular case (which sometimes requires great ingenuity). In 
Grinberg’s method, we try to solve the inhomogeneous problem by again 
representing the solution as a series of the form (4), whose coefficients are 
given by the formula 

f ’ruX „(x) dx T 
WO) rer Ferenc (9) 
f rX°(x) dx [Pro dx 


in keeping with the general theory of expansion in series of orthogonal 
functions. Thus, to obtain a formal solution of the problem, we need only 
find the value of the integral z,. This can be done by the following device: 
First we multiply equation (1) by X,„(x) and integrate the result from a to b. 
Then we integrate by parts twice, obtaining 


b 
(p= x, = PX.) 
Ox a 





b 
«| (PX) — qX „Ju dx 


b b 
+ "| ruX, dx -| rFX, dx. (10) 


2 [n cases where the boundary conditions are homogeneous and only the differential 
equation is inhomogeneous, Grinberg’s method gives the same result as the classical method 


of solution. 
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Taking account of equation (5) and the boundary conditions (2) and (6), we 
can write (10) in the form? 


Min — mä, = F, = PP x00) + Fx) D 
ay a 
in terms of the eigenvalues A,,, where 
F, =["rFX, dx. 


Equation (11) serves to determine #,, since its right-hand side involves only 
known functions. The resulting constants of integration are found from the 
equations which result when the same method [i.e., multiplication by rX,(x), 
followed by integration from a to 5] is applied to equation (3) [or to equations 
(4), (4^), p. 57]. 

The method just described can also be applied to problems of mathe- 
matical physics involving the Sturm-Liouville problem with singular end 
points (see p. 59), provided that the eigenvalue spectrum is discrete. More- 
over, the method can be extended to certain problems involving higher-order 
equations (see Probs. 236-241), or to problems where the solution depends on 
a larger number of variables. 

It should be pointed out that for inhomogeneous boundary conditions of 
the first kind, the series representing the solution will not be uniformly 
convergent near the end points of the interval (a, b).? To improve the con- 
vergence, we can apply the methods ordinarily used in such cases.? In the 
simplest problems, we can improve the convergence by separating out the 
slowly converging part of the series and summing it by using the tables given 
in Sec. 2 of the Mathematical Appendix (see p. 381). 

The problems in this chapter, as in the preceding one, are grouped into 
five sections, two on mechanics, two on heat conduction (including a problem 
on diffusion), and one on electricity and magnetism. Problems involving 
coordinate systems more complicated than rectangular or polar coordi- 
nates (both cylindrical and spherical) will be deferred until Chap. 7. 
Problems with concentrated sources are usually regarded as limiting cases 


? [n the case of boundary conditions of the first kind (a, == &, =: 0), the right-hand 
side of (11) should be replaced by 
(b) |. (a) 
F, 4 5 XOA) 
By Ba 
* |f the boundary conditions are inhomogeneous only at one end point x = a, this 
statement applies only at x = a. In the case of boundary conditions of the second kind, 
the series representing the derivative 0u/0x exhibits similar behavior. 


5 See KI, Chap. 1, Sec. 5. Another method, of a completely general character, is given 
by Grinberg (G5, Chap. 12). 





Xa) ful). 
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of the corresponding problems with distributed sources; this greatly simplifies 
the calculations, allowing us to write the solutions in compact and symmetric 
form. For example, the field due to a linear oscillator inside a cylindrical 
resonator can easily be solved in this way (see Prob. 256), whereas the usual 
method of solution (which involves subtracting out the singularity) leads to 
very complicated calculations. 

In the case of problems with inhomogeneous boundary conditions, the 
choice of a method of solution is left to the reader, although we are of the 
opinion that in such cases, Grinberg’s method has indisputable methodolo- 
gical advantages. Of course, by proper choice of u*, certain problems can be 
solved quite easily, without recourse to this method. 

As a rule, the answers are given in the form of series, obtained after 
improving convergence, or in closed form. In some cases, the solution is 
given in two forms, corresponding to expansions in functions of each of the 
two independent variables. 


I. Mechanics: Vibrating Systems 


207. A string of length l with fastened ends vibrates under the action of a 
uniformly distributed pulsating load q sin wt. Describe the vibrations, assum- 
ing that the string is at rest at the time t = 0. 





Ans. 
— m (2n + lt — Qn Lum adus (2n Lom 
qU e 
x, )= ——— Fy o PN 
2 an je E 4- oe] Qn + 1Y 
ol 


O<x< il, 
where v = V T]e, T is the tension and o is the linear density of the string. 
208. Solve the preceding problem, assuming that the pulsating load acts 
only on the section a « x « b of the string. 


Ans. 


. nmt nn. . ATX 
sin —— — — Sin of sin Uu 


| 2qul = ( nza — nzb) l wl 
u(x, t) = Zur 2 Se COs aee E (zy E 
ol 
209. Study the vibrations of a string due to a concentrated pulsating 


load A sin ot applied at the time t = 0 to an arbitrary point x = c of the 
string. 
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Ans. 


. nitro nuu NTC . ATX 
sin — — — sin ol um c 


o ll MED ANN © 
Une ml (=) n 
wl 


Hint. Pass to the limit in the solution of Prob. 208. 





u(x, t) = 


*210. Find the general solution of the problem of a vibrating string 
under the action of an external load q(x, t), assuming that the string is at 
rest at the time ¢ = 0. 


Ans. 
ia TEX [us nreu(t — 7) P is L HRS, Ca 
u(x, ) = — c2 sin ——— —— dr | q(é, v) sin — dé, 
0 l 0 l 
0cxc«l. 


211. Solve Prob. 106 on the longitudinal oscillations of a rod, which was 
solved by another method in Chap. 4. 
Ans.® 
2ol . (Qn + 1)rvt 


sin 
(2n + Irv 2l ifa (2n + Dxx 


eng t 


212. Investigate the vertical longitudinal oscillations of a rod of length / 
suspended from the end x — 0 under the action of its own weight. subject to 
zero initial conditions. 


Ans. 


sin wt — 


uf) = Ble 


16g = — cos [Qn 4- Dmet[21] . Qn + Inx 


3,2 


UA ra (2n + 1)° 2l 


where g is the acceleration of gravity, E is Young's modulus, o is the density, 
and v = V Elo Elo 


u(x, t) — 


213. Investigate the longitudinal oscillations of the pyramid-shaped 
cantilever of square cross section shown in Figure 45, due to a force A sin ot 
applied at the time ¢ = 0 to its free end. 


* To verify that the two forms of the solution given in the answers to Probs. 106 and 
211 coincide, use the expansion 


Sen sin (22 -+ 1)5 |, mTsina E 
= Qn + 1)? — g? 4x cos n(a/2) ' 
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Ans. 
S DLL Lu . sin @ 
est A Se ——, 
2awE(b — x tan a) 4 (ve) Yn , Sin Dye 
wl 25 
where the y, are consecutive positive roots of the equation 
Lu READ ica Le ME 
^L 


l 214. An inhomogeneous rod con- 277 L———ÀL? " 
sisting of two sections made from “4 0 —— 


different materials is clamped at one 
end and is initially at rest. Find the FIGURE 46 
longitudinal oscillations which result if 
a constant force P is applied to the free end of the rod (see Figure 46). 
Ans. 
a sin 1 — cos y,t) X,(x 
epee sum Yn c Ynt) X, (X) = 
vinai Yn PıSıaı COS” (7 ,4204/4402) + P2S2a, Sin” y, 


LL MN (a, + D 
ogg deer —a,« x <0, 
QU» ai 
t vı da NL: X 
sin y„ cos Inv e , VER; 


where the y, are consecutive positive roots of the equation 


ae 


v,E,S, tan Y = v,E,S, cot —— 
30$ 


the two sections have Young's moduli E; cross-sectional areas 5, and 
densities p; (i = 1, 2), and v; = V El o,. 
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215. A beam of length /, simply supported at its ends, is originally in a 
state of equilibrium. Investigate the transverse oscillations of the beam 
after applying an arbitrary load, uniformly distributed over the section 


Xy <L X< Xo. 


Ans. 








Ay à $ (cos TT. cos i sin (next) 


t) = 
u l n? 


n=1 


t 
x [ato sin 82€ —3 a, O< x <1, 
; 2 
where a? — VEIIeS, E is Young’s modulus, J the moment of inertia of 
a cross section, p the density and S the cross-sectional area of the 
beam. 


216. Solve the preceding problem, assuming that a) the load is uniformly 
distributed over the whole length of the beam and is a periodic function of 
time g(t) = q sin wt; b) a concentrated pulsating force A sin wt is applied 
to the point x = c of the beam. 








Ans. a) 
(2 rat (2 Hera? . .Q Xx 
i. QA A DNA AUD au. on fei eee Dex 
a 4l*a*q P ol? l , 
f TOEJ v=o 1— [e + pee] Qn + 1)? Í 
ol? 
sin wre — meta TA sin ot sin = sin = 
24a & P ol l l 
b ux, d= S—— n  ———  — 
n’oE) £3 fee [5 = n 
or 


*217. Find the transverse oscillations of a beam —/« x< l with 
clamped ends under the action of a pulsating force q sin of, uniformly 
distributed over the whole length of the beam, assuming that the beam is at 
rest before the load is applied. 











Ans. 
] 2 0t 2 29 . 
2g a? 2 ion sin a = na sin wt 
= [6] 
u(x, t) = > a _ ET X (x), 
wEJ n=1 Yn cosh Yn cos Yn 1-= (ay 
ol? 
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where a? = [EJ 0S, in the notation of Prob. 215, 


X (x) = cosh y, cos s — COS Y, cosh T n 


and the y, are consecutive positive roots of the equation tan y + tanh y = 0. 


218. Solve the preceding problem for the case where the external load 
is a concentrated force A sin wt applied to the center of the beam. 


Ans. 








2 2 2 2 
der. fa sin wt 
PON Ala? & cosh y, — cos y, I? ol? X.) 
y= ot u ror “FX, (x). 
20EJ m Y cos? y, cosh? y, na n 
EY 
re) 


Hint. First replace the concentrated load by a load uniformly distributed 
over the section —e < x < e of the beam, and then take the limit as £ > 0. 


219. Solve Prob. 217 for a beam 0 < x < l if the end x = O is simply 
supported, while the end x = / is clamped. 








Ans. 
qla? sinh y, — 2 cosh y, sin y, + sin yẹ, 
i= a S 
oEJ 4A yn sinh” y, sin” Yn 
2 at 2 q? 
sin n — a sin wt 
€) 
x — a KR 
Yna 
= 
where 


x 
X,(x) = sinh y, sin Eu — sin y, sinh = 





and the y, are consecutive positive roots of the equation tan y = tanh y. 


220. A concentrated force P is applied to the free end of a cantilever 
initially in equilibrium (see Figure 47). Investigate the resulting transverse 
oscillations, assuming that the force does 
not change subsequently. 


Ans. 








3 oo 2 2 2 
2Pl > 1 — cos (y;,,a°t/T°) X6) 


u(x, t) — - 
en EJ i yi(sinh y, + sin Yn) FIGURE 47 
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where 


u YaX 
X(x) = (cosh y, + cos Yn) (sinh Ex — sin e) 


: . Yn* YnX 
— (sinh y, + sin Y„)|cosh "IUe cos NL 
and the y, are consecutive positive roots of the equation cosh y cos y = — 1. 


221. Solve the preceding problem for the case where the force is a 
periodic function of time P — 4A sin ot. 





Ans. 
2 2 2 2 
sin m E sin wt 
wa Anl) Po ol 
u(x, t) = en run ga JS NT 

@EJ azı Yalsinh y, + sin Yn) (se) 

METUO 

€) 4 


*222. Solve Prob. 220 for the case where the force P = P(t) is arbitrary. 


2l 2 oo t 2 2 t—- > 
EN i rj o9 
EJ n=. y„(sinh y, + sin yp) 70 l 


*223. Investigate the transverse oscillations of a beam of mass M clamped 
at the points x = 0 and x = /, due to a concentrated pulsating load A sin wt 
moving along the beam with constant velocity v. Assume that at the time 
t = 0, the beam is at rest and the moving load is at the point x = 0.7 


Ans. 


u(x, t) = dz. 


2 2 2 
nm at nu 
Se — cos(1 + ver) ot 








A <= ol 
u(x, t) = m 
(x, t) Mo? 2 zx E ( A nt) 
wl? wl 
meat — co ( — nze) wt 
cos É S ol nzx 





— | sin 
CM M 
or wl 
224. Investigate the vibrations of a circular membrane of radius a due 
to a load applied at the time t = 0, if the load is uniformly distributed with 


density g(t) over the circular ring r, < r <r,. Consider the special case 
g(t) = q sin wt. 


” This is the problem of a locomotive moving along a railway bridge (see T2, Sec. 59). 


PROB. 226 THE EIGENFUNCTION METHOD 113 


Ans. 
J — t = 
u(r, N) = aS ro ntl) rJıly„rıla) Jo (=) Í q(t) sin Yat T) dt, 
Tiz =1 YaJilYn) a 0 a 


where the vy, are consecutive positive roots of the equation Ju(y) = 0, o is 
the surface density, T' is the tension per unit length of the boundary of the 


membrane, and v — V T]o. In the special case, 








L n t n n 
jq, a. In Ie euet Sin ot sd. ( s — ry, (5) 
qv a oa a a Ynr 
u(r, ) = — DO 4 (=). 
oT 2 jes (y Ys 1609) "a 
wa 


*225. Investigate the vibrations of a circular membrane of radius a due 
to a pulsating load p sin wt applied at the time t = 0 along the circumference 
of a circle of radius b < a. 


Ans. 


t A 
in Ys Ys? inot x (1). (1) 
00 a 


2vpb = a G 
u(r, t) = TE He __ —" 
waT n=l 1— (=) YnJi(Yn) 
wa 


Hint. Replace the load by a load distributed with constant density over 
the area of the ring b — £ < r < b + e, and then take the limit as e — 0. 


226. A circular elastic plate of radius a, clamped along its boundary, 
begins to oscillate under the action of a suddenly applied pulsating load 
q sin wt, uniformly distributed over the area of the plate. Fird the resulting 
transverse oscillations. 


Ans. 
bt yb? 
RN a es M sin ot 
u(r, ) = 2qa^b > a wa Ii(yn)Ry,(r) 
DD an (=) YsJ ora ors) 
oa? 
where 


R,(r) = Io 2) — Jl. (£) 


is a linear combination of cylinder functions, the xy, are consecutive positive 
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roots of the equation R}(a) = 0, D is the flexural rigidity, A the thickness 
and o the density of the plate, and b? = J D][eh. 


*227. Solve the preceding problem, assuming that the oscillations are 
due to a concentrated pulsating force A sin wt applied at the center of the 
plate (oscillations of the diaphragm of a loudspeaker). 


Ans. 





Opb ge. 

PON Eee 

u(r, t) = >>? — 7 Bee um 2 eis mE. 
2nwD pry 1— (= y LnJO¥ Mr) 


wa? 





Hint. Replace the concentrated load by a load distributed over a disk of 
small radius £, and then take the limit e — 0. 


2. Mechanics: Statics of Deformable Media 


228. Find the deflection of a rectangular membrane —a < x < a, 
—b < y < b due to a load uniformly distributed with density q over the 
rectangle —c < x < c, —d < y < d forming part of the membrane. 


Ans. 


oo 


[pron [(2n + 1)xc[2a] 


u(x, ge 
6 lia <a og be Qn + 1» 
2 1)x(b — d a = > 2 
xq: cosh PEDRO u qu re Der 
a a (2n + 1)xb 2a 
2a 

16qa*? X sin [(2n + I)re/2a] sinh ((2n + 1)xd/2a 

u(x, usa = zT > (2 3 
n=0 n F 1) 


in 22+ Dre — Iy) 


x - "T - TN (2n + 1)xx 
cosh t n + Ir 2a 
a 


where 7 is the tension per unit length of the boundary of the membrane. 
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229. Find the deflection of a uniformly loaded rectangular membrane 
(this is a special case of the preceding problem), and compare the answer 
with that found earlier in Prob. 131.8 


Ans. 


u(x, y) = Hem 29 (D I an t Dereal dee (2n + I)rx 
o Qn + 1) cosh [(2n + 1)rb/2a] aec 


*230. Find the static deflection of a 
rectangular membrane under the action 
of a line load p uniformly distributed 
along an axis of symmetry (see Figure 48) 


: 7 
Ans. Ze fF 
x 
4pa . cosh [(2n+1)ry/2a] A due 
ux m cosh ee 
y, £98 [((2n + 1)xx/2a] l 


12 
Qn 4- 1? (12) FIGURE 48 


Another form of the answer is 


sinh Qr t Data — Ix) 





4pb X (—1)” 2L (2n + 1)xy 
us) cos ——-,. (13 
053) = T 2 n+ Qn+ Dna er ux 
2b 


231. Find the deflection of a circular membrane of radius a due to the 
action of a line load p uniformly distributed along a diameter. 


Ans. 


a a r 2 (r/ay" — (r/ay | 
u(r, 1 — — — — cos o In - — 2 ^» ———————— cos 2ng}, 
Ors 2r z| eg 2 n*—1 : 


where the series can be summed easily. 


Hint. To solve the problem, replace the line load by a load uniformly 
distributed over the sector —e < q < £, nr — € < 9 < m + e, and then take 
the limit as € — 0. 


232. Investigate the twisting of a rod whose cross section is a semicircle 
of radius a. Calculate the tangential stresses on the surface of the rod. 


* To compare the two answers, use formula 16, p. 385. 
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Ans. 
z 2 Q , 
c|.., = 2a0G sin o — E 1 — cos 9 In cot? sin 9, 
r* a? 
a0G a? ar? ala Ve atr 
tle- = the-n = 15 + E Tobacco in x 

2 

a 


where @ is the angle of twist per unit length and G is the shear modulus. 


Hint. 'The sum of the series needed to represent the solution in closed 
form is found in the solution to Prob. 132. 


233. Find the torsion function u(r, p) for the twisting of a circular shaft 
of radius a weakened by a radial crack going from the surface of the shaft to 
its axis. Calculate the torsional rigidity C of the shaft. 


(yo C) 
320° 2 a Na 
a a a sin (2n + 1)ọ 


u 9) 772, n 4- DIS — On 4 1] 2 7 
$122 1 T 
CHG (2 ————-2]-087 J 
d T 2 (Qn + (2n + 5(16 — 2n + 07] 2 = 


234. Investigate the twisting of a rod whose cross section is a circular 
sector of radius a and vertex angle «. 


Ans. The torsion function is 


(2 2 p\2nt)r/ 
ga? 2 z) u (c) 2n + d 
a EN n + np 


u(r, 9) = — UII eae er a 
T nm (On + Ver EDT a| j 
a 


O<r<a, 0< <a). 


235. Solve the preceding problem for a rod whose cross section is a 
“curvilinear rectangle" a < r < 5,0 « o < «. 
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Ans. 
. Qn + Une 
8° Be 


( J ( ee f p. l (: 2 ale ( aj] 
( ry _ b b r 


b Gp Gr 
b n a 


236. A rectangular elastic plate 0 < x < a, —b/2 < y < b/2 is simply 
supported along its boundary and loaded e a end Tores P applied 
at the center of the plate. Find the deflection along the midline y = 0. 


Ans. 


u(r, 9) = 


sinh Qn + 1)5b Qn + 1)rb 
c elt. a a a (2n + l)xx 
o Qn + 1)? cosh? Q? + 1)xb a : 
a 





Wy 


where D is the flexural rigidity of the plate. 
Hint. Replace the concentrated load by a load uniformly distributed 
over the rectangle 


dod spud o see yee. 
2 2 


and then take the limit as 3, e — 0. 
237. Solve Prob. 134, using the method of this chapter. 
Ans.? 


(2n + 1)rb xh (2n + I)rb 
4 


ee SEE 2a 2a 
0,0 T 
(ou Gn T 2 cosh Qn Dno 
2a 


238. A rectangular elastic plate with sides a and b is simply supported 
along the edges x — 0 and x — a and clamped along the edges y — +b/2. 


? To reduce the solution to the form given in Prob. 134, use the formula 


e (D _ Sr 
PES Qn--1» 15367 
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Find the deflection of the plate under the action of a load p applied along the 
midline x = a/2. 


Ans. 
2pa* = sin [(2n + 1)xx/a] 
j= Say See 
u(x, y) = 7n 2i EE een 
|sinh (2n 4- Unb | (2n + 1)xb cosh (2n + Dt) oh (2n + I)ry 
Sed qoe a 2a 2a a 
Sinh (2n + I)rb ot Qn + 1)xb 
a a 


(2n + 1)ry sinh (2n + 1)xb sinh (2n + Dry 
42 a 2a a 
Ea = 
ip (2n + 1)xb an (2n + 1)xb 
a a 


239. A rectangular elastic plate, simply supported along its boundary, 
is acted upon by bending moments 
m uniformly distributed along two 
opposite edges (see Figure 49). Find the 
deflection of an arbitrary point of the 
plate. 








4 2 3x E 
u(x, y) = D (i — 5) 
T a 


FIGURE 49 


|: oon CR DER + CUR Qn + Dei Ld cosh Ct Dry 


a 2a 2a a 





n=0 Ona ces ete Db = [nb 
a 


TY ES 
(2n + 1)z) each (2n + 1)xb dE (Qn + xy 
a 2a a E (2n + D)xx 


Oia case Gas De Dae a 
a 
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*240. Solve the preceding problem, assuming that the edges y = +b/2 
are clamped. 





4ma*? (i x) 


ne 


a 


sinh (2n + 1)xb 4. (2n ; 1)xb NOI (2n + DEP los (2n + I)ry 
a 


2a a a 


3 


fre sinh (2n + 1)xb n (2n 4- dod Qn + 1) 
a a 
(2n + D)xy sinh (2n + 1)xb aap (2n + 1)ry 
u a 2a a eis (2n + l)zx 
[sinn Qn + 1)rb de Cnt Dr? o, + 1)? r 
a a 


*241. Find the deflection of the center of a circular plate of radius a 
with a clamped boundary under the action of a line load p uniformly dis- 
tributed along one of its radii. 


Ans. 


pa? 


64nD ` 





ul, = 


3. Heat Conduction: Nonstationary Problems 


*242. A slab is heated by a thermal current of constant density q flowing 
through the face x = 0 starting from the time t = 0, while the face x = a is 
held at temperature 7). Find the subsequent temperature distribution in the 
slab, assuming that the initial temperature of the slab is zero. 


Ans. 


T(x, Ò = To + ei = x) 


k a 
z 8a > |: Ae (—1)" 2n +1 nT, | g- nth) n raa? cos [n A Doxieat ; 
n? Lk a (2n + 1) 


where k is the thermal conductivity, c the specific heat and p the density of 
the slab, and t = kt/co. 
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243. Solve the preceding problem, assuming that the face x = 0 is held 
at temperature T = f(t), while the other face x = a is held at temperature 
zero. Consider the special case f(+) = Ar. 

Ans. 


2 . nxxl|^ M E ER 
> asin *55 | fe ws 
a Jo 


n=1 


T(x, t) = = 
a 


In the special case. ng 
x 2a? B81 — eT . nax 
T(x, p= a(t 2) - = 2 > sin g i 

244. Find the temperature distribution in a slab if the face x = 0 radiates 
heat into the surrounding medium according to Newton’s law, while the 
other face x = a is held at the temperature T, equal to the initial temperature 
of the slab. 

Ans. 





Ix € COS Y, tt u Yala = 3, 
1+ha — na Yall — (sin 2y,/27,)] a 
where / is the heat exchange coefficient figuring in 
Newton's law, and the y, are consecutive positive roots 
of the equation 


xy = n 


tany=——. 


ah 

245. Find the temperature distribution in a con- 
ductor with the cross section shown in Figure 50, 
heated from the time t = 0 by a d-c current producing 
Joule heat with density Q. lt is assumed that the 
initial temperature is zero, and that the loss of heat 
FIGURE 50 into the surrounding medium is described by Newton’s 
law. 





Ans. 
2Qa*/1 x? I E. i ijo? 
7) = Zn Seele n MR an, 
k 4 a 2ah n=:1 Yall T (sin 2Y4123)] a 
where the y, are consecutive positive roots of the equation 


eae: 


Hint. Unless a particular solution of the inhomogeneous equation is 
subtracted out first, the expansion 


1 x 1 2 sin y, xX 
li | EAE id 


EX Tp ape cs , —a«x« 
2ah Sy + (sin 2y,/2y,)) a í 


4 a? 
must be used to reduce the solution to the form given in the answer. 
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246. Find the temperature distribution T(r, £) in a cylinder of radius a 
whose surface temperature varies according to the law 


Thea = fC), 
where + = kt/cp, assuming that the initial temperature of the cylinder is 
zero. Consider the special cases a) f(t) = At; b) f(t) = A sin or. 
Ans. 


2 < nJ n i y — En TS a? 
T(r, ) = 2, S Ydrerlo) Í Mae 
A n=l Il) Q 


where the y, are consecutive positive roots of the equation J,(y) = 0. In the 
special cases, 


2, 2 
io] 1 kasi —Ynz/a 
a) T(r, t) =a): 22^ > _— a1]; 
n=1 YaJılYn) a 





S Yn 
b) T(r, = alsin at + 2ea° 2, ——— 
2 (yn + ate Jy) 


2 
—y t/a? ae. r 
x le tla _ cos yz — — sin oca (e) 
n a 


n 


Hint. Use formula 17, p. 385. 


*247. Find the temperature distribution in a cylindrical conductor of 
radius a heated from the time ¢ = 0 by a d-c current producing Joule heat 
with density Q. It is assumed that the initial temperature distribution is zero 
and that the loss of heat from the surface of the cylinder is described by 
Newton's law. 





Ans. 
2 2 LER —yizla? 
T(r, t) = aun Ak — =) AE Eis ah 2. le) , 
k 8 a 4ah n=1 Yall e (ah/*t,) ]JoCrs) 


where the y, are consecutive positive roots of the equation 
YA 60 = ahJ«y). 
248. Solve Prob. 150, using the method of this chapter. 


Ans.’ 








2 2 
2 oo a Yurla 
To, p= EI —n (2 r), Sl) = 0. 
k n=l YayılYn) a 


249. Find the temperature distribution in a cylinder of radius a in which 
heat is produced with volume density Q, assuming that the initial temperature 


10 To reduce the answer to the form given in Prob. 150, use formula 18, p. 385. 
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of the cylinder is zero and that heat flows out of the cylinder with surface 
density g. 


Ans. 

geo tid aer ema 
76,9 - (9-4 +f (1-25)4 235 Y LM sl), 
EE QW TAk Wu a 


where the y, are consecutive positive roots of the equation Jı(y) = 0. 
Hint. Use formula 19, p. 385. 


250. The outer surface of a cylindrical pipe a « r « b is held at tem- 
perature Tha = f(r), while the inner surface is held at temperature zero. 
Find the temperature distribution, assuming that the initial temperature is 
Zero. 


Ans. 
=" (r/a) 
T iy 
MC I» Mer, b[a) 
| £ Jo Yn Jo Yn a -\ lin ys (1—5)/a* 
LO [ree «| 
where 


Ry(r) = Yıly)Jo (£) = Joly) Yo 2) 


is a linear combination of Bessel functions of the first and second kinds, and 
the y, are consecutive positive roots of the equation R,(b) = 0. 


251. Find the temperature distribution inacylinderO <r<a,0<:<[/, 
assuming that the initial temperature is zero, and that starting from the time 
t = 0, the face z = / of the cylinder is held at temperature 7), while the rest 
of the surface is held at temperature zero. 


Ans, 
T(r, z, t) = To + 2 ce (=) nmel) sin "TZ 
K mı M N l 
Sy AS 
mar nar (MT) + y, lfa 
l J : í 
2 exp [- (ony SR (= je 2 le oyarla) E |: 
P Yn JY) I 


where J,(x), J\(x) and I(x) are Bessel functions, and the y, are consecutive 
positive roots of the equation July) = 0. 


+ AT 


Hint. Make the boundary conditions homogeneous by setting 


T-TQ +u 
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252. Solve the preceding problem, assuming that the surface of the 
cylinder is held at temperature zero and that heat is produced inside the 
cylinder with density Q. 


Ans. 
— pilna)? (mr)? 
FES Rn S Herria) Jéy,rla) — e sin (mrz/l) 
pa m=1,3,5,... n=1 Yn Yn) Ya + (mra[l) m 


> 


where the y,, are consecutive positive roots of the equation J,(y) = 0. 


253. Find the temperature distribution in a sphere of radius a inside 
which heat is produced with density Q, starting from the time ¢ = 0. It is 
assumed that the sphere is initially at temperature zero and that its surface is 
held at constant temperature zero. 


Ans. 
2 e 
T(r, t) = Ty + 2 (a — $+ x son p (7 + Da ; grim sin TERT 
: n 


TOL kn*r? a 


254. Solve the preceding problem if a) heat flows out of the sphere with 
surface density q; b) heat is radiated into the surrounding medium accord- 
ing to Newton's law. 


Ans. 
3 2 oo e riza? 


sin — 
k kal kr A Yyhsin y, a 


where the y, are consecutive positive roots of the equation tan y = vy; 


hat £ cos Y, cei dar 
b) T(r, t) = —MÀ——— > = (1 — e") sin —, 


where Ah is the heat exchange coefficient and the y, are consecutive positive 
roots of the equation 


Y 
1— ah 





tan Y — 


255. A diffusing substance enters a thin tube of length / with impermeable 
walls. Find the concentration distribution in the tube if the density with 
which the substance flows into the end x = 0 is a given function of time q(t). 
It is assumed that the initial concentration in the tube is zero and that the 
other end of the tube is joined to a vessel in which a given concentration C, 
is maintained. 
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Ans. 


n=0'' 
(2n + Yrx 


1f " 
— = Í g POD REAA qc) 4| cos 
0 21 


l 
where D is the diffusion coefficient. 


y 


4. Heat Conduction: Stationary 
Problems 

T= fol y) 

256. Find the stationary tempera- 

0 7 =pl) ture distribution in a bar of rectangular 

cross section, given the temperature 








FIGURE 51 distribution on its faces (see Figure 51). 
Ans. 
n=1 a 
b— yfe Ee 
+ sinh pas P(E) sin ANS d£ 
a pr 5 
b l 
+ Í Un) — (DAG, Y) gu (rea) 
f Jsinh (nzb/a) 
where 
sinh = sinh m) xs e 
a a 
G, y) = 


sinh — ie sinh mm , Y, 2 y. 
a a 
257. Study the special case of the preceding problem corresponding to 
the boundary conditions 


10-9 AOST paS g(x) = 0. 
Ans. 
28 " y nib — e 2 " jap s nny 
T(x, y) = T = = ee he T sint], 
TRE n sinh ne d 
a 


Hint. Use formula 2, p. 384. 
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258. A heat current Q flows into a bar of rectangular cross section 
through two opposite faces and leaves the bar through the other two faces 
(see Figure 52). Find the stationary temperature distribution in the bar, 
assuming that both the incoming and the out- 
going currents are uniformly distributed over / 
the faces. 


Ans. 


T(x, y= zÉ- pt — y) — x — x), TM 


where k is the thermal conductivity. 
Hint. 'Yo obtain the solution in closed form, FIGURE 52 
use formula 9, p. 385. 


259. Solve the preceding problem for an arbitrary distribution of current 
density on the face, i.e., 


A m = f. Galena = f), Giles = PolX), diis == P(x), 


where the functions on the right satisfy the condition 


[tec — e«x)] dx +f (fly) — fo] dy = 0 


for the solvability of the Neumann problem. 


Ans. 
=+ fo — ou) — f] an — > | eco ae 
T(x, »-i['o mM Fan) — Son) d" dee Polé) dé 


+ a $ [cos hme : en v5) cos = dé 
nk n=1 


— cosh FF f Palé) cos Das dé 
a Jo a 
cos (nrx/a) 


+ const, 
n sinh (nrb/a) 


b 
2 K— DAC) — SG, y) da) 
0 
where 
7 b — 
cosh Lu cosh nno) ; N< y, 
G,( a a 
a» y) = 
7 b = 
on sisi ei) n> y. 
a a 


260. Two faces of a rectangular bar are thermally insulated, and the other 
two are held at temperature zero (see Figure 53). Find the stationary tem- 
perature distribution, assuming that heat is produced with density Q inside 
the bar. 
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Ans. 


T(x, y) = 





a sar CY f cosh [(2n + Henn] ux (2n + 1)nx l 
2a 


o (2n + mt ~~ cosh [(2n + 1)rb/2a] 





FIGURE 53 FiGURE 54 


*261. Heat is produced with density Q in the bar shown in Figure 54. 
Find the stationary temperature distribution, assuming that a heat current of 
constant density q leaves the bar through the section |x| < c of the upper 
face, while the rest of the surface of the bar is thermally insulated. 


Ans. 


k os n? sinh (nrb/a) a 


2 21 oo « 
T(x, y) = 212 pa Sin rie) co TLD cog 8| 
+ const, (14) 


where k is the thermal conductivity. Another form of the solution, suitable 
for a/b > 1, is 





a—c 2 
T(x, = 2| 2 2, : 
4 MES CO" sinh [ene — 3/6] a EX cos PX E const, 
ma n^ sinh (nra/b) 
|x] < c, 


9 


T(x, y) = 2l, |x| — > 
_ 26 (=1)" sinh (nzc[b) nz(a — |x|) E e) 
St cosh —————— 
uz n? sinh (nra/b) co b +- const, 
Ix] >c. 


262. Find the stationary temperature distribution in a conductor of 
rectangular cross section heated by a d-c current producing heat with density 
Q, if the surface of the conductor gives off heat according to Newton's law. 
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Ans. 
4Qa si 
T(x, y) = 4Qa" eS Eo Do 
k n=1 Ya. + sın 2Y4) 
% jı- ah 1 cosh u cos {ax 
y, tanh (y,b/a) + (ahfy,) cosh (y,b/a)J a 


where / is the heat exchange coefficient, and the vy, are consecutive positive 
roots of the equation 
tany=—. 

Y 

263. Find the stationary temperature distribution in a rectangular 
parallelepiped 0 x «a, Oc y « b, O« z< c, if the faces x = 0, y = 0, 
z = Oare held at temperature zero, while the other faces have the temperature 
distribution 


TE = fQ; z), Tha = fix, z), Tu = fx, y) 
Ans. 


T(x, y, z) = m3 I Lun” ah [ f. 0) sin sin T dE d 


m=1 n=1 sinh Y mat 


1 j^ 
re axe JE ml FAs 4 sin Ë = y dn 
Y mn 
eer = SE O sin = == ac m sin = sin ner 
where 
ey e 
Ymn a p? , 
GC z) - Ze x a Yan sink Yinnk€ = z), C < Z, 
sinh Y„nC sinh YmnZ Sinh Ymae —%), > z. 


264. A heat current Q enters a bar of semicircular cross section through 
its plane face and leaves through the curved face (see Figure 55). Find 
the stationary temperature distribution in the bar, assuming that the 
incoming and outgoing currents have constant 
density. 


Ans. 
Te, p= Zhi 220-1 


ge (1/2n)(r/a)} 
4n? — 1 


where k is the thermal conductivity. FiGURE 55 





cos = + const, 
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265. Find the temperature distribution in a bar whose cross section is 
the “curvilinear rectangle" a «r« b, O< o « a, given the following 
temperature distribution on the faces of the bar: 


TLus = 0, TL ss s Ten = 0, Ts see 
Ans. 


T(r, 9) — T, In (r/a) 








°| In (b/a) 
E sinh De MELIUS: 
x $ In (b/a) In (b/a) sin IE In (r/a) 
n=1 n sinh — 7 In (b/a) 
In (b/a) 


Another form of the solution is 


T(r, 9) = T, s 
B 
m ee nre/x nt /x 
h-e A- [1-16 
22 a|) (7 sin P i 
a b 


266. Find the stationary temperature distribution T(r, z) in a cylinder 
0<r<a, 0<:</ with an arbitrary axially symmetric temperature 
distribution along its surface: 


T z=0 = f(r), Ty = fr) do: x o(z). 





Ans. 


Ne ad Demat (p a(t) sin E at 


(sp ((— 0" fiCe) — fo(o)leG.(r, o) m sin, 

|« (5, (=) —1 (Ek (e) (Se), E 
l l ] 7 

A > 


G,(F, e = 
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where A is the heat exchange coefficient, /,(x) and /,(x) are Bessel functions 
of imaginary argument, and the y, are consecutive positive roots of the 
equation 


hl 
tan Y — —. 
Y 


Another form of the solution is 


(ah/y,) cosh (y,z/a) 


1 (ahfm)eosh(ynzl) 
29S funh Cra) eh ya) cosh (yale) „ (rar) 
Mee m [+ Ga Y JC) "Nar 


where the y, are consecutive positive roots of the equation 


YA) = ahJ,(y). 


*269. A thin wire heated by a d-c current producing Joule heat Q per 
unit length is placed inside a cylindrical object (see Figure 56). Find the 
temperature distribution in the object, assuming that the lateral 
surface of the cylinder is held at temperature zero, while the 
ends radiate heat into the surrounding medium according to 
Newton’s law. 





Ans. 
Z 1 
Te 2 72 
nk n=1 YadılYn) 
lag ah cosh (y„z/a) i =), 
Yn sinh (y„l/a) + ah cosh (y,!/a) a 





Ficure 56 Where the y, are consecutive positive roots of the equation 
Jay) = 0. 


Hint. Replace the line source by a source distributed over a cylinder of 
small radius e, and then take the limit as e > 0. 


270. Find the stationary temperature distribution T(r, 0) in a sphere of 
radius a, assuming that heat is produced with density Q inside the sphere, 
while the boundary condition 


oT | 
— + hT 
(2 sv 





7/0) 


involving a given function /f(0), is satisfied on the surface of the sphere. 


PROB. 272 THE EIGENFUNCTION METHOD 131 


Ans. 


a Qa Lf 
T(r, 0) =2 a?— r? 2c, 1| 0) si 
ex | ae B , / (9 sin 0 40 





T ^ > =a (2)'P,(cos | "OP (eos 0) sin 0 q0. 
a 0 


5. Electricity and Magnetism 


271. Calculate the two-dimensional electrostatic field due to the elec- 
trodes shown in Figures 57(a) and 57(b). 








FIGURE 57 
Ans. 
2V 
a) u(x, y) — 2 (x + y) 
- € $ [iy sinn tre — 0 — 9) 
T n=l 2a 
nz[a — V20 + x)] 
VrAy — x)] ie 2a 
oo sinh el u an 
2a n sinh nx 
b) u(x, y) — 2H cosh (eaa) sin (eae) 
a  m4-,cosh (nrb/a) n 


where u(x, y) is the electrostatic potential. 


*272. Find the electrostatic field in the electron-optical device shown in 
Figure 58.11 What is the distribution of potential along the axis of symmetry? 


11 By an electron-optical device (for example, a lens), we mean a system of conductors 
at given potentials producing an electrostatic field used to govern the trajectories of charged 
particles. 
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Ans. 
4 &(—1)y 
pac = V| 1 +- 2 
“etaz | a +1 
x eg r+Vra/2d sinh (2n + De], 
2b 
4V & (—1» 
ul, = — 
: v=0 A Bee 2 2n +1 
Ficure 58 uod (2n + 1)ra gn Dna. 


2b 
273. Find the electrostatic potential u(x, y) inside a box of rectangular 
cross section 0 < x < a, 0 < y < b with grounded walls, due to a charged 
wire along the line x = xy, y = ye. 





Ans. 
„ sinh nni Xo) ae DN 
u(x, y) = T MN ME sinh Z7 sin TY ; X < Xo 
n=l n sinh = 2 ? 
o sinh —— sin ^9 
u(x, y) — B cet. ue. sinh may sin = ; xX > Xo 


= . nna 
^-! n sinh — 
b 


where q is the charge per unit length of the wire. 


Hint. Solve Poisson’s equation, regarding the charge as uniformly dis- 
tributed over the rectangle xy — à < x < xg +5, yg — E < y < ye + e, and 
then take the limit as 8," — 0. 


274. Find the electrostatic field u(x, y, z) due to a charge at the point 
Xo, Yo» Zo inside a rectangular parallelepipedO < x< a,0<y<b0<7z<c 
with grounded walls. 





Ans. 
long € : Nora Z4 AX us z 
ee S m ON Lame i ITE og HE 
ac m=1 n=1 Ymn a c a c 
where —— 
m n” 
Ymn — T ae sk c > 
sinh y,,, yo sinh Ymnlb — 
Yona Taa n yox 
sinh Ymnb 
G maly, Yo) = " P 
sinh YmnY sinh Yınn(b A yo) 
ee eee KE Be SEC yo > y. 


sinh Y, b 


PROB. 276 THE EIGENFUNCTION METHOD 133 


Hint, First assume that the charge is uniformly distributed over a small 
volume, and then pass to the limit. 


275. A charged wire, with charge q per unit length, is placed inside a 
grounded metal box whose cross section is a “curvilinear rectangle" a < r < b, 
0 « ọ « «. Find the electrostatic potential u(r, o) inside the box. 


Ans. 
pri“ ro ES 
. MT 
a r a T 


"etn d ibl 


r < rg 


nm /% ae . NTO 
sin —— py p\rr/a nno 
x i - 
u(r, 9) = use TUM nre/a n (3) u (7) | sin P > 
D : z 


where rg, o, are the polar coordinates of the wire. 








rof 


276. Examine the following special cases of the preceding problem: 
a) a = 0, b = œ (charged wire inside a wedge); 
b) a = 0, b = oo, « = 2r (charged wire near the edge of a conducting 
half-plane); 
c) b= oo, x = T, 9 = 7/2 (charged wire over a plane with a semi- 
cylindrical boss). 





Áns. 
a Wa 2n/a 
= (2) aoe eae d. (2) 
) u(r, 9) =q In a = n 
a = ET ae C UTTEEC ner 
? Te /% ae anja” 
[= 2() cog EO «C | 
L^ a Fo 
(229 O a 
F 
b) u(r, 9) =q 1n a ees ; 
1— T cos S T Se 
Fo 2 ro 


2 2\2 
1+ 22094 (A) 1-2 sin e + (4) 


. ror ror 
c) u(r, €) — In = ee MEUM 
1—24sing+ (2) 142“ sine + (= | 

Fo Fo For For 
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*277. Find the electrostatic field inside a grounded cylindrical shell 
0<r<a,0<z<_/duetoa charge q at the point r = 0, z = c. 


Ans. The electrostatic potential is 


ioe uu ly, — c/a) . inh X22 Jura) BEER 
n=1 sinh (y,//a) a Yi.) 

u(r, z) = as sinh (ystja) sinh Yall = 2 JolYar/a) ; z>c, 
a n=1 sinh (Yalla) a YasılYn) 


where the y, are consecutive positive roots of the equation J,(y) = 0. 
Another form of the solution is 
le 495 ema erm — K,(nra/DI,(nrr/]) a nre dm nrz 
hes, I,(nra/l) l l 


278. Find the electrostatic field inside a cylindrical shell O < r < a, 


0 < z < I whose ends and lateral surface are at the potentials Vy, V, and V, 
respectively. 


Ans. The electrostatic potential is 
u(r, z) = [i E 2) A Kr 


sk. 2 Size TEN Is@arr/l) sin une 
ao} n Iy(nra][l) l 
Another form of the solution is 


T 


atr sys op = p eei) (ynzla) Joy nr/a) 
n=1 sinh (y lj) Yn Jiv,) 
h l— ; 
Au X(V, y sin (vC z)/a] JolYnt /a) í 
n=1 sinh (Y.lla) YnJılyn) 
where J,(x), Jı(x) and I(x) are cylinder functions, and the y, are consecutive 
positive roots of the equation J,(y) = 0. 


279. Find the electrostatic potential along the axis of a cylindrical shell 
O<r<a,0<z< /if the lateral surface is held at a given potential 
ulna f) 
while the ends are held at potentials V, = 0 and V, = V. 


Ans. 
eo (—1)” [ros sin 2 nr = | sin (nrz/l) 


Vz 
ul = — + J 
= > Iy(nra[l) 


n=1 


where /,(x) is the Bessel function of imaginary argument. 


PROB. 282 THE EIGENFUNCTION METHOD 135 


280. Examine the special cases of the preceding problem which correspond 
to the following potential distributions on the lateral surface of the cylinder: 


a) f(z) = Vi; 


k= 
( ee (k—1,2,..., N); 





b) f(z) — V, for 


0 O<z<e, 


c) f(z) = | 
Ans. 


ule = = fi : S (pw - v) + yj 
n=1 


V, exze<l. 


sin (nrz/l) . 
nIy(nna[l) ' 
Vz 


b) ul, o == ] + 


[9] 
x 


n=1 


_ „|z , 2 Scos(nee/l) sin (nrz/l) 
a ulo u dr P T 2 n Iynza]l) ` 


N ; 
(—1)"V + 2sin I > Vus Qk — Dez] sin (nrz/l) A 
2N pat 2N nl(nnafl) 


a IN 


Comment. Case b corresponds to a piecewise constant potential, pro- 
duced in electronic practice by the use of a voltage divider. Case c is the 
problem of the distribution of electrostatic potential between two conducting 
cylindrical caps separated by a negligibly small space. 


281. What potential distribution must be maintained along the lateral 
surface of the cylinder of Prob. 279 in order to obtain the distribution 


N 
u, = ZE + Da, sin m 
n=1 x 


along the axis, where the a, are any given numbers? 


N 
a nt 
n=l 


*282. Determine the electric field on the axis of the electron-optical lens 
shown in Figure 59, consisting of two cylinders at potentials V, if the potential 
distribution in the space between the cylinders is given approximately by 
the formula 


Ans. 


2 TZ 
u|, a see = Vsin — 


28. 
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FIGURE 59 
Ans. 
cos (nx8/1) cos (nxz/ 2). 
El = a F Dre 1—(2n3/D? I,(nxa/l) 


283. Find the potential distribu- 
tion in the electron-optical device 
shown in Figure 60. 





FIGURE 60 
Ans. 
zJ a 
u(r, z) za yh TN aS enit sin nh == Yn? Yr! Aen z < l, 
n=l a Yn Jy) 
e Las Tarlo 
u(r, z) = 2V © cosh  e Yna Jara) zc 
nal a YnI Yn) 


where the vy, are consecutive positive roots of the equation J,(y) = 0. 
Hint. Use formula 17, p. 385. 


284. Find the potential distribution in the 
electron-optical device shown in Figure 61, con- 
sisting of two semicylinders (with closed ends) 
at potentials w= 0 and u = V, separated by a 
negligibly small space. 





Ans. 
Hee y= 4 4 4V $ sn (mra) cos mp 
2 T m=1 n=1 m FIGURE 61 
a A d 2z E 
m* Im (rt. r osh Yos D 
x 1— CAU a ET = 2a dots ImlYmnrla) 
J’ l J? , 
Yan stan) cosh Yınn nl Yon) 
a 


where J,,(x) is the Bessel function of order m, a is the radius and / the length 
of the semicylinders, and the y,,, are consecutive positive roots of the 
equation J,,(y) = 0. 
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285. Find the distribution of d-c current in a thin conducting sheet, if a 


current J enters and leaves via point electrodes applied at the points (+c, 0) 
[see Figure 62]."? 





FIGURE 62 


Ans. The potential of the current distribution is 


ass sin [(2n + t)xc/2a] 

roh n= (2n + 1) sinh [(2n + I)rb/2a] 

N (2n + 1)r(b — |y]) D (2n + 1)xx 
2a 2a 

where Ah is the thickness and c the conductivity of the sheet. 


Hint. Regard the current as distributed over two small rectangles, and 
then pass to the limit. 


u(x, y) = — 


x + const, 


286. Find the distribution of d-c current in a thin conducting disk of 
radius a, if a current J enters and leaves via point electrodes applied at the 
points r = b, o = O and r = b, ọ = n (b < a). 


Ans. 
r r? br br 
j | [i 22005 e ro 2% cos o+ (EJ] 
Arch r r? br bri]. 
[ + 22005 o+ Z] [i +2% cos e+ (2)] 


Hint. To represent the solution in closed form, use the expansion 


u(r, 9) = 


— 5 In (1 — 2p cos o + 99-2 & cos ng, 0-< 6 <1. 
n=1 N 
287. Find the distribution of d-c current in a thin cylindrical shell of 
radius a, if a current J enters and leaves via point electrodes applied at the 
points (a, —r/2, 0) and (a, 7/2, 0) [see Figure 63]. 


12 The differential equation for the potential of the current distribution in a thin 
conducting shell is given in Prob. 21. 
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Ans. 
T IJ. $ (— D* cosh [Qn + DC — Izl)/a] 
noh ;Zo2n + 1 sinh (2n + 1)/[a] 
where / is the thickness and c the conductivity 
of the shell. 


288. Solve Prob. 287 for the limiting case 
of a cylinder of infinite length. 


Áns. 


sin (2n + 1)9 + const, 


ub " cosh (z/a) — sin 9 
2rch cosh (z/a) + sin o 
*289. A thin conducting shell of hemispher- 
ical shape lies on a plane base, made of a good 
conductor (see Figure 64). Find the distribu- 
tion of d-c current in the shell, assuming that a 
FIGURE 63 current J enters the shell by an electrode 
applied to the hemisphere at the point r — a, 
0 = 0, = 0, while the current leaves through the rim of the hemisphere (in 
contact with the plane). 


Ans. 


u(?, z) = 





1— 2tan % Bie igo o + tan? % an 

In 2 2 2 
Arch un — 2tan % tan y cos o + tan? % 
2 2 2 2 


~ 





u(0, 0) = 


Hint. Introduce tan (0/2) as a new independent variable. 





FIGURE 64 FiGunE 65 


290. Suppose an infinite slab of conductivity o contains a line current 
source (see Figure 65), from which a current J per unit length flows into the 
slab. Find the distribution of current in the slab, assuming that the slab is 
surrounded by a nonconducting medium. 
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Ans. The potential of the current field is 


u(x, y) = — = In |[cosh Le cos as] 


TO a a 


x cosh TY _ cos 2l + const. 

a a 

291. Find the voltage distribution in a lossless transmission line of length 

I, if the end x = 0 is connected at the time t = 0 to a source of variable e.m.f. 

Ee””' and the end x = l is kept open. It is assumed that the current and 
voltage in the line are initially zero. 


Ans. 
i (2n + 1)rot EY (2n 4- DES erat - er (2n + amr] 
ences 21 2la. 2l 
al o I " (2n 4- Dee) 
2laæ 
son eUr, 
2l 


where L and C are the self-inductance and capacitance of the line per unit 
length, and v = Uv LC is the velocity of wave propagation along the line. 


292. One end x — 0 of a transmission line of length / with parameters 
L, C and R is connected to a source of constant e.m.f. E, while the other end 
x = l is connected to a resistance Ry. Find the voltage in the line if the load 
Ro is suddenly disconnected. 


Ans. 
u(x, ) = E— "E gue 
x (14a) 
: 2 [cos (2n + Jot — RI f (2n 4- d 
2l — (2n + DrLo, 2l 
Cs (2n + I)xx 
21 
(Qn + 1)? : 
where 


R, Nm NENNEN O RCP 
a a ea > b, = n 
IR LE (2n + TL. 


293. Find the steady-state electromagnetic oscillations in a perfectly 
conducting waveguide whose cross section is a rectangle O<x<a, 
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0 « y « b, assuming that the oscillations are excited by an infinite line 
current source J = J, sin of passing through the point (xo, Yo). 

Ans. The complex amplitude of the vector potential of the electro- 
magnetic field is 





2 
sin 7 sinh Je — k’ (b — yo) 





8rJ, € a a 
A = Ax, y) = = ES CEN EE EX RESI 
nos E — kê sinh J (=) ok} 
a a 


2 
x sim y (2) — a? y sin 22, 0 « y «€ yo 
a a 


2 
sin 9*0 sinh / (=) = kè yo 
a 


A = A(x, E z 


a = | (=)- k? sinh T (=)- Kb 
a 


a 





x sinh (85) — ie — si E, Yo< y< b, 


where 0 < x < a and k = ofc is the wave number. 


Hint. Integrate the inhomogeneous wave equation for A, assuming that 
the current J is uniformly distributed over a rectangle whose dimensions are 
then made to approach zero. 

294. Find the electromagnetic field due to an 
infinite linear current source J = J, sin wt placed 
between two parallel perfectly conducting planes 

a (see Figure 66). 
Ans. The complex amplitude of the vector po- 


J tential of the electromagnetic field is 
x 
0 ) = 
M A — Ax, jans [cos 183 — cos MAES >| 
ca n= a a 


i fee 


a c 

295. Find the steady-state electromagnetic oscillations in a perfectly 

conducting waveguide whose cross section is a circular sector 0 < r <a, 

0 « 9 < a, assuming that the oscillations are excited by an infinite line 
current source J = Jy sin of passing through the point r = ro, 9 = oy. 
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Ans. The vector potential of the electromagnetic field is A = Im{Ageiet}, 
where 


Ar, 9) = TUM 27 JV S Decay (ko) — HO (cr) HO (ka)] 
n=1 


Jk s 
Laten) sin TP sin PES 


J (ka) a ot ae 
2 : 0 
Alr, o) = 2 S tH (ka)H (kr) — H(kr)H(kay] 
n=l 
J,(kro) . np . NTỌ 
—— sin — S > Po, 
J (ka) od = X SOME 


k = w/c is the wave number, and J,(x), H (x), Hx) are cylinder functions. 


*296. Find the electromagnetic oscillations in a cylindrical resonator 
0<r<a,—Il<z< lexcited by a dipole of moment P located at the origin 
of coordinates and directed along the z-axis. 

Ans. The complex amplitude of the z-component of the vector potential 
is given by the Fourier expansion 


A(r, z) = = RT -+ >> a,(r) cos "s 


n=1 


where the coefficients a,, have the values 


a, = ie Laos lle nA) K (apr) — Ko(ena)o(anr)], Xn =W (=) ca k’, 


k is the wave number, and /,(x), Ko(x) are Bessel functions of imaginary 
argument. 

297. Find the electromagnetic field in an infinite cylindrical waveguide 
with perfectly conducting walls, assuming that the source of the oscillations 
is a current J sin o in a coil of given dimensions, with a single uniformly 
wound layer (see Figure 67). 

Ans. The complex amplitudes of the compo- 
nents of the electromagnetic field are 





E, = E, = 0, 
AE N S Aert) Ae r) 
OR coda Cyn) a 
1 — e*"*cosha,z, O<x <A/2, 
sinh = pue z > h[2, 
a OES pee LET T peas 


FIGURE 67 


iw Oz iw r Or 
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2 

Yn 2 
RINT 

a? 


J(x) and J,(x) are Bessel functions, k is the wave number, c the velocity of 
light, N the number of turns in the coil, and the y, are consecutive 
positive roots of the equation J,(y) = 0. 


where 
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INTEGRAL TRANSFORMS 








If application of the Fourier method to a given problem leads to a set of 
particular solutions depending continuously on some real or complex 
parameter, we say that the problem has a continuous spectrum.’ Character- 
istically, the solution of a problem of this kind is constructed from appropriate 
particular solutions by integrating with respect to the parameter, i.e., the 
solution takes the form of an integral expansion involving the eigenfunctions 
(the continuous analogue of the series expansions considered in Chaps. 4 
and 5).? Problems with continuous spectra are encountered in all branches 
of mathematical physics, and can often be solved by the method of integral 
transforms, to which the present chapter is devoted. We begin by reminding 
the reader of the necessary background information. 

By an integral transform of a function f(x), defined in an interval (a, oo), 
we mean an expression of the form 


fo =| SOKE dan <7 < o, (1) 


where a and c are real numbers (the value — œ is allowed), and K is a function 
called the kernel of the transform. More generally, we allow K to depend on 
a complex parameter p = o + it varying over some region D of the complex 


1 As a rule, such problems involve unbounded domains. 

2 The theory of integral expansions has undergone considerable development in recent 
years (see e.g., Al, L13, L14, L15, T6, T7 and S6, Vol. V. We also mention the classic 
paper by Weyl (W7). 
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plane. Then (1) is replaced by 
fo) =| SOKE, pdx, pen. (2) 
Examples of transformations of type (1): 


1. The Fourier transform 


> 
K(x, T) = —— e, a= —oœo, c=—. 
(49) = 


2. The Fourier cosine transform 


K(x, 7) =|? cos, a=0, c=0. 


TT 


3. The Fourier sine transform 
KG, 9) — A sin «x, a=0, c=0. 
TU 
4. The Hankel transform 
K(x, t) = xJ (vx), g 0, $0. 
where J (x) is the Bessel function of the first kind of order v > — 1. 


5. The transform 
Kx) 


K(x, t) = K(x) or =, 
Vx 


qe, c=0, 


where K,(x) is Macdonald's cylinder function.? 
6. The Mehler-Fock transform 
K&D = Pl), a—1, c—0, 
where P (x) is the Legendre function of the first kind. 
Examples of transformations of type (2): 
7. The Laplace transform 
K(x, p) Se; a= 0, 


where D is the half-plane lying to the right of some line o = o, par- 
allel to the imaginary axis. 


8. The Mellin transform 
K(x, p) = x”, a = 0, 


where D is the strip between the parallel lines c = c; and c = oy. 


* The second expression for K(x,«) leads to a more symmetric inversion formula 
[see formula (21), p. 195]. 
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Provided that the function f(x) belongs to an appropriate class (depending 
on the integral transform in question), we can express f(x) in terms of its 
integral transform by using a suitable inversion formula, which for transforms 
of type (1) takes the form 


fox) — [^ JOME, 9) ar. (3) 


Here M(x, t) is a suitable function defined in the region a < x < oo, 
c « * « oo and called the kernel of the inverse transform. In the case of the 
transforms 1-6 just enumerated, we have 


1 . 
1. M(x, 7) me 
(53) e cu 
2 
2: M(x, tT) = I COS TX, 
T 


3. M(x, T) = RE sin Tx, 
T 


4. M(x, T) = tJ (x), 

5. Mss 25 Suh nt K,.(x) = 27 au TT Kio). 
$ x T NUS 

6. M(x, T) = 7 tanh rtP_yg, 4(x). 


In the case of transforms of type (2), the inversion formula takes the form 
1 x 
IQ) = fy (p)M(x, p) dp; (4) 
2ni Jy 


where M(x, p) is the kernel of the inverse transform, defined for all x in the 
interval (a, oo) and p in the region D, while I’ is a suitable path of integration 
contained in D. For example, 


M(x, p) = e?* 
for the Laplace transform, while 
M(x, p) =x? 


for the Mellin transform. In both cases, I’ is a straight line parallel to the 
imaginary axis and lying in the region D. 

We now turn to the integral transform method for solving partial differ- 
ential equations. The basic idea is to look for some integral transform à of 
the solution, rather than for u itself, deferring the calculation of u until the 
end of the problem. In many cases, we can choose the kernel K in such a 
way that the original equation for u is transformed into a simpler equation 
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for à, with one less independent variable. Of course, the extra conditions 
on the function u are transformed into corresponding conditions on its 
integral transform, but the conditions involving the behavior of u as x — a, 
x — œ are automatically taken into account when transforming the original 
equation for u. The integral transform method has many advantages, e.g., it 
is applicable to both homogeneous and inhomogeneous problems, it simplifies 
calculations and singles out the purely computational part of the solution, 
it allows us to construct an operational calculus for a given kernel by using 
tables of direct and inverse transforms of the functions most commonly 
encountered in the applications, and so on.? 

The present chapter is devoted to the solution of problems with con- 
tinuous spectra by writing the solutions as integral expansions involving 
suitable functions or by using the method of integral transforms.? The 
problems are not classified by physical content, but rather by the particular 
transform used. There are five sections, the first on the Fourier integral and 
the Fourier transform, the second on Hankel's expansion and the related 
transform, the third and fourth on the Laplace and Mellin transforms, and 
the fifth on expansions with respect to cylinder functions of imaginary 
argument.® Many of the more difficult problems are equipped with solutions. 


I. The Fourier Transform 


Given a real function f(x), defined in the interval (— oo, oo), suppose that 


1. f(x) is piecewise continuous and of bounded variation in every finite 
subinterval [a, b], where —oo < a < b < w;? 


2. The integral 
J^, 9L dx 


is finite. 


* Although the literature on the application of integral transforms to physical problems 
emphasizes the Laplace and Fourier transforms, a number of works have appeared in 
recent years on the application of various other integral transforms (see e.g, GS, H3, 
K3, L8, L10, S8, S9, S10, T8). 

* As already noted, every integral expansion of the form (1) or (2) is accompanied by 
an inversion formula of the form (3) or (4), and conversely, and hence the distinction 
between the method of integral expansions and that of integral transforms is purely formal. 
Thus problems on the Fourier integral will be grouped with those on Fourier transforms, 
problems on Hankel’s integral formula with those on Hankel transforms, and so on. 

* Other integral expansions and transforms will be found in Chap. 7, which is concerned 
with the method of curvilinear coordinates. 

7 [n particular, this condition is satisfied if f(x) is piecewise smooth in [a, b], or if f(x) 
satisfies so-called Dirichlet conditions in [a, b] (see W8, p- 161). 
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Then f(x) satisfies the Fourier integral theorem 
1 A ets = : 
f(x) — i| e^] SEE dE, = —oo < x< co, (5) 


where, if f(x) has a jump discontinuity at the point x — c, the left-hand side 
should be replaced by the sum 


al f(e — 0) + f(e + 0) 


(see T5, p. 13). Formula (5) is valid under other conditions (see T5, Chap. 1), 
and can be written in the alternative form 


fim : Jis [cos GE cos A& d£ + sin Ax TO sin AZ až] dh, 


—00 « x «. 0. 


The Fourier transform of a function satisfying the above conditions is 
defined as 


"i m (6) 


Dre 


Then, according to formula (5), the inverse of (6) is given by 


fQ) = 


oo 

iosal er et (7) 

2m —00 
Formulas (5)-(7) play an important role in solving a wide variety of physical 
problems, in particular, boundary value problems for the Laplace and 
Helmholtz equations involving infinite strips, infinite cylinders, etc. In 
general, the application of these formulas is called for in problems leading 

to integration of the equation 


Qu. 
ms dur oen) —o0 « x « oo, 


where L is a linear differential operator which does not contain x, and 
f(x, ...) is a given function. 


Besides the formulas already written, many problems of mathematical 
physics involve the application of the Fourier sine and cosine integrals 


fo | ee a" (OMIM. Were, (8) 
Tw 40 0 


f(x) = = [cos Ax ar | re cos Ag dé, 0<x< oo, (9) 
x Jo 0 
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valid for functions obeying the obvious analogues of the above conditions, 
i.e., such that 


1. f(x) is piecewise continuous and of bounded variation in every finite 
subinterval [a, b], where 0 < a < b < oo; 


2. The integral 
[7 Weal dx 


is finite. 


The analogues of (6) and (7) are then 


ÁO) = f? [7o sin àx dx, f(x) - j? [ sin Ax da, (10) 


AN - j? ING cos ax dx, | f(x) - f [Zo cos Ax dA. (11) 


Formulas (8)-(11) are encountered in solving boundary value problems for 
the Laplace and Helmholtz equations involving half-strips, semi-infinite 
cylinders, etc. 

The problems which follow are taken from various branches of physics, 
and are all susceptible to solution by using expansions or transforms like 
formulas (5)-(1 1). 


298. Solve the problem of the temperature distribution in an infinite 
rod, with the following special initial temperature distributions Tia = f(x): 





To, X| < Xe, 
8 f@ = | 0 Ix] < xo 
0, |x| > xo; 
b) fo) = Te". 
Ans. 
a) T(x, f) = 2 lo (=) a o(% x. 
2 2/7 2/5 
where (x) is the probability integral; 
b) T(x, i) = E orate, 
Yı + Aa 


Here k is the thermal conductivity, c the specific heat and o the density of the 
rod, and t = kt/cpe. 


299. A semi-infinite body bounded by the plane x= 0 has a given 
initial temperature distribution 


T], = f(x), 0<x< oo. 
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Find the subsequent temperature distribution in the body, assuming that its 
boundary is held at temperature zero starting from the time 1 = 0. Apply 
the general result to the special case f(x) = Ty. 


Ans. 


x 


24/5 , = © 2 = 
T(x, t) = alle e? f(x — 2/7 s) ds dee. + 24^ s) as], 
where 


T(x, 1) = Ty (=) 


Ae 


300. Find the stationary temperature distribution T(x, y) in a semi- 
infinite body bounded by the plane y = 0, if the part |x| < ais held at tem- 
perature 7%, while the other part |x| > a is held at temperature zero (see 
Figure 68). 


Ans. 


in the special case. 


r 


T; 
T(x, y) E y, 
T 


where d is the angle subtended by the SN SS S 
segment —a < x « a, y — 0 at the SS SSK GGG 
point P = (x, y). 7:0 Th 

301. Find the stationary tempera- FIGURE 68 
ture distribution 7(x, y) in a semi- 
infinite slab 0 < x < oo, 0 < y < b if the face y = b is held at tempera- 
ture 7,, while the other two faces are held at temperature zero. 


Ans. 


77 


o 


T(x, y) — et arc tan (tanh ZX tan 2. 
T 2b 2b 


Hint. Use the formula 


i-2| SR Mor ish 
T J0 A 


302. A heat current Q enters a semi-infinite body through the section 
|x| <a of its plane boundary (see Figure 69). Find the stationary tem- 
perature distribution in the body, assuming that the current is uniformly 
distributed and that the surface of the body radiates heat into the surrounding 
medium according to Newton’s law. 

Ans. = 


T(x, y) = 20. age e cos Ax da, 


mak Jo A + h) 
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where k is the thermal conductivity of the body and h is its heat exchange 
coefficient. In particular, the temperature of the part of the surface |x| < a 
has the representation in closed form 


Pi Si I 
X cos ah cos xh + - H i [(a + x)h] cos (a + x)h 

+ Si[(a — x)h] cos (a — E: 

— Ci [(a + x)h] sin (a + x)h — Ci [(a — x)h] sin (a — 9) 


where Si (x) and Ci (x) are the sine and cosine integrals. 


Tlicejs a = 


X 





FIGURE 69 FIGURE 70 


*303. Solve the two-dimensional stationary heat conduction problem for 
a quadrant of thermal conductivity k (see Figure 70), if the face y = 0 is held 
at temperature zero, while the other face is covered by a thermal insulator 
except for the section 0 < y < b through which heat flows with constant 
density g. Find the distribution of heat current through the face y = 0. 


Ans. 
T(x, y) = 24 p na, 7^* sin Ay dA, q(x, 0) = Lig ( Ds x). 
nk Jo À - x? 


304. Find the stationary temperature distribution in the quadrant x > 0, 
y > 0 if the face y = 0 is held at temperature 7), while the face x = 0 
radiates heat into the surrounding medium according to Newton’s law. 
Find the temperature distribution along the radiating face. 


Ans. 
oo ete 
T(x, y) = nji NL rd dh, 
TU 40 MA eT h) 


t3 


Tl ec zh ( — Si on cos yh + Ci (yh) sin yh), 


where Si (x) and Ci (x) are the sine and cosine integrals. 
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Hint. Take the Fourier sine transform of the required function T(x, y), 


i.e., multiply the relevant differential equation by sin Ay and integrate with 
respect to y from 0 to oo. 


305. The end of a semi-infinite cylinder 0 < r < a, 0 < z < oo is held at 
constant temperature 7), while the lateral surface is held at temperature zero. 
Find the stationary temperature distribution in the cylinder, by expanding 
the required function in a Fourier sine integral with respect to z. 


Ans. > fj : 
T= nh-?| Qn sinda ap], 
twJo Ia) A 


where /,(x) is the Bessel function of imaginary argument. 


Hint. Introduce a new unknown function u — T — T,, and use the 
integral 





1=2 f sm x90. 
T Jo À 


306. Solve the preceding problem, assuming that a given temperature 
distribution T|.., = f(r) is maintained on the end of the cylinder, while the 
lateral surface radiates heat into the surrounding medium according to 
Newton's law. 


Ans. 
Ind p | ree li Goo) de | dh, 
where 
{[AK,(Aa) — hK(Aa)]I (Ar) 
+ Bh Qa) + LOK “DE, per 
MENT V ar Da) — AKo(Aa)Ma(2) 
+ Ba) + MG) BOD, pr 


D(a) = AL,(aa) + hloa), 
I„(z) and K,(z) are Bessel functions of imaginary argument, and A is the heat 
exchange coefficient. 


307. Find the stationary temperature distribution in a semi-infinite 
cylinder 0 < r < a, 0 « z < œ if the lateral surface is maintained at the 
temperature 7|,_, = f(z), while the end radiates heat into the surrounding 
medium. 

Ans. 

2: Iàr) dà ik 
Te, D=? [oe IOO dt, 
|. OR er TEC (Oo; 
(z) = A cos Az + h sin Az. 
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Hint. To solve the problem, use the following generalization of the 
Fourier integral theorem (see L13, p. 79): 


soy -2[ PO o[' eos orm 


308. Find the two-dimensional electrostatic potential in the half-space 
— oo < x < co, y > 0, if the potential distribution ul,-o = f(x) is maintained 
on the plane y = 0. 
Ans. 
To 1 n/ 
u(x, y) = zf X ea f(x + y tan 8) 8. 
o0 (& = x)" + T v—n/2 


Hint. To reduce the solution to final form, use the integral 


oo 
Í e** cos bx dx = a 0. 
0 


EN EN 
a’ + b’ 





oO 
vil uh uh uh ee 


FIGURE 71 


309. Examine the special case of the preceding problem corresponding to 
the piecewise constant potential distribution in the plane y = 0 shown in 
Figure 71. 

Ans. 


1 n 
u(x, y) = = = Vide, 
k=0 


where V, is the value of the potential in the interval (x,_,, x,) and , is the 
angle subtended by (x,_,, x,) at the point P = (x, y). 


310. Find the distribution of electrostatic potential in the planar electron- 
optical lens shown in Figure 72 (cf. Prob. 282).? 
Ans. 
Erro cs mcn eng 
2 T o coshàh A 


® Note that the integrals representing the solutions of Probs. 310-311 can be expressed 
in terms of elementary functions. 


u(x, y) = 
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Hint. Subtract out the particular solution (V, -+ Vj) of Laplace’s 
equation, and then use the expansion 


1=2/ SAY g x>0. 
T Jo 


A 





FIGURE 72 FIGURE 73 


311. Find the distribution of electrostatic potential on the axis of the 
planar electron-optical lens shown in Figure 73. 


Ans. 


y, — 5| sin Aa cosh Ay en: 
0 


u(x, y) = Ve + 2 ———— 
(s y) f T A cosh Ah 


312. A thin charged wire of charge g per unit length is placed between 
two parallel conducting planes (see Fig- 
ure 74). Find the resulting distribution 
of electrostatic potential, and also the 
density of charge on the planes y = 0 
and y = A. 

Ans. The potential distribution is 


® sinh A(h — a) 
T DUE 
ud e URBE 


x sinh Ay cos Ax dA, y <a, 





FIGURE 74 


where the corresponding formula for y >a is obtained by permuting y 
and a. The charge density on the planes is 
ze un rı 
q bun cosh (nx/h) — cos (rajh) 
o(x) = — — sin — X 
2h h E 1 
cosh (xx/h) -+ cos (ra/h) 


y=0, 


yeh. 


Hint. First assume that the charge is uniformly distributed over the 
rectangle —8 < x < ò, a — e < y « a -+ £, and then take the limit as ò, 
€ — 0. To solve the corresponding Poisson equation, take the Fourier cosine 
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transform of the unknown function, by multiplying the equation by cos Ax 
and integrating with respect to x from 0 to co. 


*313. Find the electrostatic field of a thin charged wire of charge q per 
unit length located near the plane interface between two dielectric slabs (see 





Figure 75). 
y Ans. 
pu yla 
Quo et 9 9? 
&R] ey & + ej R2 
x y R? = 2 ? 
£11 £1 €y + €; 2 
po — 2q x (2) 2q y—a 
c 2? y 2 > 
& + e Ry & +e, Ri 
where 
FIGURE 75 Ri. = xy? + (y E a)’. 


Hint. To avoid any difficulties associated with the behavior of the 
logarithmic potential at infinity, set up a system of equations for the com- 
ponents of the electrostatic field. 


314. Find the potential distribution in the electron-optical lens shown in 
Figure 76. 
Ans. 


u(r, Z) = 


? 


vr, +»; 3 Va — Vı F T,(Ar) sin Az 
2 0 Ioa) À 


where /,(x) is the Bessel function of imaginary argument. 


T 





FIGURE 76 


Hint. Reduce the problem to one with boundary conditions which are 
odd in the variable z, and then make a sine expansion, using the formula 


i- 2| MEO. gsi 
0 


T A 


315. Find the potential of the electrostatic field due to a point charge q 
placed on the axis of an infinite conducting cylinder of radius a. 
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Ans. 





u(r, z) = area: Az dà, 
= VP +2 ado Ha) aE COSTS 


where J,(x) and K,(x) are Bessel functions of imaginary argument. 


CONSE. SERS US af” K,(Aa) 
0 


Hint. In the course of the calculations, use the following integral rep- 
resentation of Macdonald’s function: 


© COS AZ 
K,(Aa) = , Ja d ze 


316. Find the distribution of electrostatic potential inside a conducting 
cone 0 < r < oo, 0 < 0 < 0, due to a point charge q on its axis (see Figure 
TT). 


Ans. 





Z. 


q 
Va? — 2ar cos 0 + r? 
_ _4 ik P. 4,4 (—cos 0,) 
rao P —1g1a(Cos 90) 
where P (x) is the Legendre function of the first kind. 


u(r, 0) = 





P. cs (cos 0) ( l r) a 
_14+,(C0S 0) cos {+ In - ; 
“at a’ cosh nt 


Z 
Hint. Introduce new variables | 
| 
Y 
x=In-, u = rU, | 
| 
To expand the source, use the following integral representation d 
of the Legendre function: | 
2 » COS TX a 
P_igi (Cos a) = — cosh mt ———————————— dx. | 
n o J/2cosh x — 2 cos « | 


| 
317. A point current source is placed on the axis of a 


cylindrical tube filled with a medium of conductivity c, and 0 
surrounded by a medium of conductivity c. Find the potential FıGure 77 
of the current field in each medium.’ 





Ans. 
u(r, z) 
oJ | 1 ES 26 er © K,(Aa)K,(Aa)I (Ar) cos Az dA | 
4xc,L p) 4o z mo Jo a KADA) + os (Aa) Kia)" 
= K,(Ar) cos Az AR 
u(r, z) = y NEC AE NN EE E A EIS RT 


Ina Jo oK GOA) + osI Aa) Kia) À ’ 


? This is the problem of “electrical coring" (see Fock's paper F2). 
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where J, (x) and K,(x) are Bessel functions of imaginary argument, J is the 
current emanating from the electrode, and a is the radius of the tube. 


318. A line current J is placed between the boundary planes of two 
massive bodies made from iron of magnetic permeability u (see Figure 78). 
Find the magnetic field in the air space. 








Ans. 
" uy 2J]| y 
go cH z — (ue) 
c Lx + y 
oo —Àb a: 
2b J Xx xf N cog ax da], 
o cosh Ab + u sinh Ab 
2J x 
H, == r(u— 
(ul UE E iR 
FIGURE 78 | et sin AX an. 
o cosh Ab + u sinh Ab 


Hint. Take the Fourier transform of the equations for the components of 
the magnetic field. 


319. Solve the preceding problem, assuming that the iron has infinite 
magnetic permeability. 





Ans. 
H,=— 2 „I -[ geht SUMUS Ax an, 
cux Ty 0 sinh Ab 
H, = 4) «[ e Sun) sin Ax an. 
eLx*+y*" Jo sinh Ab 


320. A current J flows in a circular loop placed on a cylindrical core 
made from material of magnetic permeability u (see Figure 79). 
Find the distribution of magnetic field on the axis of the core 
(see Lebedev’s paper L3). 


Z 


Ans. 
Al |? RO 
i c Jo I(da)K,(Aa) + uda) Kia). — 


where /,(x) and K,(x) are Bessel functions of imaginary argu- 
ment, and c is the velocity of light. 


*321. Find the electromagnetic field radiated by a line cur- 
rent J;e^! placed inside an ideally conducting shield of rectangu- 


lar cross section (see Figure 80). Investigate the limiting case 
b — oo. 





FIGURE 79 


PROB. 323 INTEGRAL TRANSFORMS 157 


Ans. 
Ey |  $SinAa sinh Weer — (b — |y])] . 
mr cosh YA? — k? b 


where k = w/c is the wave number and E, is the complex amplitude. For 
b — oo, we have 


sin Ax da, 





nkJ e a es a 
E(x, y) = 2 [HP UN + a)? + y) ý 
— HPN — a) Hy 1, piot 
in terms of the Hankel function H®(x, 9 ? ü 


which gives the familiar law for reflection by 
a conducting plane of the radiation due to a 


3 FIGURE 80 
line source. 


322. Find the electromagnetic field produced in a cylindrical waveguide 
by a dipole of moment P placed at the origin and directed along the axis of 
the cylinder. Find an expression for the longitudinal component of the 
electric field. 


Ans. The complex amplitude of the z-component of the electric field is 


m 2 oa OP — KakqO/ 3 — Kr) 
X — gh| te — n LM 
a i | Ive — i — ka) 
—O KY Ka) — KE n) 
LEGS xa) 


where a is the radius of the cylinder, and J,(x), Ko(x) are Bessel functions of 
imaginary argument. 


Joos Az di, 


323. Find the steady-state oscillations produced by a point source of 
sound of frequency w placed on the axis of an infinite cylindrical tube with 
ideally reflecting walls. 


Ans. The velocity potential is 


A sin (ot — kyr? +z’) 





u(r, z, t) = 


Vr? aft z^ 
ei À 
+ Im| 2 Ir Epi n INCHES — k? r) cos àz an. 
T 0 


a 


where J,(x), Iı(x) and K,(x) are Bessel functions of imaginary argument. 


Hint. Concerning the character of the singularity at the source point, 
see Prob. 85. 
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*324. Study the stress distribution in an elastic half-plane due to arbitrary 
stresses 
S, |o = f(x), Sis uet = g(x) 
applied to its boundary. 


Ans. 
_2(° yfG) + & = 989) (ge 
à p TE o 9^ 
2y[* SO tE De® La 
coe ome es oues ule. 
ec beg o 97 


y 


=f" SO tO DO a 
n4 [y? + (x — 6 
Hint. Take the Fourier transform of the system of equations 


955.0 y e a Ou og 
0x oy 0x oy 
Oe, dr, _ 9 
dy? x? Ox Oy 


from two-dimensional elasticity theory. 





325. Examine the special case of the preceding problem obtained when 
a concentrated force P with components P, = 0 and P, = P is applied at the 
origin.?° 


Ans. 
2Px?y 2Py? 
d EN E. Gg C S ed uo d 
mx" + y) mx" + y) 
u BP xy 
"zy n(x j- yy 


326. Study the stress distribution in an elastic half-plane y > 0 due to a 
concentrated force P applied at the point x = 0, y = a and directed along 
the y-axis.! Find an expression for the shear stress 7,,. 

Ans. 


e F 1 p t 
Tear hh ee E X = LEBER NE. ABE 
ns (l — y) RE Ri + X + v(a — y) Ri + Ri 





, y+a x* — (y + ay 
— 41 — v) R MN E E 


4 
1 1 


1° This is Flamant's problem, solved by inspection (without recourse to Fourier trans- 
forms) in courses on elasticity. 


?! Another way of solving this problem is given in M6. 
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where 
Ry, = Vx? + (y + ay 


and v is Poisson’s ratio. 


Hint. Regard the force P as a distributed body force with components 
X and Y, and use the equations 


Qo Or at Qo. 
u iz} X — 0, BE i ee Y=0, 
Ox oy 0x t oy + 
o 0° Or 
ay? (o, — va,) + Jx? (o, — vo,) = 2(1 + ”) Ox ay 


from two-dimensional elasticity theory. 


327. Study the two-dimensional stress distribution in an elastic strip 
compressed by two concentrated forces P applied at the points x = 0, 
y = +b (see Figure 81). Find the normal stress c, along the axis of symmetry. 


Ans, 


cos Ax da. 


s = 2P f7 sinh aB E2 sosh od 
ii o — 22b + sinh 205 


Hint. See Prob. 324. 





FIGURE 81 FIGURE 82 


*328. A semi-infinite thin elastic plate, clamped along the edge y = 0, 
is loaded by a concentrated force P at the point (0, b). Find the bending 
moment M and the shear force N along the clamped edge (see Figure 82). 


Ans. 
MT A E MER 
Mo = ng E TU 

Hint. Replace the concentrated force by a force uniformly distributed 
over the rectangle —à < x < 3, b — e < y < b + e, and take the Fourier 
cosine transform with respect to the variable x of the differential equation 
for deflection of the plate. Then pass to the limit è, « — 0. 





l.-o 
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329. A thin elastic plate, in the form of an infinite strip — oo < x < ©, 
0 « y « b of width b, is clamped along its edges and loaded by a con- 
centrated force P at the point (0, a). Find the bending moment along the 
edge y = 0. 

Ans. 


M520 
cos Ax da 
sinh? Ab — 2?b* 
330. Solve the preceding problem, assuming that the edges of the strip 
are simply supported and that the force is applied at the point (0, b/2). Find 
the deflection of the center of the strip due to the force. 


= 2 [te sinh Ab sinh A(b — a) — (b — a)ıb sinh Aa] 
Tw v0 


Ans. 
Pb? f|” sinhu — 
u (0, b/2) = — | A——— 
8xD Jo u” cosh” (u/2) 


where D is the flexural rigidity of the plate. 


du, 


2. The Hankel Transform 


Given a real function f(r), defined in the interval (0, oo), suppose that 


1. f(r) is piecewise continuous and of bounded variation in every finite 
subinterval [a, b], where 0 < a < b < o; 


2. The integral 
[Oo Vr rool dr 


is finite. 
Then f(r) satisfies Hankel’s integral theorem? 


f(y) = M Jy(Aryr dr i S(e)J Ape de, 0<r<o, (12) 
where J,(x) is the Bessel function of the first kind of order v > —4. If f(x) 
has a jump discontinuity at the point r — c, the left-hand side should be 
replaced by the sum 
HA — 0) + fle + 0) 
(see W4, p. 456 fT). Formula (12) is one of the most important integral 
expansions encountered in mathematical physics. 


The Hankel transform of a function satisfying the above conditions is 
defined as 


fo) = | feonrarn | 0c <0. (13) 


1? Sometimes called the Fourier-Bessel integral. 
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Then, according to formula (12), the inverse of (13) is given by 


f= [foo e, 0<r<o. (14) 


There is a generalization of formula (12), known as Weber’s integral 
(see T6, p. 75) 


[^ eir) dX id 
f(r) -Í 70a) + YGa) nm one do, a<r<o, (15) 


involving the linear combination 


P(r) = Ja) ¥ (Ar) a Y,Aa)J (Ar) 


of Bessel functions of the first and second kinds (v > —4). A sufficient 
condition for validity of (15) is that f(r) be piecewise continuous and of 
bounded variation in every finite subinterval [«, B], where a < æ < B < oo, 
and that the integral 


[^ rfe ar 


be finite. It should be noted that Weber's integral reduces to Hankel's 
integral as a — 0. 

Hankel’s integral expansion and the Hankel transform can be used to 
solve a number of problems of mathematical physics, e.g., boundary value 
problems for the Laplace and Helmholtz equations involving half-spaces and 
regions bounded by parallel planes, certain problems of elasticity theory, etc.!? 
The problems that follow can be solved quite readily, as soon as one has 
acquired the necessary experience in handling Bessel functions. 


331. Find the stationary temperature distribution in the half-space z > 0, 
if a given temperature distribution TL = f(r) is maintained on the boundary 
z = 0. Examine the special case 


Fos r<a, 


0, r>a. 


fo- | 
Ans. 
T(r, 2) = |, eor. dr | SOA de. 


13 [n general, application of these formulas is called for in problems leading to in- 


tegration of the equation 
ns r — 
r Or\ Or 


a. 2 
| p) mern 0<r<w, 
j 


where L is a linear operator which does not contain r, and f(r,...) is a given function. 
Weber's expansion plays the same role for the interval a « r « oo (see Probs. 335-337). 
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In the special case, 
T(r, 2) = Tya |, eI Oaar) dd, 


where J,(x) and J;(x) are Bessel functions. 


Hint. To evaluate the integral 


a 
f Jo(^o)e de, 
use the differential equation for the Bessel function. 


332. Solve the preceding problem, assuming that the half-space is heated 
by a thermal current of constant density q, incident on the disk of radius a 
with center at the origin, while the rest of the boundary exchanges heat with 
the surrounding medium according to Newton's law. 

Ans. 
—Az 


suy i 0 Fr h 


where A is the heat exchange coefficient. 





J@a)J ar) dr, 


333. A cylindrical rod of radius a, heated to temperature To, is intro- 
duced into an unbounded medium whose initial temperature is zero. 
Find the temperature distribution T(r, f), assuming that the medium 
and the rod have the same thermal conductivity k, specific heat c and 
density p. 


Ans. 
T = Tha i eT (Aa o(ar) da, 
where t = kt/co. 


*334. Examine the process of temperature equalization (in unbounded 
space) of an arbitrary axially symmetric initial temperature distribution 


Ts Joe US rico 
Ans. 


T(r, t) = d Í gc mm (5) f(s)s ds, 
27 Jo Zt 


where /,(x) is the Bessel function of imaginary argument. 


Hint. To calculate the coefficient in the Fourier-Bessel integral, use the 
formula 


| AO ect ; 
0 2t 2T 
(see W4, p. 395). 
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*335. A cylindrical hole of radius a is drilled in an infinite body, and the 
walls of the hole are maintained at temperature T, starting from the time t =0. 
Examine the evolution of the temperature distribution in the body, assuming 
that its initial temperature is zero. 


Ans. 


o0 >. Art 
T(r, j= Bl COU ec Tas. 
x Je Jaaa) + Yola) A 
where 


ex(r) = Joa) Yr) — Yo(Aa)Jo(Ar), 
and J,(x) and Y (x) are Bessel functions of the first and second kinds. 
Hint. Set v = 0 in formula (15). 
336. A cylindrical conductor of radius a heated by a d-c current passes 
through an infinite slab of width 2h (see Figure 83). Find *he stationary 


temperature distribution in the slab, assuming that the surface temperature 
of the conductor is 7,, while the faces of the slab have temperature zero. 


Ans, 


T(r, z) = nji e" 2| u N) > — cosh Az 2] 
r Jo Joa) + Yo(Aa) cosh Ah A 


where ¢,(r) has the same meaning as in the preceding problem. 


NV 





FIGURE 83 FIGURE 84 


337. The walls of a cylindrical hole terminating at the plane surface of an 
infinite body (see Figure 84) are held at a given temperature Tọ. Find the 
stationary temperature distribution in the body, assuming that it radiates 
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340. Find the electrostatic field produced by two point charges +q and 
—4, between which there is a slab of material of dielectric constant € (see 
Figure 86). Calculate the field on the line joining the charges. 

Ans. 

0 7 —A(a—b) z 
E | he cosh A dn, es 
" | o sinh Ab + ecosh Ab 
z|r=0 — i.e 
q a Í sinh Ab — e cosh Ab ee, zl > b. 
(Iz| ) o sinhAb + «cosh Ab 

341. A d-c current J enters the ground through an electrode making 
contact with the earth's surface (z = 0) over the area of a disk of radius a. 
Find the current distribution in the earth, and examine the limiting case of a 
point contact. 


Ans. The potential of the current field is 
u(r, z) — =e | e ^J, (Aa J (Ar) a ; z > Q, 
TAG Jo A 


where J,(x) and J,(x) are Bessel functions, and c is the conductivity of the 
earth. In the limiting case, 
J 


u(r, z) E 
2nov r? + z? 
342. A point electrode carrying current J is placed on terrain consisting 


of two layers of different conductivities (see Figure 87). Calculate the 
potential of the current field on the earth's surface. 





Ans. 
© —Aa 
ul. = 2 J (o, — oj) ne E d. 
2xo,r | 270, o 6, sinh Aa + o2 cosh Aa 
z 


-—— ~ = —— 


F 


Z 





(1) 





FIGURE 87 FIGURE 88 


343. Determine the electromagnetic field of a vertical radiator (antenna) 
placed at height A over the plane surface of the earth, assumed to be perfectly 
conducting (see Figure 88). 
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Ans. The z-component of the vector potential of the electromagnetic 

field is P ( g RO QR 
A(r,z) = — + ), 
C2 C. X R R 
(all other components vanish), where 
R-WG—h +P, R=VE+R +e, 

c is the frequency of the oscillations, c is the velocity of light, P is the 
moment of the radiating dipole, and k = w/c. 

Hint. Use the expansion 








ek Md +z? e X -x e à STO) 


Eos ge 
344. Solve the a. MUN assuming that the earth has finite 
conductivity. 
Ans. The vector potential of the electromagnetic field is 


AO = Bien E À 
cl R 0 s k? 


NE Se eg Em yn 


dx. 





PHJ Ar) dA |: 
ki 32 — Ki a. KVR — k 
hV XE He Vatic 
2PK) 1p oe 
AD = iu Nur = > 3 Volar) dà, 
eek 
where Be een 
p= o l Le J(e% — 4noi)c 
C C 


in terms of the earth's dielectric constant e and conductivity c.H 


345. Using the solution of Prob. 344, find an expression for the normal 
component of the electric field on the earth's surface for the case where the 
dipole is placed directly on the surface itself (/; — 0). 

Ans. 

m 2Pwi (5j kik, l kık? tke Kol | m 
Cr M KORN + r ke 
- (BR. kk, — iki. ky je 


k kR r kyr 
VE 
ln ds 


ir ———— —irkıkas/ V kitka? 
‚2 .213/2 e 
(ki + k3)” 


V kika? [i s? — 1 
11 Details on the transformation of these expressions into a form suitable for calculation 
as well as an analysis of the corresponding physical picture of wave propagation, can be 
found in the specialized literature (see e.g., F6, Chap. 23, Sec. 1 and S14, Secs. 31-32). 
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Hint. Use the Van der Pol substitution 
1 








NE 3 zr Some. LANG EL. 
ki = ki + kf? — Ki — k? ki = k V ky lee" ee es kk s? 


ki + Th 

346. Determine the electromagnetic field 

of a horizontal radiator located at height 

h above the plane surface of the earth, 

assumed to be a perfect conductor (see 
Figure 89). 


Ans. The vector potential of the electro- 
magnetic field has the components 


—ikR  g—ikR 
A, = Ar, 2) =. - € & ) 
c\ R R 
A, = A, = 0. 
347. Solve the preceding problem, assuming that the earth has finite 
conductivity. 
Ans. 


pa 








FIGURE 89 





M a XX -H-4X»—H on V X —kı "GHI Ar) da}, 
JX- k k? Jx — ke k? 4 J? — Ki = k? 
AP =— 2E ek? — kz) cos ọ 
c 
A 23e -V Xk +h) Ar) 
0 (KX — KÈ + RAD? EVE — k + A53 — Kl) 
2P pe V Roi —kı nt V A3 ges —ks* zJ o4 
V ki +V M 
AQ = — 2P aa — kå) cos p 
E ————— —— 
T Jr V k h Vo] Oy) 
0 (KV? RE + ko? — Ko? — kè + V = KD 
For further details, see F6, Chap. 23, Sec. 2 and S14, Sec. 33. 


d^, 


2 
AC = 


dx. 


348, Find the magnetic field of a horizontal radiator lying on the plane 
surface of the earth, assumed to have dielectric constant e and conductivity c. 
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Show that the magnetic field on the earth’s surface can be expressed in terms 
of elementary functions. 


2P sing d ilf d z( ti. 2d =) 
H jj... e —-e A 
do = c kè — ki drLr dr r 


349. Find the steady-state acoustic vibrations due to a disk-shaped 
piston of radius a inserted in an infinite screen and vibrating with velocity 
Vvo Sin ot. 

Ans. The velocity potential is 


Ans. 


. {2 Jia) 
AR b el -= 
u(r, Z, t) m {Ua Ce 





g Ar) a 


where k = w/c and J)(x), Jı(x) are Bessel functions. 


350. A concentrated normal force P is applied to the plane surface of a 
semi-infinite elastic body z > 0. Study the resulting stress distribution in the 
body, and find expressions for c, and 7,,. 


Ans. 
P mg d a t= 3P rz’(r? s z 2 m. 
2n 
where the force P is assumed to be applied at the point r = z = 0. 
Hint. Use the formulas 
o? | ð | = 
o, = —|(2 — v) Au — : Tee = —|(1l— y) Au — 
ma oz? "Or oz? 


expressing hi stresses c, and 7,, in terms of the biharmonic stress function 
(v is Poisson's ratio). Then expand the quantities Au and 0?u/0z? in Hankel 
integrals (see also the solution of Prob. 351). In the boundary conditions, 
first replace the concentrated force P by a force uniformly distributed over a 
small disk of radius e, and then take the limit as e — 0. 


0, = — 





*351. Generalize the preceding problem to the case of a concentrated 
force P with components P, — P, — 0, P, — P, applied at an arbitrary 
interior point of the body (with coordinates r = 0,z = a). Find an expression 
for the stress o,. 


Ans. 
CAM an PAS 3(z — ay 
Sem edes eM ofi x) COR | 
4 32+ ay + a)? : 15(z -9 \ 
RE [a + (3 — 4v)z] + 2az(z + a) Ea alt 


where Ri = Y r? + (z F ay. 
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Hint. Use the stress function 


P 


ma yV tA, 


corresponding to a concentrated force P (with components P, = P, = 0, 
P, = P) applied to the point r = z = 0 of an infinite elastic body (see T4, 
p- 355). 


352. Study the transverse oscillations of an infinite elastic plate due to a 
concentrated force P(t) applied at the point r = z = 0 starting from the time 
t= 0. 

Ans. 


ades wh i POE — Si Loses] di; 


where D is the flexural rigidity and o the density of the plate, and Si(x) is the 
sine integral. 


3. The Laplace Transform 


The Laplace transform is acknowledged to be the most effective tool for 
dealing with the nonstationary problems of mathematical physics. Since the 
whole subject has been thoroughly treated in the literature,!? we shall confine 
ourselves to a few brief remarks, mainly for reference purposes. 


Let f(t) be a real function defined in the interval (0, oo) such that 


1. f(t) is piecewise continuous in every finite subinterval [a, T], where 
O0Ocac«cT«o; 


2. The product f(t)e^?' is absolutely integrable on (0, co) for some 
suitable o, > 0. 


Then the Laplace transform of f(t) is defined by the formula 


fp) =| fae" ai, (16) 


where p = c + ir is any complex number in the half-plane Re p > 0,9 If 
it is also assumed that f(t) is of bounded variation in every finite subinterval 


15 See the relevant books cited at the end of this chapter (p. 202). 

16 Laplace transforms can also be defined for functions satisfying weaker conditions. 
Note that the function fis an analytic function of p in the domain Re p > o,. The values 
of f in the rest of the complex plane can be determined by analytic continuation. 
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[a, T], then formula (16) can be inverted by using the Fourier-Mellin 
theorem 


f0- = |. Foe” ap, (17) 


where T' is a straight line parallel to the imaginary axis lying to the right of 

the line Rep — o, (see Figure 90). Conversely, (17) implies (16) if JO 
satisfies appropriate conditions. 

The application of the Laplace transform 


T P method is called for in nonstationary problems 
r leading to integration of the equation 
1 ĝu Qu 
Lu — aps 
0 9 d "7 gigi ot ir. 


where L is a linear differential operator which 

does not contain t, a and b are given constants, 

and f(t, .. .) is a given function. Its use allows 

FIGURE 90 us to eliminate the time ¢, thereby reducing the 

problem to the determination of a function à 

satisfying a simpler equation. In particular, if the unknown function u 

depends only on one spatial variable (in addition to the time), the equation 
for à will be an ordinary differential equation. 

After finding à, the problem can be solved by using the inversion formula 
(17), where the path of integration I’ must be chosen in such a way that all 
the singular points of ü lie to the left of I’. The actual calculation of the 
complex integral (17) can be carried out by various methods, the most 
important of which involve the use of Cauchy's theorem and residue theory, 
expansion in series, application of the convolution theorem, use of appropriate 
tables,!® etc. The variety of available methods makes it possible to obtain 
the solution of the problem quickly, in the form most suitable for understand- 
ing the physics of the situation and making subsequent numerical calculations. 
This constitutes the great advantage of the Laplace transform method, which 
is particularly suitable for studying wave propagation along transmission 
lines, physical problems with boundary conditions involving time derivatives 
(see Probs. 365, 367, 370), and so on. 

This section contains a variety of nonstationary problems, dealing first 
with heat conduction, then with electricity and magnetism, and finally with 
mechanics. Because of the abundance of specialized literature on Laplace 
transforms, we have omitted the simplest problems belonging to these 
categories. At the end of the section, we give a few problems of a more 


17 In particular, this condition is satisfied if f(r) is piecewise smooth in [a, T), or if f(t) 
satisfies Dirichlet conditions in [a, T]. 
18 The tables in E3 are particularly complete. 


PROB. 355 INTEGRAL TRANSFORMS 171 


complicated nature (e.g., Probs. 391, 405, 406), to be solved by combining 
the Laplace transform with some other integral transform (e.g., the Fourier 
transform or the Hankel transform). 


353. Starting from the time ¢ = 0, the plane boundary of a semi-infinite 
body of thermal conductivity k, specific heat c and density p is maintained 
at the temperatureT |,_) = f(t), where t = kt/cp. Find the subsequent tem- 
perature distribution in the body, assuming that the initial temperature is zero. 


Ans. 


T(x, t) = — ° e | 5) au x>0. 
i = Í : 4u? 
354. Consider the f loving special cases of the preceding problem: 
a) f(x) = b) f(s) = Ar; 
T, , 0<r<r, . 
e i oe E d) f(t) = T, sin wrt. 


Ans. 
oreo- nol] 
b) T(x, f = All! + =) E ES (| RR = ee 


1-o(2. 0 x 7T «€ To 
25 i 
c) T(x, t) = T, 


oli) ees. eos 
2,/t — To 2,/7 ond 


© 2 2 
d) T(x, t) = 2 z sinj oft — I) Je~ du, 
e 4 2 
J 2Vr H 


where ®(x) is the probability integral. 





*355. Solve Prob. 353 for a given density q of heat current incident on the 
boundary (instead of a given surface temperature distribution). Examine the 
special cases!? 


a) q =q; b) q= qosin oT. 


T(x, t) = pu dd xhi — o(a] 
Tp =ef j? or) sin QT — s(,/2 oc cos ot], 


19 In Case b, consider only the surface temperature. 


Ans. 
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where C(x) and S(x) are the Fresnel integrals, and & is the thermal con- 
ductivity. 

356. Find the evolution in time of the temperature on the plane boundary 
of a semi-infinite body, if the density of heat current incident on the body is 
a given function of time g = q(t). Consider the special case q = const. 

Ans. 

d 


1 c 
Tia = cus [ao Jt = s s: 








In the special case, 


20 
Ts = wa 


v 


*357. A semi-infinite body, heated to the initial temperature 7,, radiates 
heat from its plane boundary x = 0. Find the distribution of temperature in 
the body, assuming that the radiation obeys Newton’s law and that the 
temperature of the surrounding medium is zero. 


Ans. 


T(x, ù = njo (2) + ghetto | = on? F zi 
J 


where Ah is the heat exchange coefficient. 


Hint. To simplify the calculations, substitute the integral representation 


E Í Te nem ds 
JVP + h 0 


into the inversion formula, and then reverse the order of integration. 





358. Starting from the time ¢ = 0, a train of heat current pulses q = f(-) 
such that 
fdo CLET 


A l0, ccc, 


SCE +) ELE) 

flows through the plane boundary of a semi-infinite body. Find the tem- 
perature distribution in the body after a large number of cycles, assuming 
that the initial temperature is zero and neglecting heat exchange between the 
surface of the body and the surrounding medium. 


Ans. For finite x, 





20.7 _ 
Phe EU as oo. 


359. Two semi-infinite bodies made from different materials, one hcated 
to temperature 7, and the other held at temperature zero, are put into 
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contact starting from the time t = 0 (see Figure 91). Describe the subsequent 
equalization of temperature. 






Ans. 
Pu QA “|: '’;W’ 
u ei +76 (2) ve Yl. On Ue g 
« a E oe 


ee TR 
p (2) N 
where ®(x) is the probability integral, and RN 


ee re cuu. fee 
k; Copas 





FIGURE 91 


360. The temperature distribution 


Tl. F JO) 


is maintained on the plane boundary of the half-space 0 « x « oo, 
— o0 « y « oo, starting from the time t= 0. Solve the corresponding 
problem of heat conduction, assuming that the initial temperature equals 
zero. 


Áns. 


T ct 
T(x, y, t => Í = SS Hs) ; TP+- ds, q= AE 
T J—o X" + (y — s) ce 


Hint. Take Laplace and Fourier transforms in succession. 


361. Find the temperature distribution 
inside a body shaped like a quadrant 
(x > 0, y > 0), whose surface is held at 
temperature T, starting from the time t = 0 
(the initial temperature is assumed to be 
zero). Plot the corresponding isotherms. 


Ans. 

T(x, y, ) =T, | - o()o(4)]. 
( y ) 0 2/7 2/7 
The result of the calculations is shown in 

Figure 92. 





Hint. Look for a solution of the form 
T = Toll + u(x, t)e(y, t)], and then reduce 
the problem to Prob. 354, Case a. 


FIGURE 92 


362. Find the temperature distribution inside a body shaped like an 
octant (x > 0, y > 0,z 2 0), whose surface is held at temperature T, 
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starting from the time t=O (the initial temperature is assumed to be 
zero). 


Ans. " " 
Ty DST, -e(o (2e) |. 
Nd | 2e Nut DYR 
363. Find the temperature T(x, t) in a slab of finite thickness, if one 
face x = 0 is held at temperature T, starting from the time t = 0, while the 
other x = a is held at temperature zero. It is assumed that the whole slab 


is initially at temperature zero. Give two forms of the solution, one suitable 
for large t, the other for small t. 


Áns. T 
T(x, t) — ri ar. Pm (nttx/a) Qn zx 
a T n=1 n 
> 2a — x + 2na x + 2na 
I] 
02, a e 2/7 


Hint. To obtain the second form of the solution, expand the Laplace 
transform of the desired function in ascending powers of the quantity e-? V», 


364. Solve the preceding problem, assuming that a thermal current of 
constant density q is incident on the face x = a, while the face x = 0 radiates 
heat according to Newton's law. 


Áns. 


2 2 
©, HE —Yn T/a 
(epee E a) 
k ah a „1 [ah(1 + ah) + y2)2 sin? y, 
where the y, are consecutive positive roots of the equation 


cot y = ale ; 
ah 
and / is the heat exchange coefficient. 


365. Solve Prob. 363 assuming that the face x = 0 is held at constant 
temperature 7), while the face x = a is connected to a thermal capacitance.?? 
Derive expressions for the density of heat current on the faces of the slab. 

Ans. Lon un 

Glee = S re Ye 2 grs 
n=1 l F x zd X Yn 


2akT, € ME 
al = > ak "P a g^" Ju 
nai (l + a + a yi) sin y, 


5 





3 


2° By a “thermal capacitance" we mean a body in which any temperature drop can be 
neglected. In Probs. 365, 367, etc., C, denotes the amount of heat needed to raise the 
temperature of the body by I degree, referred to unit area, unit length, etc. 
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where the v, are consecutive positive roots of the equation 


cot y = ay, eas Soe, 


cea 
Hint. The boundary condition at x = a has the form 
oT 


C, — 
? at 


where C, is the thermal capacitance per unit area and k is the thermal 
conductivity. 


A 


ı=a Ox 


5 
x—a 








366. Find the temperature distribu- Qr) 
tion in a slab —a < x < a in which, 
starting from the time ¢ = 0, there is % 
a process periodically producing heat 
according to the law shown in Figure 93. 


The temperature of the faces of the 0 m 2% 3% 4% 5% 
slab and the initial temperature are 
assumed to be zero. FIGURE 93 

Ans. 


2 œ n 2 
T(x, 0 — Qo [E =e a (—1) = Cara) t 
4 T pop (2n + D + e ^» ] 
eye. = 
x? 0 (2n + 1)? 
fe | inia cosh A,(x J- a) cos A,(x — a) + cosh 2, (x — a) cos A,(x +a) 

cosh 2A,,a + cos 22,a 
N N: ; BR = 
sinha,(x — a) sin A,(x + a) + sinha,(x + a)sina,(x — a) Ae ais] ) 
cosh 2X,a + cos 2A,a 


—2 
Jos 2)3« 


+4 


where 


x. - en + Ie 
276 


367. A thin cylindrical rod (probe), heated to temperature To, is inserted 
into the ground, in order to measure the ground's thermal properties. 
Describe how the temperature of the probe varies with time, assuming that 
the temperature drop inside the rod can be neglected (see T10). 


Ans. 





Tla = 4T ya | a ner 
PRO Br, DJs) — JOOP? + Dx YQ) — YDI 
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where J,(x) and Y,(x) are Bessel functions of the first and second kinds, 
a = C,/2na®cp, C, is the thermal capacitance of the probe per unit length, a 
is the radius of the probe, k is the thermal conductivity, c the specific heat 
and o the density of the ground, and + = kt/cp. 


Hint. Solve the heat conduction problem for the domain r > a with the 


boundary condition 
oT 
= 2rak — 
r=a or 


oT 
Tin = To, C, — 


, t>0. 
ot 


r=a 








368. Use the Laplace transform to solve Prob. 335, and then show that 
the two answers are equivalent. 


Ans, 
= 
o o; d 
T(r, ) = Zt -2| — ee 2] 
z Jo J2(ha) + Y2(Aa) X 


where 
ar) = Jo(Aa)¥o(Ar) — Yo(Aa)J (Ar). 


The equivalence of this result and the answer to Prob. 335 follows from the 
expansion 
jm 2 f = extr) dà 
x Jo Ja) + Yaa) a 


369. Investigate the heating of a cylindrical cable if, starting from the 
time / = 0, heat is produced with density Q in the core of the cable, while 
its outer surface is held at temperature T, (see Figure 94). Find the tem- 
perature of the core, neglecting any temperature drop inside the core. 


Ans. 
Thei = ie 
2xk 
o UO Mr dra) 
a A n= Yl oY4) = JiGrsa[b)] 
x Re 
where 





FIGURE 94 


R (r) = Yoly)Jolyr/b) — Joly) YoCyr/b) 
is a linear combination of Bessel functions, and the y, are consecutive 
positive roots of the equation R;(a) = 0. 


370. Starting from the time ¢ = 0, heat is produced with density Q in a 
cylindrical conductor of radius a. Find the temperature along the axis of the 
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conductor, assuming that heat leaves its surface by way of a thermal capaci- 
tance and the initial temperature is zero. 


Ans. 
2 co In t/a? 
TL = Q en Be ame), E 2a* > a O 
k2a+1 42x + 1) nar Ys Yn + 20 + DJoly,,) 


where the y, are consecutive positive roots of the equation 


Ji(Y) + ee) = 9, 
C, is the thermal capacitance per unit length, and « = C,/2ra’cp. 


*371. At the time ¢ = 0, a cold cylinder of radius a is encased in a thin 
heated cylindrical sleeve covered on the outside by a thermally insulating 
layer (see Figure 95). Find the temperature distri- 
bution in the cylinder, assuming that the initial 


temperatures of the cylinder and the sleeve are 0 SS 
and Tọ, respectively, and neglecting any tem- 
perature drop inside the sleeve. 
Ans. 
T(r, t) 
Yaf \ y 2/9? 
J (=). In ja 
Sy ne SS 


1 oo 
E 1 dea 10 oyAq 
14-— "Io ( d. E a a) FiGURE 95 
2« 2x 2 


where the y, are consecutive positive roots of the equation 
Jy) + ayay) = 0, 
C, is the thermal capacitance of the sleeve per unit length, and « = C,/2ra?cp. 
372. A diffusing substance is distributed in the half-space x > 0 with a 
given initial concentration 


Co 0<x<a, 
Chea = f(x) = i 


0, Xx 2 d. 


Find the density of the substance through the boundary x — 0, assuming 
that the concentration on the boundary is maintained at zero starting from 
the time ¢ = 0. 


Ans. 





JD Co (1 i | e" IADt 


eo xm ‚rt 


where D is the diffusion coefficient. 
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373. Find the concentration distribution of a diffusing substance in the 
half-space x > 0 bounded by an impermeable wall, assuming that the initial 
concentration equals zero and that the substance is released with constant 
density Q in the layer 0 < x < a during a finite time interval 7. Derive an 
expression for the concentration of the substance on the wall x = 0. 


Ans. 


Cheers = EIE sal u a u (rz) | i a A 2 
deer Gael) 
+ —— 


Fertur eem Teen] 


374. A substance diffuses outward through the lateral surface of an 
infinite cylinder of radius a into the surrounding medium, where the con- 
centration of the substance equals zero at the time t — 0. Find the subsequent 
concentration distribution, assuming that the substance flows out of the 
cylinder with constant density q. Derive a formula for the concentration of 
the substance on the surface of the cylinder. 


Ans. 


~ 


















a EEE 
\ 


N ~ = 5 oe I 
"epe <a- etes 


in terms of the Bessel functions J,(x) xd 


l Y,,(x). 
20 *375. A diffusing substance emanates 
from a thin cylindrical tube of length / 
FIGURE 96 closed at one end, and enters the half- 


space = > 0 through an opening in the 
impermeable wall z = 0 (see Figure 96). Find the amount of substance 
inside the tube as a function of time, assuming that the flow of current 
is constant over a cross section of the tube and that the initial values of the 
concentration of the substance in the tube and in the half-space equal C, 
(per unit length) and 0, respectively. 


( — cos =) e De 
2M,|” l 


T vo 


Ans. 


M(t) = 





: 2 
(= : dx, 
a X 
E 


l+ sin? x — 2sin xsin (1+ 4 
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where a is the radius of the tube and M, is the initial amount of substance 
inside the tube (M, = Cy). 


376. The end x = 0 of an infinite transmission line, with self-inductance 
L and capacitance C per unit length, is joined at the time r = Otto a source of 
e.m.f. E = f(t). Find the voltage u(x, t) at every point of the line. 


Ans. 


x 
0, ELG 
v 
u(x, t) = 
x x 
2), t. 
U v 


where v = 1/V LC is the velocity of wave propagation along the line. 


377. Solve the preceding problem for the case of self-inductance L, 
capacitance C, resistance R and leakage conductance G per unit length, 
chosen to satisfy the relation RC = LG (a distortionless line). 


Ans. 


x 
0, pe. 
v 
u(x, t) = 


et ne ( = x) p. 
v v 


378. A condensor of capacitance Co, charged to the potential V, is 
discharged at the time ¢ = 0 into an infinite line with parameters L and C. 
Find the distribution of current X/x, t) in the line. 


Ans. 
0, eae 
v 
I(x, t) = 
(x, 0 V gem py žŽ, 
Z U 


where Z = J Eje is the wave resistance of the line, and « = 1/C,Z. 


379. The end x = 0 of an infinite line with self-inductance L, capacitance 
C and resistance R per unit length is connected at the time £ = 0 to a source 
of constant e.m.f. Study the resulting process of propagation of a voltage 
wave along the line (see C2, p. 202). 


Ans. 
0, t<~, 
v 
u(x, t) = t [3 2 
Ble" ae «x o t I (& T (x/v) «|, t> x R 
v Jen Jr? — (x v 
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where E is the size of the applied e.m.f., x = 
R/2L and /,(x) is the Bessel function of imag- 
inary argument. 


380. A line of length / with parameters L 

and C is terminated at the end x = / bya resist- 

FIGURE 97 ance R, (see Figure 97). Find the subsequent 

voltage in the load Ry, assuming that the end 

x = 0 is suddenly connected at the time ¢ = 0 to a source of constant e.m.f. 

E. Under what conditions is there no reflection of waves from the end of 
the line? 
Ans. 


0, Date 


ul. = E — Ze}, Qn — DT «t < Qn + DT, 
Z+ Ro 
icd oec 


where Z — VLIC is the wave resistance of the line, and T = //r is the time 
it takes a wave to go from one end of the line to the other. There is no 
wave reflection if the resistance Ry equals the wave resistance Z. 


x 
LIT 
o 
u 
~ 


x 


E Ro 


381. Solve the preceding problem, assuming that the line is terminated 
by a lumped capacitance C, rather than by a resistance Ry. Derive an 
expression for the voltage across the capacitance in two forms: a) as a trigono- 
metric series; b) in closed form for the first few reflections. 

Ans. 


2 i t 
a) = Efi - 42 Ye cos Ut), 
ni 2Y, + Sin 2y, T 


where the x, are consecutive positive roots of the equation 


IC 
cot y = Te dg 
b) & Co 
0, O<t< T, 
1 
— ul, ,= Ji — ema T<t<3T, 
2E = 
— el y I d lt = less 3T ot ST, 
and so on. 


382. Solve Prob. 381 for the case where the line is terminated by a 
lumped inductance Lp. 


Ans. 


1 < 1 t 
a) leat E| =A > — o eos 
1 -F« n-12Y, — Sin 2y, T 
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where the y,„ are consecutive positive roots of the equation 


tan = 
=--, Am R 
Y Lo 
b) 
0, 0<t<T, 
1 —aLG/T)—-1] 
— Uuj = je , T : eh 
= | i <t< 
g «UT. E = Oy (4 EM 3) Jemen JT <t < ST, 
and so on. 


383. Write the general expression for the reflected waves in Prob. 382.24 





Ans. 
N 
ul... = 2E teten, os (* sn es ) l 

n=l T 
where 2N — DT «t « QN -- DT, N=1, 2, 3, ..., and L,(x) is the 
Laguerre polynomial, defined by 

L(x) = Ed (e *x"). 
n! dx” 


Hint. Note that the Laplace transform of the Laguerre polynomial is 


Lie Hi — a 


384. Using the residue theorem, give the solution of Prob. 380 in the 
form of a Fourier series. 


Ans. 
1 Re ®t" © „nrsin(nrut/l) —acos(nrot/l) 
a el a> ep eee |, 
E a Z = R? n=1 x T nt 
Ry < Z; 
1 2Roe P" 
— Ul gy = = — 
E RE t 
y $cw(e — 3)r cos [(n — H)rvt/l!] , Bsin [(n — ov Ro>Z 
= B? + (n — Hr’ B? + (n — pre? 


21 The details are given in L9, Sec. 4.25. 
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where 





In y, DS Z = Lv. 


385. Study the propagation of waves 

S eT 2 along an inhomogeneous transmission 

[ °°" line consisting of a finite section of 
P length / with wave resistance Z,, fol- 
lowed by an infinite section with wave 

FIGURE 98 resistance Z, (see Figure 98). Find the 
reflected and refracted waves appearing 


at the junction, assuming that at the time t = 0 an arbitrary e.m.f. E = f(t) 
is applied at the end x = 0. 


























Ans. 
0, Ores; 
vy 
(1-2), wege x 
u(x, t) = vı 1 vy 
= gr; = 2 
shi- >) Ži Zr, 2l 5), 21 m pom 
Ui Z4 + Za vy vı vy 
x—l 
0, Ü P27 : 
Uo 
2Z5 hr), ee ed 
Zı + Ze Uo Uo V2 
u(x, t) =l 2Z, [rre rM) ar-r- 
Zi + Z: Dg Zı + Ze Dg 
3pm cepa Pe. 
Vo Vo 


where v, = UN LC, and v, — LA L,C, are the velocities of wave propagation 
along the two parts of the line, and 7 = l/v,. 


*386. A voltage wave E = Eye! produced by a lightning discharge at 
the end x — 0 of a transmission line activates a lightning rod at the point 
x = I. Find the voltage in the section of the line after the lightning rod, 
assuming that the rod behaves like an ohmic resistance Ry during its time 
of operation. 
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Ans. 


0, iue. 


v 
1 ( Z jasi 
2E, 2R,-- Z 
2 + Z t= Z etl 
Ry 2R, 4 Z 


xt Qk—2)0 ., "x d 2k (k=1,2,...), 
v U 


u(x, t) — eg "Uc GIo)l 


where v is the velocity of wave propagation along the line, and Z is the wave 
resistance. 

387. A constant e.m.f. E is applied at the time t = 0 to the end x = 0 
of a semi-infinite cable (a line with parameters R and C). Find the voltage 
at every point of the cable. 


Ans, 





u(x, t) = gi — o (8/86) | 
2 t 
where ®(x) is the probability integral. 
388. Find the voltage in a cable of length / if a source of constant e.m f. 
E is applied to the end x = 0, while the end x = /is terminated by an ohmic 


load Ro. 


Ans. 
x © : -Y/n t| RCU 
EOE f1 +afl — (x/D] ih 25 sin ED e : 
[ita m B +o + (Yila)lsin v, cos y, 


where the vy, are consecutive positive roots of the equation 


> 


tany=—+ 
x 


C and R are the capacitance and resistance of the cable per unit length, and 
a = RI/Rp. 
389. Solve Prob. 387 for a cable with leakage conductance G per unit 


length. 

Ans. 

t) = —\eV R82|1 — DPI /— m 
ux, = Be 2 [FE + JF 


-vzali ok RC — en 
Te 2N t C 
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390. Study the propagation of voltage waves in the compound line with 
equivalent circuit shown in Figure 99, caused by switching on a constant 
e.m.f. E at the end x = 0. 


Ans. 
Qo qua. ; 
u(x, t) — p —- | sin («x tan p) cos (Bt sin 9) cot o t]. 
TU 40 


where L, C and K are the self-inductance and capacitances per unit length of 
the line, « = C/K and B = IJV LK. 





FIGURE 99 


Hint. The equations governing the current and voltage in the line are 


t 
Ox ot K Jo 
al Qu 
———C—, I=1,+;, 
Ox ot A 


in terms of the voltage u(x, t), the total current /(x, tf), and the currents 
T(x, t) and Ig(x, t) flowing through the self-inductance and capacitances 
L and K. 


391. Near the plane interface between two slabs of material with dielectric 
constants £, and e;, there is a source of electromagnetic oscillations radiating 
a spherical wave whose Hertz vector has components 


icq erg. 
1, = Eyf = R) 
R vy 


where f(&) = Oif č < 0, R is the distance from the source to the observation 
point, and v, = cl/e, is the velocity of propagation of electromagnetic 
waves. Find the Hertz vector on the interface for the limiting case where the 
source is located on the interface itself. 

Ans. 


Hl- = I — qs 
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where 
; 
0, 1; > 
. 2vev, V 14 Qf rs 1 r 
(vt — ofr er en Ly 
1 2" Sam) Viren)? voi 0$ vs°—1 vy 
ss 
0, Iu 
V2 
2 [——4 3 eS on 
2002 Vitov rs 1 r 
(vt — v$)r eu N 2 2 d 2 i Dan ae 
1 2" © Cozt/r) V 14 (1/02) V v; + Vg J so Vg 


and v; = DN " (i — 1, 2) are the velocities of propagation of electromagnetic 
waves in the two media. 


Hint. Take Laplace and Hankel transforms in succession. 


392. Consider the special case of the preceding problem corresponding 
to a wave with the steep front described by the function 


0, ¿<0 
EY d 
fe n E 0. 
Ans. 
0, tI, 
0 
Ihe 
2 | Vp 1 | r 
—__|- —- 2 a, 
1 — (vv) Lr v AJ. Pv? +0) — r? vy 
0, t<-, 
v 
M, = : 
(vgl v, |: BE 1 | r 
1—(v,/v,)*Lr © JP? Tor U» 


393. A force F(t) is applied at the time t = 0 to the end x = 0 of a semi- 
infinite rod. Study the resulting propagation of elastic waves in the rod. 


Ans. The displacement of an arbitrary point of the rod is 
0, ber, 


v 
u(x, t) = 


v t—(x/v) x 

2 f Fjdt,. =f œ, 

ES Jo v 

where E is Young’s modulus, p the density and S the cross-sectional area of 
the rod, and v = VEIe. 
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394. Suppose one end x = 0 of a 
rod of length / is clamped, while a 
compressive force F(t) with the saw- 
tooth wave form shown in Figure 100 
is applied to the other end x — /, 
starting from the time t = 0. Investi- 

FIGURE 100 gate the resulting longitudinal oscil- 

lations, and find the reaction at the 

fastened end, assuming that the period + equals the time T = //v it takes an 
elastic wave to traverse the rod (v is the velocity of wave propagation). 


Ans. 


F(t) 





0, O<t<T, Qn4+ DT«t«(Qn--3T, n=1,3,5,..., 


1 
— Ro = 
2A |.-0 zc urere spy RES 8: 9,10: 50 


395. A cantilever clamped at the end x = 0 begins to oscillate under the 
action of an impulse delivered to a concentrated mass M, fastened to the 
free end x — /. Find the dynamic reaction at the clamped end, assuming 
that a velocity v, is imparted to the mass M, by the impulse. 


Áns. 
209 


R|- = v ESf(t), 
where 
0, 0<t<T, 
EFT: T 1 
f= nn 


EN + [TL — 2a(t — 3T)e N, 3T<ı<Ssrt, 
in terms of the velocity of wave propagation v and the constants « = ES/Mor, 
T = Iv. 
Hint. The boundary conditions for the displacement u(x, t) at the end 


x= lare 32 2 
u u 
— = —ES—, t > 0, 
° at Ox 
Qu 
Se. t= 0. 
Ot , 
396. Use the Laplace transform to solve Prob. 106. 
Ans. 
u(x, t) = £2 in eal) sin wt 
WES cos (wl/v) 


sin [2n + 1)xx[21] sin [(2n + Mrot/21] | 


4< 
d DEU 
mo 2n +1 1 — [Qn + Yrv/2lo]? 
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397. A constant force Q is applied to the end x = 0 of a semi-infinite 
beam, starting from the time t = 0. Find the deflection at any point of the 
beam, assuming that the beam is initially at rest.?? 


Ans. 





uta, D = SE xy ( 


2a, ft J 


where 


fon (eas) Ec ie) |= Fade 


la sin x? d 
vl Tee sup ean) x J 


E is Young’s modulus, J the moment of inertia of a cross section, p the density 
and S the cross-sectional area, a? = V EJloS EJ/pS, and C(s), S(x) are the Fresnel 
integrals. 

398. Solve the preceding problem, assuming that a constant bending 
moment (rather than a constant force) is applied to the end x — 0. Find the 
bending moment along the beam at any time t. 


mess = 5 [1 Se] 


399. Find the displacement of the end x = 0 of a semi-infinite beam 
struck at the time t = 0 by a mass M, moving with velocity vo. 


Ans. 








Ans. 





ul.-o = nf —1+ ei — KONZ) 
al Sr 
where « = 2/2 paS/M and P(x) is the probability integral. 


400. Find the transverse oscillations of a beam —/ < x « l, simply 
supported at both ends, due to an impulse P acting at the center of the beam. 
Write an expression for the deflection of the center of the beam. 


Ans. 
zes [Qn + Vr?a?r/4l?] 
n*EJ 4 (2n + 1)? 
401. Find the deflection of an infinite elastic plate, if at the time t = 0 
a constant force Q is applied to the point x = y = 0 (see L16, p. 424). 


Ans. 
2 9 
u(r, t -g- si(Ż) NC E Ci (5) | 
4xDi2 4c 4t 4T 4c 


22 Problems 397-399 are treated in Lurye's book L16. 





u|;—o = 
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where D is the flexural rigidity and e the surface density of the plate, 7 = 
tJ Die and Si(x), Ci(x) are the sine and cosine integrals. 

Hint. At the point where the force is applied, u|,.9 must be bounded, 
and moreover 


r— Aul,_o = 2. 


or 


*402. Solve the preceding problem, assuming that an impulse P (rather 
than a force Q) is applied to the point x = y = 0. 


«o-z 8] 


403. At the time t = 0 an impulse with components P, = 0, P, = P is 
applied to the point x = y = 0 of an infinite elastic plate. Describe the 
resulting process of wave propagation. 


Ans. 





Ans. The elastic potentials are given by the formulas 











0, D. 
a 
er, t) = - 
Py Je r r 
Ec MAP ae t>-, 
2npr? a? a 
0, x 
V, t) = 
P „2 
z AA p», 
2rpr” b b 


where 





ERES sf 


are the velocities of propagation of a longitudinal ad transverse oscillations, 
^ and u. are Lamé's constants, and o is the density. 


404. Solve the preceding problem, assuming that the source of the 
oscillations is a concentrated force with components Q, — 0, Q, — Q. 


Áns. 


rr dona rf ns (t (8)-1)] 


e 


sees Bf BE T 


where the elastic es are zero for smaller values of the time. 
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405. Show that the solution of the two-dimensional wave equation 
Ou Pu 1 Ou 
ox oy wat? 
in the domain x > 0, subject to zero initial conditions and the boundary 
condition u|,., = f(y), can be written in the form 


0, p=, 
(x, y, t) ” 
u , , = zz 
xot | = fin) d -— 
m ^ VIE x? + (y — vi — x (y — 2)? v 


Hint. Take Laplace and Fourier transforms in succession. 


*406. Show that the solution of the wave equation 


Pu Ou _1 du, au 

ox? oy at? at 
for a medium with attenuation, subject to zero initial conditions and the 
boundary condition U| 22.0 = f(y), can be written in the form 


(0 < x « oo, —oo < y < oo) 


u(x, y, t) 


x 
0, t< =, 


le 








xg "bt it af [im vbr 4 vt cosh ed fQ) dn 
NE 2 P+ (y—n v 


T r 


where 
r = VPP — x? — (y — n). 
Deduce the solutions of Probs. 308, 360 and 405 as special cases. 


4. The Mellin Transform 


Let f(r) be a real function defined in the interval (0, oo) such that 


1. f(r) is piecewise continuous and of bounded variation in every finite 
subinterval [a, b], where 0 < a < b < oo; 


2. Both integrals 
[oscirar, [EPSO dr a8) 


are finite for suitably chosen real numbers o, and o;. 
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Then the Mellin transform of f(r) is defined by the 


T 
formula 
fe) = | fir? ar, (19) 
d where p = o + ir is any complex number in the strip 
ar le 50 m< Rep<s, (see Figure 101). The inversion of 
1 2 


(18) is given by the formula 
fet Í F(p)” dp, (20) 
2ri Jr 


where I’ is a straight line parallel to the imaginary 
axis lying inside the strip.?? 

The Mellin transform is related to the Laplace and Fourier transforms, 
and is the appropriate tool to use for solving problems of two-dimensional 
elasticity theory and potential theory involving angular regions. The required 
technique can easily be acquired by working through the following small set 
of problems. 


Ficure 101 


*407. Find the stationary temperature distribution inside the dihedral 
angle 0 « r< oo, 0 « e « « « m, if one boundary is held at temperature 
zero, while the temperature distribution 


T 0<r<a, 
Hash r>a 


is maintained on the other boundary. 
Ans. 


a et / x ite 
(nt 
r a 


m/x mà j 
1+ (5 cos Z? 
r 


a 


T(r, 9) = Tore tan 


408. Solve the preceding problem, assuming that a given distribution of 
heat current 


qo. a—s«r-«a-s, 
Gele (0 otherwise 


23 See e.g., T5, Secs. 1.5 and 1.29. The conditions imposed on f(r) can be weakened. 

* A few remarks are in order concerning the choice of the path of integration I in 
the inversion formula (20). If the behavior of the function fas r — 0 and r — œ is known 
in advance (e.g., from physical considerations), then the boundaries of the strip (o1, o;) 
can be found from the requirement that both integrals (18) be finite. If the behavior of 
the function f is known only at one end point of the interval (0, oo), say as r — 0, we can 
first determine the left-hand boundary o,, and the line I’ must then lie to the right of I 
and to the left of the nearest singular point of the function f figuring in the integral (20). 
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is maintained on the boundary = «. Consider the case of a concentrated 
current Q entering the boundary along the line r = a, o = a. 


Ans. 
hz In (r/a) Sages np 


cos 
T(r, Ge — ÁO — € 
v In (r/a) x In (r/a) . To 
27k cosh ———— cosh —————~ — sin — 
[ed & & 


where k is the thermal conductivity. 


409. Use the Mellin transform to solve Prob. 303. 
Ans. 
T(r, 0) = qb F cos [t In (r/b)] + * sin [t In (r/b)] sinh tọ 
nk Jo (1 + 7°) cosh (rr/2) 
410. A thin charged wire, with charge q per unit length, is placed along 
the line r = rg, q = 9, inside the dihedral angle 0 < r < œ, 0 € ọ < a, 


whose boundaries are held at potential zero. Find the potential of the 
resulting electrostatic field. 


Ans. 


eo e 
ei Jo-io psin po r 


2q (9*** sin po, sin pla — p)[r,\ 
u(r, e)|; sa, = — pe ooo (eas 5 
i Jo-io p sin pa r 
where |o] < 7/a. In particular, the imaginary axis can be chosen as the path 
of integration. 


411. Calculate the following special cases of the preceding problem: 
a) a = 27, ry = à, 9, = 7 (line charge opposite the edge of a conducting 


half plane); 
b) « = 37/2, ry = a, 9, = T (line charge near a conducting right-angular 
corner); 
c) « = 7/2 (line charge inside a dihedral angle). 
Ans. 
1+2 je sin 2 + £ 
a 2 a. 
a) u(r, Q) =q ln ECC HN HERD. 
1—2 1 Isin? ero 
a 2 a 
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ii aL 
E 
TE 2(“)eos Xo ey + (5) 


1 — 2( "Jeo 2(9 — Po) + (2 j 


412. The common boundary of two media of dielectric constants e, and 
€x consists of two planes intersecting at the angle 2« (see Figure 102). Find 
the electrostatic field due to a charged wire lying in the plane of symmetry. 


Ans. 
po = ft + a cos 9 4 P 
; ne rm 


| 2 


| cos AT a 9) 


Q 
SS 


b) u(r, 9) =q In 


m 


c) u(r, 9) =qIn 


£ R? 2ir 
" T sin 2«(p — 1) cos (x — oXYp — 1) (5 = dp), 
iio Sin (p — 1)[sinn(p — 1) — B sin (x — 2a)(p — 1)] v 
pd 2 E cos (p — 1) (2) E 
& + & Ji-io sin x(p — 1) — B sin (x — 2a)(p — 1) \ı 


2q|a sin 9 ß 
Ei = -— u Er 
? al R? 2ir 





" |. sin 2«(p — 1) sin (x — 9)(p — 1) (5| ap) 
i-i» sin x(p — 1)[sinx(p — 1) — ß sin (x — 2«)(p — D] i 
: 1+i00 1 SR p-l1 
Eo — 2qi Í | sin oP 1) (2) d 
& + €, Ji-io sin r(p — 1) — B sin (x — 2a«Yp — 1) Vi 
where 
ß = 9-2 77 <1 
£5 + €&i 


and R is the distance from the charge to the observation point (see G5, 
Chap. 14). 





FIGURE 102 FIGURE 103 
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413. Investigate the bending of a thin wedge-shaped elastic plate with 
simply supported edges, loaded by a concentrated force P applied at an 
arbitrary point of the axis of symmetry (see Figure 103). 


Ans. The deflection of an arbitrary point of the plate is given by the 
formula 


Pror 
ArD 





u(r, 9) = Í {cos o sinh (x — ọ)7 — cos (x — ¢) sinh or 
0 


. ; In (r/ro)] dt 
+ t[sin e cosh (x — 9)z — sin (x — 9) cosh ««]! Torie Ineo) Dar an 
? 9) ( 9) vb cosh at + cos e (7^ + 1) 


960, 
where D is the flexural rigidity of the plate. 


414. Let a = 7/2 in the preceding problem. Show that the deflection of 
the points on the axis of symmetry of the plate is given by the formula 








1-2 147 
"py x A 2 7 
iais HE e) In — + In 1 ———4À 
ArD|2\r, r 120 p: f 

"ap F 








*415. A thin elastic plate 0 < r < oo, 0 < 9 < « is clamped along its 
edges and loaded at the point (ry, Po) by a concentrated force P. Find the 
bending moment and shear force along the edge = 0.* 

Ans. 
= E 9o sinh at sinh (x — o)? 

sinh? at — T° sin? 
| sin x sin (« — 9) 7 sinh =) En (: T "ae, 


. 9 . 
sinh? at — 7? sin? x i 


N|.-o zx du i {cos qo sinh at sinh (x — qo) 
mr Jo 


+ [sin « cos (x — 9) cosh at sinh (x — 9)t — cos «sin (x —  ) sinh at 


cos [t In (ro/r)] 


x cosh (a — q9)*] — T? sin « sin (x — qo) cosh got} — dr. 
si 


nh? ar — 7° sin? « 


25 Problems 413, 414 and 417 are treated in Ufiyand’s paper U3. 
26 Another way of solving this problem is due to Sakharov (S2). 
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416. Use the Mellin transform to solve Prob. 328 (a special case of the 
preceding problem). 





Ans. 
P rè sin” Qo S 2P rs sin? o, 
M| o=o = Sd lass ver) 2 2 2* 
mr? + rè — 2ror cos Oy zx (r° + rg — 2ror cos oj) 
Hint. Use the formula 
5 au EO reg de 1 sin 9 l 
o Sinh tx 2 cosh y + cos o 


417. Solve Prob. 415 assuming that one of the edges of the plate (o = «) 
is supported. Consider the special cases a) « = x/2 and b) « = z (the 
quadrant and the half-plane). 


Ans. 
PrP es . . f 
M]|,=0 = Prof [sin 9, sinh (2x — q,)* — sin (2x — 9) sinh got] 


ex cos [* In CIro)] p 
sinh 2a7 — 7 sin 2« 
In the special cases, we have 
2P sin 9, sin 2 
a) M|,<0 = — 2i To aa LR ER H 
mr or 
r 


ali ennt 


ae Po 
Fo Fo 


+7 — 200529 


b) M osse: 


5. Integral Transforms Involving Cylinder Functions 
of Imaginary Order 
Let f(x) be a real function defined in the interval (0, oo) such that 


1. f(x) is piecewise continuous and of bounded variation in every finite 
subinterval [a, b], where 0 < a < b < oo; 


2. Both integrals 


I Fl x"? In = * dx, I | f(x)| dx 


are finite. 
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Then f(x) satisfies the formula 


fe) = 2" T sinh mt —2 I 2 as [^ro a 0<x<o, (21) 


where K (x) is Macdonald's function. If we write 


m aC) | E 
f = =|, soa, 0<1< oo, (22) 
it follows from (21) that 
f(x) - 5 [fo 9) sinn rer dt, 0 « x « oo. (23) 
z? Jo NES 


Besides the more familiar transforms considered so far, formula (21), proved 
by one of the authors of this book (see L6, L8), plays a role in certain physical 
problems. 

If we use the formulas 


xx, E£—26 f(OV/x—gtn Q0) 


to introduce new variables, (21) takes the form 


2 o0 
gr) => | K,-Ar)r sinh xc a [^ g(g) ——- Kio) do, 0<r<o, (24) 
m^ Jo p 


which, although less symmetric than (21), is more suitable for solving the 
problems encountered in mathematical physics. Formula (24) holds provided 
the integrals 


1/2 foal 
| le(| n+ ar, | lg() r7 dr Q3) 
0 r 1/2 
are finite. The following expansion of this type is useful in the applications :?? 


er = 2 | K,(Ar) dr, Ü «y o. (26) 


TC 40 


In addition to the above formulas involving Macdonald's function, there 
is an analogous expansion in Hankel functions and a corresponding inversion 
formula, which play a role in certain applications. These relations can be 
deduced formally from (24) by setting à equal to a pure imaginary (A = ik), 


27 However, note that the first of the integrals (25) is not finite for g(r) = e. 
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and then using the relation between the functions K (z) and H(z). In this 


way, we find the formulas? 


r) = — al Plr) HË(kr t sinh rt dt, O<r<o. (28) 
e(r) 5 


The integral expansion (24) can be used to solve the Dirichlet problem 
and other problems of potential theory for regions bounded by two inter- 
secting planes (the three-dimensional problem), for wedge-shaped regions 
bounded by two parallel planes and two intersecting planes (perpendicular 
to the parallel planes), and so on. Formulas of the type (27) and (28) are 
encountered in solving problems involving the diffraction of acoustic and 
electromagnetic waves by an obstacle in the shape of a dihedral angle 
or a cone. The following problems illustrate 
various physical applications of the above ex- 
pansions. 


*418. Find the stationary temperature distri- 
bution in a wedge-shaped body of thickness / 
(see Figure 104), if the temperature distribution 





FIGURE 104 


. NTZ 
Jenn = f() sin TI, n=1,2,... 


is maintained on the boundary q = «, while the other boundaries are held 
at temperature zero. 


Ans. 


nz [^j 


T(r, 9,2) == = sin "el UU T iis — sinh mt 


d l / o?sinha- l 


where K (z) is Macdonald's function. 


419. Solve the preceding problem for an arbitrary temperature dis- 
tribution 


Teme = f(r, 2) 


on the face ọ = a. 


28 For conditions under which (28) implies (27), see the paper K3. 
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Ans. 
T(r, 9,2) = : 2, T(r, v) sin TE, 


n=1 


5 p = 2 | 150 + Esin mef tso - mna (t 


x ou = K,. (=) dt, 
sinh at I 





fr) =| jo, z) sin a dz. 


Hint. Expand the function f(r,z) in a Fourier series with respect to 
sin (nrz/l), and then use the result of Prob. 418. 


420. Find the stationary temperature distribution in the “quadrant- 
shaped" slab 0 < x < œ, 0 < y «o, 0«z«l,ifthe boundary x = 0 is 
held at constant temperature Tọ, while the other boundaries are held at 
temperature zero. 


Ans. 


T 


gs Ua DE a o ODE ae 


m o 2n +1 0 2 sinh (17/2) 
By using the representation 


K(x) = BEN Der | cos (x sinh t) cos «t dt 
cosh (77/2) Jo 


of Macdonald’s function, this result can be brought into simpler form: 


sinh [Cn + 1)zz/I] f” cos [Zn + I)rer sinh t/1] di 


8T, z 
T = — sin 2 
= „2 2n +1 o cosh 2t + cos 2» 


n=0 
421. Find the distribution of the electric charge density induced by a 
point charge q placed near the edge of 
a thin conducting half-plane (see Fig- 
ure 105). 
Ans. = 
eg iin en 
2n* /x[(x + a + 27) 
*422. Solve the preceding problem, as- 
suming that the charge q is located at an 
arbitrary point r = ro, 9 = Qo, Z = 0. 
Find the distribution of electrostatic 
potential. FiGURE 105 
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Ans. 1 1 
— arc tan J, — — arc tan A 
R, Yı R, Ye 


u(r, 9, zZ) = xil 


TC 


where R2, = r? + z? + rè — 2ror cos (9 F 99. 


1 1 2 2 z? 
EE læ + cos io F e» wie + ro + l 
"N cosh 4a — cos 1(q F 90) 2ror 
423. A point charge q is placed near the edge of a conductor of rectangular 


shape held at potential u = 0 (see Figure 106). Find the distribution of charge 
density on the boundaries of the conductor.?? 


Ans. 
q__[2coshaA+ /2— 1 
olr, z) SS — ETT 
4r /2ar Lr(2 cosh A + ./2)*/ 
_ 16 [* ne 


Amr Y cosh VA (2x? "m DA? — 3x — cosh A 


where 
rep z +a 
2ar 


cosh A = 





FıGuReE 106 FIGURE 107 


424. Find the current distribution produced in the ground by a point 
electrode located near a wedge-shaped layer, assuming that the layer has 
conductivity c, while the rest of the ground has conductivity c; (see Figure 
107). Write an expression for the potential distribution on the earth's surface. 


Ans. 


2Jp [^ 
u|. o = — ae COS AZ af : - 
To, Jo o sinhnr + B sinh (x — 2a)< 


4 oo oo : . 
u.s = e | cos Az af Re) ROT) SIME. de 
T'(o, 4- de) Jo o sinh wt + B sinh (x — 2a)« 


© Kia) Kj Or) sinh 2(x — a) de 


Ms 


2® This problem was first solved by Macdonald (M1). 
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where 


03 =: 01 
rz , 
05 + 0 


J is the current and K (x) is Macdonald’s function (see S4). 


425. Show that the solution of the preceding problem can be reduced to 
the form 





JB 2 B 
ee on cece ore 
2ro l/r? +a? Hz V(r +a +z 
.L-Ep sinh 37 d£ | 
sin 3 Jo sinh z V(r + a)? + 2? + 4ar sinh? 4x)" 
J | 1 
uam = 1] $$ 
z(o, + oj) V(r +a + 2° 
B i sinh 8& dé | 
sin 8 Jo sinh në \/(r + a)? + z? + 4ar sinh? rë)’ 


P 


ò = arc cos - 
2 


if « = 7/4, and to the form 





er LLLI 
a o, Wr? + a* + z? + ar 
i+p [* cosh 85 dz 
2 cos $8 Jo cosh në V(r + a)? + z? + 4ar sinh? Jen)’ 
ula. = OUT 
TT n(o + o) V(r +a +z’ 
ß i. sinh 3& dé | 
sin 8 Jo sinh rd V(r + a)? + z? + 4ar sinh? In)’ 





ò = arc cos 


if « = n3. 


200 INTEGRAL TRANSFORMS PROB. 426 


426. Solve the problem of diffraction of a 
plane electromagnetic wave 


E,=E,=0, E= Ez» 


(where k = ofc is the wave number) incident on 
a thin perfectly conducting sheet (see Figure 
108) making an angle « with the direction of 
wave propagation (Sommerfeld’s problem). 





__ 
_ 
— 
— 


Ficure 108 


Ans. The complex amplitude of the z-component of the total field is 





1 e^ V 2kr sin We og 
E ER Be cos JE + Í e ? as| 
0 


2. aia 
au Eje t COS (q—2a) |- 1 a Zi” (5-22) e ds! 
2 Jn 0 
(see K3). 

427. Using the result of the preceding problem, find the current dis- 
tribution on each side of the sheet. Consider the special cases where a) « — 0; 
b) « = 7/2. 

Ans. The required densities are determined by the system of linear 
equations 


: ; / 2kr sin L4. 

9 eier 277/4 . m V 2kr sin tea .2 

hmi BE PT — cos 2 + I sin e ^ cosa e " ds|, 
2nN mx vikr 2 Nki 0 


4 Y Esc . 
Jı — Jo = —- Sin «e 
2r 








—ikr COs a 
* 


where j, and ją are the densities on the upper and lower sides of the sheet, 
respectively. In the special cases, l 








a) j = " Esc e kr f 
: ^ 2n /2n Jd ikr’ 
. E —ikr in/4 M kr : 
b) Ji = fL 2 = ze = Í es ds + " 
4x N. x ikr i m Jo 


428. A line source of a-c current J = J,e^! is placed parallel to the edge 
of a thin conducting sheet 0 < x < oo, —oo < y < œ. Find the distribution 
of induced currents if the source lies in the plane of the sheet at a distance a 
from its edge. 


Ans. The complex amplitude of the current density is 


Jo fa eg ik(ata) 
2n" x x - a 
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429. Find the electromagnetic field of a dipole of moment P located on 
the axis of a perfectly conducting conical reflector of vertex angle 2o, if the 
dipole lies at a distance a from the vertex of the cone (see L10). 

Ans. If r < a, the complex amplitude of the magnetic field is given by the 
series 


dye tt =») NET H , (ka) Js, y«(kr) P,,(—cos o)Pl (cos 0) 
i671 Ja JF ce [ons 2] , 
y v=Vn 


where the v, are consecutive positive roots of the equation P (cos «) = 0 
involving the Legendre function P (x), and J (x), H9? are cylinder functions. 
The corresponding formula for r > a is obtained by permuting the symbols 
r and a in the general term of the series. 


430. A plane acoustic wave u$e''?'-*? is incident on a screen in the form 
of a half-plane r > 0, o = «. Find the wave reflected from the screen. 


Ans. The complex amplitude of the velocity potential at an arbitrary 
point is 


"m Va3krsinVéo —, 
u = ee]! + — ae: ds! 


Jao 


—u e ** cos (¢—2x) l-i4 
0 





n e^ V 2kr sin V£(;—2x) é 

= —is as| 
Aff Jo 

431. A point source of sound, radiating a spherical wave 


demus. sin a kR) 


is placed on the axis of a conical resonator 0 < 0 < « with perfectly reflecting 
walls. Find the velocity potential inside the cone. 


Ans. The complex amplitude of the velocity potential is 


H® (ka) J, (kr) P; (—cos «)P,,(cos 0) 
TREE = Un "26. ar Hunu(ka) ——— re ; 
= Ja Jr SIR: ES 2| 
y y—Yn 


where the v, are consecutive positive roots of the equation P'(cos a) = 0, 
and a is the distance from the source to the vertex of the cone. The corre- 
sponding formula for r > a is obtained by permuting the symbols r and a. 
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CURVILINEAR COORDINATES 








A physical problem can often be greatly simplified by the introduction of 
a suitable system of orthogonal curvilinear coordinates, facilitating the 
formulation of the boundary conditions and making it possible to solve the 
problem by using the techniques of Chaps. 4-6. These earlier chapters 
contain an abundance of examples illustrating the simplest systems of curvi- 
linear coordinates, i.e., polar, cylindrical and spherical coordinates. We now 
turn to more complicated coordinate systems, whose effective use will allow 
the reader to solve a much larger class of problems. 

Perhaps the most important use of curvilinear coordinates is to solve 
boundary value problems for the Laplace and Helmholtz equations. How- 
ever, neither the three-dimensional Laplace equation nor the Helmholtz 
equation permits separation of variables when written in arbitrary orthogonal 
curvilinear coordinates, a fact which prevents us from applying the methods 
developed in the preceding three chapters. Therefore a problem of great 
theoretical and practical interest is to find all coordinate systems which 
actually lead to separation of variables in these equations. Some special 
results pertaining to this problem, which has not yet been solved completely, 
will be found in concise form in Sec. 8, p. 247." 

The material given here is organized as follows: All problems involving a 
given coordinate system are grouped together, regardless of their physical 
content or spectral character (the latter determines whether the solution 
takes the form of a series or an integral). In the case of two-dimensional 
systems, considered in Secs. 1-3, all the necessary preliminary material is 
presented in problem form. However, in the case of three-dimensional 


1 See also the papers cited at the end of the chapter (p. 252). 
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systems, considered in Secs. 4-7, more background information on differ- 
ential equations, special functions, etc. is needed, and this material is 
summarized at the beginning of each section. 

Besides problems of the simpler kind, this chapter contains some relatively 
difficult problems, whose solution requires the use of various integral trans- 
forms, knowledge of the properties of certain special functions, and so on 
(see e.g., Probs. 483, 497, 502-504). These problems are intended for the 
adequately prepared reader, and can serve as practice material for those 
trying to deepen their understanding of the methods of mathematical physics. 
Finally, it should be kept in mind that some of the problems can be solved 
more simply by using other methods (e.g., conformal mapping or inversion). 


I. Elliptic Coordinates 


432. Study the system of elliptic coordinates «, 8 related to the rectangular 
coordinates x, y by the formula 

x + iy = c cosh (x + i) (O<x<0,—-z<6 <7). (1) 

Show that the curves « = const, ß = const form an orthogonal system of 

confocal ellipses and hyperbolas (see Figure 109). What is the appropriate 

expression for ds?, the square of the element of arc length? Write Laplace's 
equation in elliptic coordinates. 


Ans. 


ds? = c'(cosh? x — cos? g)(da? -+ dB’). 


1 Qu Au 
Au = a nl ) =0. 
C'(cosh? x — cos” 8) "E 








Ox o3 





€ cosh dg 
b =c sinh dg 





FiGure 109 FIGURE 110 


433. A conducting elliptic cylinder with semiaxes a and b is placed in a 
homogeneous electric field (see Figure 110). Find the distribution of electric 
charge density on the surface of the cylinder. 
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Ans. 
Gg = Hi (a + b) oO i as , 
4r Ja? sin? B 4- b cos? B 
where E, is the external field. 


Hint. Introduce elliptic coordinates «, f (see 
the preceding problem), where the parameter 
c equals the eccentricity of the given ellipse. 





*434. A wire with charge q per unit length Bg 
is placed inside a hollow conducting elliptic FIGURE 111 
cylinder with semiaxes a and b. Find the poten- 
tial distribution inside the cylinder, assuming that the wire is parallel to the 
axis of the cylinder (see Figure 111). 


Ans. 


<= sinh nla — a) 


u(a, b) = 2q l^ —a«4-2 cos nß* cos nel, 


a n cosh na, 


in terms of the elliptic coordinates « and B, where «, and ß* are the parameters 
defined by the relations 
Bier cos ß* ae (d< c). 
a c 
Hint. Regard the charge q as uniformly distributed over the “curvilinear 
rectangle” 


O<a <, * = gp g*4 5, 
o p 5 IB] <6 5 


and then take the limit as ò, e > 0. 


435. Solve the preceding problem, assuming that the charged wire is 
placed outside the cylinder at the point x = d (d > a), y = 0. 


Ans. 


Ae peces ue 
a ur aec ceu TN, M EI 
cosh (x* — «) — cos B c 


Hint. To sum the series, use the formula 


2, e7"! co 
In (2 cosh y — 2 cos x) = y — 2X An, y> 0. 


n=1 n 
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436. Find the distribution of induced charge on an infinitely long con- 
ducting strip, near which there is a wire with charge q per unit length, as 
shown in Figure 112. 


Ans. 
a a, 
2x (d — x)Va’— x? 





FIGURE 112 


*437. An elliptic cylinder of given dimensions, made from material of 
magnetic permeability u, is introduced into a homogeneous magnetic field 
making angle y with the major axis (see Figure 110). Find the magnetic 
potential, and show that the field outside the cylinder is homogeneous. 


Ans. 
u = H,(x cos y + y sin y) 





a+b (cos cos sin y sin 
+ H(i wad ers 4 ee) 
Jeb a+ ub b + ua 
-+ const outside the cylinder, 
cos Y sin Y € . 
u = Haa +b (sr x -+ —— ) -+ const inside the cylinder, 
af a + ub b + ua i 4 


where H, is the external field, and the ellipse has semiaxes a and b. 


Hint. The choice of the particular solutions for the region outside the 
cylinder is dictated by the requirement that grad u be bounded. 


438. A hollow elliptic cylinder, made from material of magnetic per- 
meability u, has a cross section bounded by the confocal ellipses 


2 2 2 2 
x y x y 2 2 2 9 
cp A mr De abr dd: (Ja? — p2 = Jaz — Be = 0). 
at b? a? pi 1 1 2 2 ) 
Suppose the cylinder is introduced into a homogeneous magnetic field with 
components 


H, = —Hp, H, = H, — 0. 
Find the distribution of potential in the body of the cylinder. 
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Ans. 
u(a, 8) 


sinh x, sinh (x — o) + u cosh o, cosh (x — o) 


c e? cos B, 
* sinh (xs — o,)(sinh o, + u” cosh o4) + ue? cosh («s — o4) 2 


where 


b; 
tanh «; = ~ 
a; 


(i = 1,2). 


439. A cavity in the shape of an elliptic cylinder with semiaxes a and b 
is hollowed out of iron of magnetic permeability u, and contains a line 
current J whose direction is parallel to the axis of the cylinder. Find the 
vector potential of the magnetic field, assuming that the current passes 


through the point x, < Va? — b, yo = 0 of the semimajor axis. 
Ans. 


2J 





AE aR 42 =D) 
Z e "0 cos np, 
» ————————À9———— cosh na cos nB + const, O<a< do, 
A n(cosh na, + u sinh noy) 
2J 4J 
Apa iR us) 
c 


e sinh na cos nf, 


- e™™™ cos nB + const, «> %, 
3 n(cosh no, + u sinh nao) 


where A, and A, are the values of the z-component of the vector potential in 
the air and in the iron, respectively, R is the distance from the point (xo, 0) 
to the point (x, y), « and f are elliptic coordinates, c is the velocity of light, 


and 


b x 
tanh «y =>, o= ae 
a 


a emp 
440. Solve the preceding problem for the limiting case u = oo. Find the 
tangential component of the magnetic field on the interface between the air 
and the iron. 
Ans. 
om 2 ET cep n sinh nog 
2J« 


idc const 
u c 


eg 0 
cosn 
By coshitucos nß + const, 
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The tangential component of the magnetic field on the interface is 


2J 1 2J p 
Hu so eoe ue cS 


€ Ja — b? \/cosh? ao — cos?B cab 


where p is the length of the perpendicular dropped from the origin of co- 
ordinates onto the tangent to the ellipse at the point M = (æo, 8). 


441. A d-c current flows in a conductor whose cross section is an ellipse 
with semiaxes a and b, producing heat with volume density ©. Find the 
temperature distribution inside the conductor, assuming that its surface is 
held at temperature zero. 


Ans, 


cosh 2a 


T(«, B) = T (a? — »(1 — Joss 2x, — cos 28), 


cosh 2% 


where k is the thermal conductivity and 


tanh Xo = b . 


a 
Hint. Subtract out a particular solution u = P(x, y) of the inhomogeneous 
heat conduction equation, where P(x, y) is a polynomial in x and y. 


442. A thin sheet of width 2a is placed 
in a plane-parallel flow of an ideal fluid. 
Find the velocity potential, assuming that 
the direction of the flow makes angle y 
with the plane of the sheet (see Figure 
113). 

Ans. 
u=v,(xcosy + y sin Y 





-+ a sin ye * sin 8), 
Ficure 113 where v is the velocity of the flow far 
from the sheet. 


*443. Solve the problem of the twisting of a rod of elliptical cross section 
with two cuts extending to its foci, as shown in Figure 114. Calculate the 
torsional rigidity C numerically for the cases where the ratio of the semiaxes 
is 1, 4 and 3. 


Ans. The torsion function is 
2 ox : 
CROP E S 25 cosh (2n + 1)x sin (2n + Df l 
T pay Cosh (2n + Lay (1 — 4n?)(2n + 3) 
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The torsional rigidity is 


C i+ CAI ^] 4 
— -———-1-—-—ls-—-—!, 
Ci bja z y 2a 


TC a 


2(2n 4- 1) 


n=0 


1 


— sinh (2n + 1 1 SENEE — 
9n (1 — 4n?)\(2n — 1)(2n + 3)? cosh (2n + 1a, 


where tanh &, = b/a, and C, is the tor- 
sional rigidity of the ellipse without the 
cut. The result of the numerical calcula- 
tions are 








e = 0.997, = = 0.970, 
Co !dla=1/4 C, !b/a—1/2 

< = 0.826. 

Co !b/a-3/4 








Hint. Subtract out the particular so- 
lution —y?. 


FIGURE 114 


444. Find the torsion function of a rod of semielliptic cross section. 
Ans. 


8b? $ sinh (2n + D« sin 2n + DB 


, ER ? $i n? 9. in? us i 
u(a, B) c" sinh” a sin” 8 sinh n + La, (4n? — D)2n + 3) 


T n=0 


where a and b are the semiaxes of the ellipse, and 
= b 2 2 2 
tanh % = ~, ci =a’ — b*. 
a 


445. Find the stationary temperature distribution in a body whose surface 
is the hyperbolic cylinder 


x? y? i 


= x > 0, 
a b 


given the temperature distribution on the surface. 
Ans. 


E ES [ [/ cosh Aß Se sinh Aß 


: sin 2 dh, 
cosh AB sinh Aß, 
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where S T 
f£ =|" so cos àx dx, fy =|" f@ sin Ax da 


are the Fourier cosine and sine transforms of the function f(x) figuring in the 
boundary condition 


Theo =S) (tan Bo = 2), 


Hint. In Probs. 445-447 use elliptic 
coordinates defined by 
x + iy = c cosh (x + ig) 
(-o<a<0,0<8< T), 
instead of by formula (1), p. 204. 





FIGURE 115 


446. Find the density of electric 
charge on two perpendicular grounded planes between which there is a 
charged wire, as shown in Figure 115. 


Ans. — 
dud. Eu. C «X «Xx 0; 
Val? —1 x'— a? 
TREE 2 
bigs ase c T —00 « y « OO. 


n/(ylo*--1 yt +a 

447. A charged wire with charge q per unit length is placed on the axis 
of symmetry of a slot of width 2a cut in a grounded conducting metal plane. 
Find the resulting electrostatic potential v. What is the charge density on the 
two parts of the plane? 

Ans. aes 

u(x, 8) = q In eee = 2 à 

cosh « — sin 8 
The charge density is 


q -a 
RT NA 
nx Vx — a? 
Hint. In elliptic coordinates, the two parts of the plane have equations 
B =Oand B = c. 





2. Parabolic Coordinates 


448. Study the system of parabolic coordinates «, ß, related to the 
rectangular coordinates x, y by the formula 


x-b iy T (c iB? (—o « « « 0,0< 8 < oo). (2) 
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Show that the curves « = const, 8 = const 
form two orthogonal families of parabolas 
(see Figure 116). What is the appropriate 
expression for the square of the element of 
arc length? Write Laplace’s equation in 
parabolic coordinates. 


Ans. 
ds? = ca? + B*)(do? + ag?), 


ene eee (= £ zu) = 
Ha? + B?) Qa? og? 

*449. A charged wire with charge q 
per unit length is placed at the focus of a FiGURE 116 
conducting screen in the form of a para- 
bolic cylinder. Find the resulting electrostatic field. 





Ans. The electrostatic potential is 


“ sinh AB, — B) 
^ cosh ^f, 


u(a, B) = sa cos ha dh. 
0 

in terms of ß,, the value of the coordinate ß on the surface of the cylinder, 
given by = 

Bo = /plc, 
where p is the focal distance of the parabola and c is the scale factor figuring 
in formula (2). Using formula 13, p. 385, we can write the solution in closed 
form: 


T TA ES np 
cosh a4 cos 7, 
2 
ua, B) = 2q In —22 = (3) 
TO n 
cosh — — cos — 
28. 2% 


450. Write a solution of the preceding problem in the form of a series of 
functions depending on the variable f. 
Ans. 
L, g-(n*Dn|«l/29 cos [(2n + 1)x0/28,] 
aR SS ee 
(a, f) = 84.2, s 


Using the formula 


d + 2p cos x + p° 


so ^ 
| — 2pcosx + p 


Se cos (2n + Dx _1, 


] 
2n +1 4 


to sum the series, we arrive at formula (3). 


n=0 
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451. A charged wire with charge q 
per unit length is placed parallel to the 
edge of a thin conducting half-plane (see 
Figure 117). Find the resulting charge 
distribution on the half-plane. 

Ans. - 


o 
2r(a — x)N x 





Ficure 117 Hint. The equation of the half-plane 

in parabolic coordinates is B = 0. In 

solving the problem, regard the charge as uniformly distributed over the 

area of a curvilinear rectangle bounded by appropriate curves « = const, 
B = const, and then make the dimensions of the rectangle go to zero. 


3. Two-Dimensional Bipolar Coordinates 


452. Study the system of two-dimensional bipolar coordinates «, f, 
related to the rectangular coordinates x, y by the formula 
+ ip 


x-+ iy = etanh——— (Be O0, eee Be), (4) 


Show that the curves 8 = const are circles 


2 


c 


x? + (y — c cot B)? = — 
sin” B 








FIGURE 118 
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going through the points x = +c, while the curves « = const are the 
orthogonal circles 
2 





(x — c coth a)? + y? = — 
sinh” « 
(see Figure 118). What is the appropriate expression for the square of the 


element of arc length? Write Laplace's equation in two-dimensional bipolar 
coordinates. 


Ans. 
dicnnt e E s. 
(cosh « + cos B)? 
Repent (cosh « + cos By (ae ý 2v) = 
c ox? opu — 


453. Find the electrostatic potential in the region between two parallel 
cylinders of radius a, held at potentials +V, respectively, if the axes of the 
cylinders are a distance 2/ apart (see Figure 119). Calculate the capacitance 
per unit length between the pair of cylinders. 


Ans. In terms of bipolar coordinates «, ß with parameter c = M P — œ, 


« ] 
u Fe V— * re > 
aX 405 
where 
l 
cosh «y = — 
a 


(the two cylinders have equations « = 
Xa). 


454. A cylindrical pipe of radius a 
is buried in the ground at depth 5 
(see Figure 120). Find the stationary 
temperature distribution in the region surrounding the pipe, if the tempera- 
ture of the ground is zero while a heat current Q, uniformly distributed with 
respect to angle, leaves the pipe's surface. 


Ans. 





FIGURE 119 


T(«, B) = ——: d S e sinh na cos nd, 


kr sinh «o L2 n cosh na, 





n=1 


where cosh «, = b/a and k is the thermal conductivity. 
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FIGURE 120 


455. Two parallel cylinders of radius a with axes a distance 2/ apart are 
placed in a plane-parallel flow of an ideal fluid, making angle « with the line 
joining the centers of the cylinders. Find the resulting velocity potential. 


Ans. 
u(a, B) = v, VP — a? 


x [cos (= + 2$ cay e 


—_nXıo 





sinh nx cos no | 





cosh « + cos ß aur cosh nx 
' sin B X pant . 
+ sin a +2> (-1)"- cosh na sin n |} 
E cosh « + cos B 2, sinh nx ° 


where cosh x, = lja and v,, is the velocity of the flow far from the cylinders. 


456. Solve the problem of the twisting of a circular shaft weakened by 
an eccentrically drilled hole, as shown in Figure 121 (see W6). 


Ans. The torsion function is 


u(x, B) = aj sinh? s [eoth a, + coth a, 


m cosh « 
cosh « + cos f 
on (= 1)” 


+2 


noi sinh n(x, — o) 





X [e””* coth a, sinh n(a, — «) 


FIGURE 121 


+e" coth a, sinh n(x — a,)] cos nf, 
where «, and &, are determined from the relations 
2 
ai—ai4d 


cosh a, = =e d cosh x, = 21 
da, d» 


9 
ai — as — d? 
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*457. A narrow slot is cut in a circular shaft subject to twisting (see 
Figure 122). Find the torsion function and Se the torsional rigidity. 
Calculate the rigidity numerically for the case h/a = 


Ans. 
The torsion function is 


2 
u(«, B) = a? sinh? z|- ao 


+ 1 Da, me: «sin (n a bel 





T n=0 
where 
a, = (7 Sesin De B sin (n + Dg dà 
(cosh % + cos ß? 
sinh xy = zs mee) (h <a). 
2a(a — h) Ficure 122 
The rigidity is 
: 2 T 
C = Gat sinh a9] 2 sinh a, > a,b, — — > (2n + 1)a? x m 
? 23 2r PX ) 2 sinh? «, 


where 


b =|" sin? B sin (n + sin’ B sin (n + 98, 
(cosh « + cos B)? 


In the case h/a = 1, it is found that C = 1.28Ga* (compare with the result of 
Prob. 233). 


Hint. Subtract out the particular solution —y?. To calculate the rigidity, 
use the formula 


IL Ay — y} Au)dc +] ID L—d4 2 a =0. 


In the numerical calculation of the coefficients a, and b,, use the relations 


2n — 1 2n + 3 

















a, = 2 Ay-ı == 2 Anyi 
-H| + ane nS Core | 
sinh %L2n + 1 A (n+ 4)? — m? 
1[2n — 1 2n 4- 3 | 
b,=- By = Dei 
n ‘| 2 1 3 HL 


1 = 1 
B, = A, cosh ao + Qn + 1) > m(—t nere i]. 
sinh? al IS » (= (n + 4)? — m’ 
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458. An eccentrically drilled tube, with the cross section shown in Figure 
121, is subjected to a pressure uniformly distributed over its interior surface. 
Find the resulting (two-dimensional) deformation of the tube, if no forces 
act on its outer surface. Calculate the normal stresses on the inner surface 
of the tube (see J3). 


Ans. 
Op 2a? (a? — d°} — a&(as + 2d cos B)? x 
p aic a3 [at — (a — d)][ai — (as + 4)] 


where p is the pressure. 


459. A charged wire with charge q per unit length is placed at height A 
inside a long tunnel of semicircular profile. Find the electrostatic field in 
the plane of symmetry, assuming that the walls of the tunnel constitute an 
equipotential surface. 


Ans. 
E| . 4q sin 2B*(1 + cos ß) 
"=° a cos 28 — cos 28* ' 
where a is the radius of the semicircle, and ß* is determined from the formula 


* 
tan se j 
a 
Hint. Ina system of bipolar coordinates, the region in question is bounded 
by the coordinate surfaces B = 0 and ß = r/2. Expand the solution in a 


Fourier integral with respect to the 
variable «. 


460. A conducting plane has a 
semicylindrical boss of radius a, as 
shown in Figure 123. Find the distri- 
bution of electric charge induced on 
the surface of the conductor by a wire 
carrying charge q per unit length 

FIGURE 123 placed in the plane of symmetry (see 
Figure 123). Calculate the maximum 
value of the electric field on the surface. 





Ans. The charge density is 


q sin 2B*(cosh a — 1) 


o(x) = — - - 
2ra sinh’« + sin? B* 


a 
xX = a coth - 
2 
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on the plane, and 





ES q  Sin28* cosh« ; 1 
=,  sine- 
í 2ra cosh? « — sin? 8* J cosh « 


on the boss, where 8* is determined from the formula 





* | 
tan Br = E s 
2 a 
The maximum field is 
8qh 
ne, h? — a” 


Hint. Use formula 15, p. 385. 

461. Solve the preceding problem, assuming that there is a semicylindrical 
groove in the plane (rather than a boss). 

Ans. The charge density is 


E sin (=) (cosh x — 1) 
a(x) = 


SS are 
E cosh = + cos pug | 


a 
; x = a coth = 


on the plane, and 


2(x — p*) 


sin ————— cosh « 


QS. Bing. 
Ira cosh + 2 =— ) cosh « 





on the surface of the groove. 


462. A cylindrical body with cross section in the shape of a symmetrical 
circular lune is placed in a homogeneous plane-parallel flow of an ideal fluid, 





with velocity components t, = —v,, 
v, = v, = 0 (see Figure 124). Find the y 
resulting velocity potential. 

Ans. —— 
u(x, p) rd x 

v | sinh « 2 B 

exa lcosh a + cos B BET P 
+2 >|" an Binh A paie eA m) cosh Aes B) ——M—————— ——— sin Ax a , 
sinh zà sinh (x — Bo)A FIGURE 124 
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where 


tan 


to [32 
a oS 


and v,, is the velocity of the flow far from the body. 
Hint. Use the system of bipolar co- 
ordinates 


EX 
x + iy = c tanh fL 


(m « « « co, Bo < B < 27 — By), 


instead of the system given by formula 
(4), p. 212. 





463. Find the torsion function for a 
FIGURE 125 cylinder whose cross section is a circular 
lune bounded by the curves ß = ß, and 
ß = ß, in bipolar coordinates, as shown in Figure 125 (see U1). 


Ans. 
e D = [EEE a corp, Sint fa sinh NB — B9 


cosh « + cos ß o sinh Ar sinh (8B. — Qj) 


© sinh AB, sinh AB, — B) 
— 2 cot af sinh Az sinh X(B, — Bı) 


cos Aa AA 


cos Aa dà}, 


where the parameters B, and B, are determined from the relations 


cot B 
cot B, 


| |, sin B, 
ij sin B, 


ceva tana 


Hint. To make the problem homogeneous, subtract out the particular 
solution à(c? — x? — y?) from the equation for the torsion function, where c 
is the scale factor of the system of bipolar coordinates. 


a1 
75 


a» 
2 














464. A semicircular elastic plate of radius a is clamped along its edges 
and loaded by a concentrated force P applied at an arbitrary point of its 


axis of symmetry. Find the distribution of bending moments along the edges 
of the plate.? 


2? Problems 464-466 are treated in Uflyand’s book U2. 
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Ans. 
P Fl ATE T 
Mle-o = — (cosh « + 1) sinh — sinh A| = — ß* 
2x 0 2 2 


cos àx da 


— à cot ß* sinh A er 
j P. hanks (an/2) — X 


Ml jo Pen cosh af sinh a sinh Aß* cot ß* 
27 0 2 


| cos Aa dA 


ema) 
2 p sinh? (An/2) — »* 


‘ 


where ß* is determined from the relation 


* 
et 
2 a 


b is the distance from the point of application of the force to the rectilinear 
edge of the plate, and «, B is a system of bipolar coordinates. 


465. Solve the preceding problem for the case of a uniformly distributed 
external load g. Write an expression for the deflection along the axis of 


symmetry. 
Ans. 
= ae swe [f [sinna cos B—A sin (cosh th sinha )] 
uezo 32D cos”’(ß/2)l.Jo i2 i 5 : : 
LM — cos f tan? 2 
sinh? (Ax/2) — A 2 


where D is the flexural rigidity of the plate. 


466. Find the distribution of bending moments along the edges of an 
elastic plate in the form of a symmetric circular lune —ß, < B < Bo, due toa 
concentrated load P applied at the center of the plate. 


Ans. 
P sin Bo ? sinh 2f, cos Aw 
Mlazig, = — ——-—- (cosh cos — 
lost 27 Á Seton o sinh 22, + A sin 20, 


4. Spheroidal Coordinates 


Turning to three-dimensional coordinate systems, we first consider the 
case where the region of interest is an ellipsoid. If all three semiaxes of the 
ellipsoid are different, it is necessary to deal with Lamé functions, whose 
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theory lies beyond the scope of this book.? However, in most cases of 
practical interest, two of the semiaxes of the ellipsoid are equal. Then the 
ellipsoid reduces to a spheroid, i.e., an ellipsoid of revolution, the corre- 
sponding coordinate systems are called spheroidal coordinates, and the 
appropriate particular solutions of Laplace's equation can be written in 
terms of elementary functions and spherical harmonics, whose theory, unlike 
that of Lamé functions, has been fully developed. Moreover, these particular 
solutions can be used to solve boundary value problems for the region 
bounded by a hyperboloid of revolution 
(see Probs. 483-485).* 

By prolate spheroidal coordinates we 
mean coordinates «, 8, 9 related to the 
rectangular coordinates x, y, z by the 
formulas 


x = c sinh «sin B cos 9, 
y = ¢ sinh «sin B sin 9, 


z = ¢ cosh x cos 8, 





where 


FIGURE 126 


VER Oe Ger Ho oe, 


and c > 0 is a scale factor. Then every point of space is characterized by a 
unique triple of numbers x; B, @. The corresponding triply orthogonal 
system of surfaces consists of the prolate spheroids « = const with foci at the 
points (0, 0, +c), the double-sheeted hyperboloids of revolution 8 = const, 
which are confocal with the spheroids, and the planes o = const passing 
through the z-axis (see Figure 126). The square of the element of arc length 
and Laplace's equation take the form 


ds? = c'(sinh* a. + sin? B)(da? + d8*) + c sinh? æ sin? 8 dp}, 





1 1 2 (si au) 1 (s 2u) 
A Set ee ha p.i. 
: c'(sinh* « + sin? 8) bs x Ox ee Ox sin B 08 a 08 


+ pal JŽ] =0 
sinh'« sin” B/ ðo” 


If there is no dependence on the angle 9, the appropriate particular solutions 











* For the general theory of ellipsoidal coordinates and Lamé functions, see e.g., H4 
and W4. Some problems involving ellipsoidal coordinates, but not requiring knowledge of 
Lamé functions, are given at the end of this section (see Probs. 486-489). 

* Spheroidal coordinates can also be used to solve boundary value problems for 
Helmholtz's equation, but then the particular solutions involve more complicated functions, 
called spheroidal wave functions (see S18, S19). 

5 If a point has cylindrical coordinates r, 9, 2, then = + ir = c cosh (X + i8). 


CURVILINEAR COORDINATES 221 


of Laplace’s equation for dealing with boundary conditions specified on the 
surface of a prolate spheroid (x = «,) are given by 


u=u, = M,P,(cosh «)P,(cos ß), n = Q0, 1,2,... 
in the case of the interior problem (0 < « < a), and by 
u =u, = N,Q,(cosh «)P,,(cos B), n2 


in the case of the exterior problem (a, < « < 00).° Here P,(z) is the Legendre 
polynomial of degree n, Q,(z) is the Legendre function of the second kind 
(of degree n), and M,, N, are arbitrary constants.’ 

Similarly, if there is no dependence on the angle c, the use of the super- 
position method to solve boundary value problems for the region bounded by 
the hyperboloid of revolution B = ße starts from the following particular sol- 
utions of Laplace's equation, which depend continuously on the parameter «: 


u = u, = M.P_w,,.(cosh &)P. (4 cos B), +> 0. (5) 


Here P (z) is the Legendre function of the first kind, and the plus sign pertains 
to the interior region 0 < ß < ß, and the minus sign to the exterior region 
Bo < B < m. The general solution is now constructed by integrating (5) 
with respect to t. To determine M_, we use the Mehler-Fock theorem;? 
instead of the theory of expansions in series of spherical harmonics. 

Next we consider oblate spheroidal coordinates «, D, « related to the 
rectangular coordinates x, y, z by the formulas 


x=ccoshasinßcosg, y —ccosh«sinf sino, z = c sinh « cos B, 


where 
EI «Bop m 


and c > 0 is a scale factor.’ In this case, the triply orthogonal system of 


* For particular solutions in the more general case of dependence on 4, see e.g., L9, 
p. 218. 

7 The functions Q,(z) can be expressed in terms of elementary functions by using the 
recurrence relation 


(n + DQ^a(2 — Qn + DzQ4G) -nQia(2 0, n—12,..., 
together with the formulas 


1, z+] 
Od) == 5 In — 


zl 


— 1. 
z—i 





, Q:@) = 5 In 


8 See L9, Sec. 8.9 and also Probs. 483-485. 
* * [f a point has cylindrical coordinates r, p, z, we now have z + ir = c sinh (x + ig). 
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surfaces consists of the oblate spheroids « — const, the single-sheeted 
hyperboloids of revolution ß = const and the planes $ = const (see Figure 
127). The square of the element of arc 
length and Laplace's equation now take 
the form 


ds? = c'(cosh* « — sin? g)(da? + dg?) 


+ œ cosh? « sin? B do, 





NE E 
c'(cosh* « — sin? ß)Lcosh « 














a zi 1 ð ( ! 2) 
SS eich == 
> (2 ee Ox A sin B og me op 
1 1 u 
FIGURE 127 = (= B cosh? -) al 


If there is no dependence on the angle o, the appropriate particular solutions 
of Laplace’s equation for dealing with boundary conditions specified on the 
surface of an oblate spheroid (x = a») are given by 


u=u, = M,P,(i sinh «)P,(cos B), n=0,1,2,... 
for the interior problem (0 < « < a), and by 
u=u, = N,Q,(i sinh «)P,(cos B) 


for the exterior problem (a, < « < oo). Here the boundedness of grad u 
plays a role (see L9, p. 217). 

Having made these preliminary remarks, we now give a number of 
physical problems whose solution involves the use of spheroidal coordinates. 


467. Find the charge density on the surface of a conductor in the form of 
a prolate spheroid with semiaxes a and b, carrying total charge Q. What is 
the capacitance of the spheroid? 





Ans, 
CARPET RE NP Sen 
4nc* sinh a, Vcosh* a, — cos’ß 4xab? E re 
at Bi 
C= 2c 
in arc 
a—c 
where 


c= Va? — b, tanh x = ^. 
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Hint. Introduce a system of prolate spheroidal coordinates such that the 
surface of the ellipsoid has equation « = ag. 


468. A point charge g is placed at the center of a hollow conducting 
shield in the form of a prolate ellipsoid with semiaxes a and b. Find the 
potential distribution inside the shield, assuming that its surface is at zero 
potential. 


Ans. 
u(a, B) = | l 


Va? — b* sinh? « + cos? B 


- > 4n + DP4,(0) Q»«(cosh xo) 

n=0 P.„(cosh %) 

where P,(x) and Q,(x) are the Legendre functions of the first and second 
kind, tanh a = bja, and 


P(0) = 1, Pe,(0) = (—1)” 


P,„(cosh «)P»,(cos p|, 


1:3:5- (2n — 1) 
2:4:6: 2n ’ 
Hint. Subtract the potential of the point charge from the solution. To 

express the solution in series, use the integral 


n=1,2,.. 


1 
| BET COM = 2P,,,(0)Q.2,(cosh «). 
-1 /sinh?« + x? 


469. Solve Prob. 467 for the case of an oblate spheroid. 
Ans. 


eee: 1 Bue © ARE EN 
Arc? cosh a Vcosh? a, — sin? 4xa?b Jr z? 
a^ p 
pcs 
arc sin ~ 
a 


where 
X E b 
c = Na? — bi, tanh à, = -. 
a 


470. Find the charge density on the surface of a conducting disk of 
radius a, carrying total charge Q. What is the capacitance of the disk? 
Ans. 
Q gu 


x 4xav a? — r? 


where r is the distance from the center of the disk. 


o 
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*471. Find the surface charge density induced on a disk 
by a point charge q located at an arbitrary point of its axis 
of symmetry (see Figure 128).1° 








Ans, 
q a ( a? sin? ey 2i 
acto —€ 
j all) P» d © Jr cos B 
2 4 Da! id 
FIGURE 128 x >(-1)" ao Qs, (£) Ps, (cos Jj 
n=0 2 


in terms of the Legendre functions of the first and second kind P,(z) and 
Q,(z), where B = arc sin (rja), and r is the distance from the center of the 
disk to an arbitrary point on its surface. 


Hint. Use the expansion 


—— n c i (4n + 1)P,,(0)Q,„( sinh 2) Pox). 
Vcosh? a — x? nao 

472. A grounded plane screen with a circular aperture of radius a is 
placed in an electric field which is homogeneous at a great distance from the 
screen. Suppose the field has the value E, to the left of the screen and the 
value £, to the right of the screen (see Figure 129). Find the potential in 
the surrounding space, and calculate the field along the axis of symmetry 
(a problem of interest in electron optics). 


Ans. The potential is 


a 
u|;so =- (E, — Ej) 
T 





pgs 
um 


x ( — sinh « arc tan — | cos B — E,-, 




















g; 
sinh « | 
= J; == 
a == A = 
ul.<o= 7 (Ex — Ej) = 
T 
/ ; 1 
x |1 — sinh « arc tan — cos B — E,z, 
sinh « FIGURE 129 
while 
E ELM. Es $ 1 
Ely ass = E, + E *(arc tan : 1 "P sinh a 
T sinha cosh? « 
E, — E à 
ee = E, + — (are tan ——— l -— sinh o 2) 
T sinha cosh? « 


is the field along the axis. 


?? This problem can be solved more easily by using integral equations (see Prob. 551b). 
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Hint. Introduce spheroidal coordinates with parameter c equal to the 
radius of the aperture, and look for a solution of the form 


ul, <o = Ayla) cos B — Eız, 

ul,>0 = Azla) cos B — Ex. 
473. An oblate dielectric spheroid, with semiaxes a and b and dielectric 
constant e, is placed in a homogeneous electric field E, directed along its 


axis of symmetry (in the negative z-direction). Solve the resulting problem of 
electrostatics. 


Ans. The potential is 


Eoz 
ERE 2 SE ee Ost 
e cosh” a — sinh” a, — (e — 1) sinh % cosh“ ag arc cot sinh a 
in the dielectric, and 


Eyc(e — 1) sinh a cosh? «(1 — sinh « arc cot sinh «) cos f 


u = Eaz TA 2 * 2 . 2 " 
e cosh* a, — sinh” a, — (e — 1) sinh % cosh“ o, arc cot sinh o 
+ const 
in the air, where 
b 
tanh à, — -. 
a 


474. Find the resistance of a grounding rod inserted in ground of con- 
ductivity o (see Figure 130), assuming that the rod is shaped like half of 
a prolate spheroid with semiaxes a and b, where a > b (see OI). 

Ans. 

1 net Va? — b? 
4no a? — p? a — fat — p 


8:2 





; r 
NU (0, ) 
NE 
d: do 
| 
FIGURE 130 FIGURE 131 


475. A constant current J enters the ground through a point contact 
placed on the earth’s surface over a hole filled with material of conductivity 
o,, different from the conductivity c; of the rest of the ground (see Figure 131). 
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Find the current distribution in the ground, assuming that the boundary 
between the two media is the prolate spheroid with equation 


z? r? 
zi pad z » 0. 


Ans. The potentials of the current field in the two media are given by 





J(o; —0) x 
co Zn + DP) 
2noR — 2xo, a? — b? 2 i 


Qon(Cosh %)Qon(Cosh %)Pen(cosh a)Ps, (cos B) 
51Q2,(COSh oy) P2,(Cosh o) — osPs,(cosh %)Q2,(Cosh a) i 





J © 
nun anv a? — b? sinh? Zo 20 D 
x Qe,(cosh a)Ps,(cos B) 
040, (cosh &)P3„(cosh xo) — osPs,(cosh «s)Os,(cosh os) ' 
where R is the distance from the source to the field point, tanh «, = b/a, 
P,,(x) and Q,(x) are Legendre functions, and 


1:3-5---Qn— 1) 
2-4:6-:2n. ’ 
476. A d-c current enters ground of conductivity c through a grounding 

plate in the form of a disk of radius a (see Figure 132). Find the distribution 


of current under the plate, and calculate 
the resistance of the plate. 


P(0) = 1, P, (0) = (—1)" ied o eee 


Ans. The potential of the current 
field is 


2V : 
u = — arc cot sinha, 
Tt 


where V is the potential of the plate. 
The resistance is 





1 
FIGURE 132 R = — 


4sa ` 
Hint. Introduce a system of spheroidal coordinates (0 < « < oo, 
0 < B< 7/2). 


477. A prolate spheroid made from material of magnetic permeability u 
is introduced into a homogeneous magnetic field H, directed along its axis 
of symmetry (in the negative z-direction). Solve the resulting problem of 
magnetostatics, and show that the field inside the spheroid is homogeneous. 
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Ans. The field inside the spheroid is 





H,=— 2 
cosh” «o — u sinh? % + (u — 1) sinh? a4 cosh o In coth = 
where 
tanh % = b . 
a 
Substitution for «o leads to the expression 
— E 
` a a c 
Lt Dji — — n ate] 
c 20 a—c 


478. Find the stationary temperature distribution in a prolate spheroid 
& = &o if a given axially symmetric temperature distribution 
T(a, Blaza = f (B) 
is maintained on its surface. Consider the special case where one half of the 


surface of the spheroid (z < 0) is held at temperature zero, while the other 
half (z > 0) is held at temperature 7). 


Ans. 
2 2n+1 Í T ] 
T(«, ——— —— P,,(cosh «)P,(cos P. (cos 1) sin v dh, 
(a, B) = 22 P. (cash a) (eos DP aleos B) | f(n)P. (cos v) sin s dn 
in terms of ie Legendre polynomials P,,(x). In the special case, 
4n 4- 3 P,,(0) 
T(x, A + ——— — P,„,1(cos B)P. cosh a) |; 
ME en ee ee 
Hint. To calculate the integral 
|" P.(x) dx, 
“0 
use the recurrence relation 
Qn + 1)P,(x) = Pau) — Ppa). 
479. Find the stationary temperature distribution in a prolate spheroid 


with semiaxes a and b, whose surface is held at temperature zero, if heat is 
produced inside the spheroid with constant density Q. 


Ans. 
2 2 
T(«, B) = — oe sinh? a sin? B — m 
+ BEN DB (3 cos? 8 — 1)(3 cosh? « — D 
3(3a* — c?) 


in terms of the spheroidal coordinates « and B, where c = Ja? — B? and k is 
the thermal conductivity. 
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Hint. Make the problem homogeneous by subtracting out the particular 
solution — Qr?/4k of the inhomogeneous heat conduction equation. 


480. A body in the shape of a prolate spheroid with semiaxes a and 5 is 
placed in a homogeneous flow of an ideal fluid, directed along its axis of 
symmetry (in the negative z-direction). Find the resulting velocity potential. 


Ans. 


cosh « In coth LR 1 


u(a, B) = vac | cosh a + ——|cosß-+ const, 
Lae pep 


Bb 2 a-c 
where c = Va? — b? and v,, is the velocity far from the body. 


*481. Calculate the gravitational potential due to a homogeneous prolate 
spheroid with semiaxes a and b, and find an asymptotic expression for the 
potential in the case of small eccentricity c. 


Ans. The potential outside the spheroid is 
rpab? 


u(a, B) = Euch «(3 cos? B — 1) 
a? — 


+ [2(sin? 8 — sinh? «) + 3 sin? B sinh? a] In coth 3l 


where ¢ is the density, and the gravitational constant is taken to be unity. 
For small c, 


un M[E + t Ps(cos 2 
SR?’ i 


R 
where 
M = zrpab? 
is the mass of the ellipsoid, and 
Zee g B 
R = Vr + 25 0 — arc tan ^, P(x) = 


Hint. Inside the spheroid, subtract out the particular solution — pr? of 
the inhomogeneous equation. 

482. Solve the preceding problem for the case of an oblate spheroid. 

Ans. Outside the spheroid the gravitational potential is 


2 


la A ([Xcosh? & + sin? 8) 


— 3 cosh? « sin? B] arc cot sinh « — sinh «(3 cos? B — 1)}. 
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For small c, 
un M[E si P.(cos 2 
R SR 
where 
M = $nroda?b. 


Hint. Inside the spheroid subtract out 
the particular solution 


—np(a? — b?) cosh? « sin? B 


of the inhomogeneous equation. 





*483. A point charge q is placed at FIGURE 133 
the focus of a grounded conducting screen 
shaped like a hyperboloid of revolution (see Figure 133). Solve the resulting 
problem of electrostatics. 

Ans. The electrostatic potential is 

© P les 
et Í i tanh wt P_vési(—C08 Bo) » (cosh a) 
R cJo coshrr P_14,;,(cos Bo) 
X P_14,;,(cos B) dr, 0< B< By, 

where P (x) is the Legendre function of the first kind. 


Hint. Introduce prolate spheroidal coordinates «, B, « such that the 
hyperboloid has equation ß = ß,, and make use of the Mehler-Fock theorem 


f(a) = | + tanh «P ie, i (cosh a) dr |” (P. siiis (cosh E) sinh £ dë 
(see L9, p. 221). 


484. A point charge q is placed near the vertex of an electrode shaped 
like a hyperboloid of revolution. Find the potential in the surrounding space, 
assuming that the charge lies on the axis of 


i B= Bo the hyperboloid (see Figure 134). 
(4,8) 7? Ans. 
& T 4. frana r(t 45] 
-c e Ute G R  2eJm Jo 4 2 


a UV sul 


4 2/ P_1g1,.(—c0s Bo) 
GG X P_1g1;(COS By)P_144;,(cosh o) dt, 
Ficure 134 Coa BST. 


485. A d-c current J flows into ground of conductivity o through an 
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electrode placed at the bottom of a hollow shaped like a hyperboloid of 
revolution, with equation B = ß, in spheroidal coordinates (see Figure 135). 
Find the current distribution in the 

Z ground. 


Ans. The potential of the current 
B= Bo field is 


S ^ DUAE 
2 i RNC 


Y | *sinh x*. P/1,,.(cos Bo) 


cosh’ nt P’1¢,,-(—cos Bo) 








X P_164¢(—cOs Bo)P_14,;(— cos B) 
X P x4 i (cosh a) dr, 


where R is the distance from the source to the field point, c is the eccentricity 
of the hyperbola B = ß,, and P (x) is Legendre's function. 


FIGURE 135 


486. Find the charge density on the surface of an ellipsoidal conductor 
with semiaxes a, b and c, carrying total charge Q. What is the capacitance 
of the ellipsoid? 


Ans. 





o = 


x 
EIE p= a m 


G= K y 
0 Va? + sb? + sic? + s) 


Hint. Introduce ellipsoidal coordinates «, B, y, defined as the roots of 


the cubic equation B 2 2 
x y Z 


T 2 
a° + Pa e 
Then look for a solution depending only on «. 











= 1. 


487. Find the charge density on a thin elliptic plate with semiaxes a and b, 
carrying total charge Q. What is the capacitance of the plate? 


Ans. 
Ts VE 
a? 


ee nn 
2 2\. ? 
«(vs Gm 

a 


where K(k) is the complete elliptic integral of the first kind. 





o = 
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Hint. Take the limit c — 0 in the solution of the preceding problem. 


488. An ellipsoid with semiaxes a, b and c, made from material of 
magnetic permeability u, is placed in a homogeneous magnetic field Hy 
directed along its major axis. Find the resulting magnetic field inside the 
ellipsoid. 


Ans. The direction of the field coincides with that of the external field. 
The magnitude of the field equals 


Ho 


abc s ds 
1 + — (u — vf SSS SS SSS 
2 o (a? + s) + sb? + sc? + s) 
489. Calculate the gravitational potential of a homogeneous ellipsoid of 
density p (see S16, p. 161). 


Ans. 


oo x? y? z? ds 
u = rpabc 1-3 - - z SSeS 
A ats b+s c-sldN(a + sb? vs +s) 


where A is the positive root of the equation 


H= 





x? 4 y? à z? 
ago; BEI cA 


and the gravitational constant is taken to be unity. 





1 —0, 








5. Paraboloidal Coordinates 


Physical problems involving a region bounded by a paraboloid of revolu- 
tion can be solved by introducing paraboloidal coordinates a, B, p related to 
the rectangular coordinates x, y, z by the formulas 


x — caf cos o, =coßsing, Z= AG =), 


where 
0<a<n, O«pB-«o, —7< OKT, 


and c > 0 is a scale factor.!! In this case, the triply orthogonal system of 
coordinate surfaces consists of the two families of paraboloids of revolution 


11 If a point has cylindrical coordinates r, o, z, then 


z + ir = £ + ip). 
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æ = const and ß = const, together with the 
planes 9 = const (see Figure 136). The square 
of the element of arc length and Laplace's 
equation take the form 


ds? a ca? te B»(do? a dg?) d ea B? do’, 
1 f 2 à) 
US ee de AM AS 
Ha? + B^lxoxN Ox 


diet + 6-98] 


If there is no dependence on the angle 9,” 

the use of the superposition method to 

FIGURE 136 solve boundary value problems for the region 

bounded by a paraboloid of revolution 

= ß, starts from the following particular solutions of Laplace's equation, 
which depend continuously on the parameter A:'? 


I) 
K,(8) ' 


Here J,(x), Jo(x) and K,(x) are cylinder functions, the upper row pertains 
to the interior region (0 < ß < ß,) and the lower row to the exterior region 
(Bo < B < œ). The general solution is now constructed by integrating (6) 
with respect to A, where, to determine M,, we use Hankel’s integral theorem 
[see formula (12), p. 160]. Paraboloidal coordinates can also be used to solve 
boundary value problems for Helmholtz's equation, but then the particular 
solutions involve confluent hypergeometric functions (see E2, Vol. 2, Secs. 
8.7-8.8). 


490. Solve Prob. 483, assuming that the conducting screen is shaped like 
a paraboloid of revolution, with equation B = By in paraboloidal coordinates. 





u = (a, B)J (AX) (6) 


Ans. 


ula, = — 20 [7 ROBO OBIO aan, 
c(a” + B^ co IAB) 

in terms of the Bessel function of the first kind J,(x) and the Bessel functions 
of imaginary argument /,(x) and K,(x). Note that 


n= fh 


12 See Prob. 492 for the case where dependence on 9 is present. 
?? Formula (6) is an abbreviated way of writing two formulas, one involving the function 
1,8), the other K,(B). 
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where p is the focal distance and c is the scale factor figuring in the definition 
of the paraboloidal coordinates. 


Hint. Use the integral 


? xJo(ax) 
i; ein dx = Kab) (a>0,b>0). 
491. Find the stationary temperature distribution in a body shaped like a 
paraboloid of revolution B = ß,, if a given axially symmetric temperature 
distribution 
Ta, B)lo a, = f(x) 
is maintained on its surface. 
Ans. 
Io(X 
Te D = [508 saan à [^r 02 de 
Io. 

492. Solve the Dirichlet problem for the domain bounded by the parab- 
oloid of revolution ß = ß,, assuming that the boundary condition is of the 
form 

u|ago = ful) en ? HS S ties 
ng 
where f,(«) is a given function. Use the result to construct solutions for 
arbitrary boundary conditions depending on 9. 


Ans. Inside the paraboloid, 


1,08) cos ne 
ul, B, 9) = = [7 £02 ne 


where f,(2) is the Hankel transform of f,,(a):14 


FA) = IM f (9)J (Ana da. 


6. Toroidal Coordinates 


Besides spherical and spheroidal coordinates, there are other coordinate 
systems whose use is intimately connected with Legendre functions. First 
we consider toroidal coordinates «, B, ọ related to the rectangular coordinates 
x, y, z by the formulas 


c sinh « cos 9 c sinh « sin © c sin B (7) 
= ———— , ys ., 2 E> 
cosh « — cos B ' cosh « — cos f cosh a — cos ß 


14 Cf, formula (13), p. 160. 
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where 
<a <a, —n<ß<rnr —n«ox«m, 


and c > 0 is a scale factor.!*!® The corresponding triply orthogonal system 
of surfaces consists of the toroidal surfaces « = const, satisfying the equation 





2 2 _ | 
(r — c coth «) + z = -) 


where r = Vx? + y?, the spheres 8 = const, satisfying the equation 





(r — c cot B) + r^ = ( j, (8) 


sin ß 





FIGURE 137 


and the planes q = const (see Figure 137). Note that all the spheres (8) 
intersect in the circle r = c, z = 0. It is clear from (7) that x, y and z are 


15 [n the next section, we shall consider a closely related coordinate system, i.e., three- 
dimensional bipolar coordinates. 
15 If a point has cylindrical coordinates r, 9, z, then 


csinh « c sin B 
r = Z ——————— 
cosh « — cos’ cosh « — cos 8’ 
or more concisely, 
a + i 





z + ir = ic coth 2 
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periodic in ß and o, with period 2x. Therefore we can choose B <ß< 
P, + 27, 9, € 9 < 9, + 2r instead of -n<ß<rn, —r < ọ < n (which 
corresponds to the particular choice ß, = 9, = —r), and it is sometimes 
convenient to do so. 

In toroidal coordinates, the square of the element of arc length is 


c? 


= (cosh « — cos ß)? 
and Laplace’s equation takes the form 


2 sinh « 2u) 2( sinh « 2x) 
da \cosh x — cos ß dx aß \cosh « — cos p 0p 


ds? (do? + dg? + sinh? a do’), 


a 
sinh «(cosh « — cos ß) Oo? 


(9) 


Unlike the cases considered so far, equation (9) does not permit separation 
of variables directly. However, if we first introduce a new function v by 
making the substitution 


u = 4/2 cosh a — 2 cos B v, 


(9) goes into a new equation belonging to the class which permits separation 
of variables (see L9, p. 223). If there is no dependence on the angle c, it 
turns out that Laplace's equation (9) has particular solutions of the form 


u = u, = J/2cosh « — 2 cos B [A,P,-ıs(cosh «) + B,Q,-14(cosh «)] 
x [C, cos vB + D, sin v8], 


in terms of the Legendre functions of the first and second kinds, where v is a 
parameter and 4,,..., D, are arbitrary constants. In boundary value 
problems involving the region bounded by a torus, the parameter v is deter- 
mined by the requirement that the solution be periodic in B. This leads to 
the particular solutions 


PCR Q, i (cosh « 
uU = u, = V2 cosh « — 2 cos P [M, cos nB + N, sin ng] P gn K 
n-1% 


where the upper row pertains to the interior problem (a) < « < oo) and the 
lower row to the exterior problem (0 < « < a). In problems involving the 
region bounded by two intersecting spheres B = ß, and B = ß,, the appro- 
priate particular solutions are obtained by choosing v = it (x > 0), and are 


of the form 


u =u, = J/2 cosh a — 2 cos B [M, cosh t8 + N, sinh t8]P_1,,;-(cosh o), 
(10) 
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where f, < B < Ba for the interior problem and Ba < B < 2x + B, for the 
exterior problem. Then the solution of the problem is constructed by 
integrating (10) with respect to 7, where the factors M. and N, are determined 
by using the Mehler-Fock theorem (see L9, Sec. 8.12). 

This section contains a number of physical problems which can be solved 
by using toroidal coordinates. Most of the problems are rather difficult, and 
are intended for those with the necessary background in the theory of special 
functions.!* 

493. Find the electrostatic potential due to a charged toroidal conductor 
at potential V, with the dimensions shown in 
Figure 138. Calculate the capacitance of the 
conductor. 


Ans. The potential is 
u(a, B) = Ka cosh « — 2 cos B 
T 


x E ao) 


P_,;o(cosh a) 


42 > Qn—14(cosh a) 
n=l Pn-ıs(cosh %) 


and the capacitance is 


2 [ Qu eost %) 42 2 Qn—14(cosh = 


P_,js(cosh Xo) n=1 P,-14(cosh Xo) ; 


P_,,.(cosh x) 


Pn-14(cosh «) cos nd | ; 





FIGURE 138 C= 
T 


where P,(x) and Q,(x) are the Legendre functions of the first and second kind, 
and 


c= VP — a, N 
a 
Hint. Introduce toroidal coordinates «, B, p with parameter c, such that 


the surface of the conductor has equation x = %. In the course of the 
solution, use the integral 


cos np dB 


oee _ig(cosh A 
o J/2 cosh a — 2 cos B Cr-talcosh ag) 


*494. Find the distribution of electrostatic potential on the axis of a 
grounded conducting torus introduced into a homogeneous electric field E, 
directed along its axis of symmetry (in the negative z-direction). 


17 Some of the problems can be solved more easily by using other methods (by inversion, 
say). 
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Ans. 


8 ay z2 ne 
ul, o = Ez — ~ EVP — a an > nQn—r4(cosh os) sin nB, 
where 


l 
cosh a% ==, 
a 


and the dimensions / and a are the same as in Figure 138. 

495. Solve the preceding problem, assuming that the external field is due 
to a point charge q at the center of the torus. 

Ans. 

2q sin } X n- 
dd ci om Hg [Qus coss %) 1 9 $cay Qa-w(coshoy) oos ne. 
z nV I? — a?LP_1,(cosh a) n=1 Pn-1;(cosh «o) 
496. A current J flows in a ring-shaped conductor of circular cross section 


(see Figure 138). Find the resulting magnetic field along the z-axis, assuming 
that the current J is uniformly distributed over the cross section of the ring. 


Ans, 
-(p 3/2 
ie 3(5 E ) J 
H|, = — —————————— — (1 — cos py 


9n ca 


x lor, jACOSH «4)Q s (cosh xo) — Q74/2(cosh o4)! ,/«(cosh æo) 


4-2 [0%-14(cosh &,)O%-14(cosh os) — Q*-i(cosh &)Qr-14(cosh os)] cos ngj, 


n=1 

where l 

cosh Xo m 
a 


c is the velocity of light, and Q'(x), Q?(x) are associated Legendre functions 
of the second kind. 

497. Find the distribution of a-c current along the surface of a perfect 
conductor shaped like a ring with circular cross section. Calculate the self- 
inductance L of the ring."® 


Ans. 


T= | Sue Oo) — t S 1 Qn-1(cosh za] 
L mN — a? P! ]72(cosh &,) ac 4n? — 1 Ph_14(cosh ay) 
where 


cosh a =; 
a 





18 This is the skin effect problem (see Fl). 
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the dimensions / and a are the same as in Figure 138, and P!(x), Ql(x) are 
associated Legendre functions of the first and second kind. The distribution 
of current density along the periphery of the ring is 

LJ [AXcosh a — cos g)]" | 1 5 2 cos nß | 
327° sinh a(l? — a?) LP (cosh a) m Ph—14(cosh at) J’ 


where J is the total current. 


j@) = — 


*498. Suppose a d-c current flows in a ring-shaped conductor with the 
dimensions shown in Figure 138, producing heat with density Q. Find the 
temperature distribution inside the conductor, assuming that its surface is 
held at temperature zero. 


Ans. 


T(«, B) = — 


2 22 122 
E su 2 — ,/2 cosh x — 2 cos B 


k (2 cosh « — 2 cos y? 
sinh? «4Q", A (cosh a) 
| 05 pem ay uices e) 
2 sinh? % © Q7 (cosh a) 
3r n=1 Qn-14(COsh ag) 
in terms of the Legendre function of the second kind Q (z), where 
l 


cosh «o — —, 
a 


Q „(cosh «) cos "ell. 


and k is the thermal conductivity. 


Hint. Subtract out the particular solution — Qr?/4k of the inhomogeneous 
heat conduction equation. Use the integral 


Í i cos np dB 
o (2 cosh « — 2 cos ß)?!? 
499. Calculate the gravitational potential of a homogeneous torus of 


density p, with the dimensions shown in Figure 138, assuming that the 
gravitational constant equals unity. 


Ans. 


1 n 
= Q,-1,(cosh a). 


u(x, B) = — = - sinh? anf eosha = TeosPllo., j(cosh &)Q*,2(cosh a) 
— O?,(cosh «)Q" ,j(cosh &)]P_1,,(cosh æ) 
+ 2 > [Qn-14(cosh &9)0%-14(cosh ao) 


n=1 


— Qi-w(cosh &,)On-1(cosh %)]Pn—14(cosh X) cos nB), 
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where P(x) and Q(x) are Legendre functions, Q*(x) is the associated 
Legendre function of the second kind, and 


c=YR-a:, ahan 
a 
500. A torus with the dimensions shown in Figure 138 is introduced into 
a homogeneous flow of an ideal fluid, whose direction coincides with the 
axis of symmetry of the torus. Solve the resulting hydrodynamical problem, 
and find the velocity distribution along the axis. 


Ans. The stream function is 


2 . 
Day s a sinh « 


2 | JZcosha — 2 cos à 





v= 


x E P*,/9(cosh a) + > c,Pn—14(cosh a) cos ng), 


n=1 


where P'(x) and O!(x) are associated Legendre functions, 


4 
= x PL w(cosh a4) 


Cn 


c — a*)Qs-«(cosh a) 


2A 


—>—————_ [sinh 1_1<(cosh —1 ) 
i (4n? — 1) sinh ag [sinh as Qs 2o) l 


cosh a = lja, and v,, is the velocity of the flow far from the torus. The 
constant A is determined from the condition 


s 
o da 
501. Find the surface density of free charge on a thin charged conductor 


shaped like a spherical bowl of radius a (see Figure 139). Calculate the 
capacitance of the bowl (see J2, p. 250). 


dB — 0. 


X—9Xx9 





Ans. The charged density is 





6; = 


V [2 cosh a — 2 cos By 
2 cos 1B, 
x2 cosh « — 2 cos f, 


— arc tan xd 
2 cos 1B, 


An’a 


on the inner surface of the bowl, and 





V 
= Oo. == 
To E 4na FIGURE 139 
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on the outer surface, where V is the potential of the bowl and 


sin Bo mE E . 
a 
Using the formula 


4a? — b?  cosh« — cos B, 
p*— p 2 cos? 18, 
where the distances b and p are shown in Figure 139, we find that 


m e [ [A — E — aretan AE 
er p?— o? p? — p? ; 


The capacitance of the bowl is 


? 





b z az 24 
C — — da? — b? + É arc tan —————, 
Ira x V4a — p? 
Hint. 'To calculate the density, use the integral 
© + sinh xc — in à 
Í t sinh x = (x — Bor P_14,,.(cosh a) dr = 2 sin 48o 
0 cosh* xc x 2 cosh a — 2 cos B, 
1 1 
x [ + Zee ae E arctan an 4 
V2 cosh « — 2 cos By V2 cosh a — 2 cos B 


*502. Find the surface density of induced charge on a thin conductor 
shaped like a spherical bowl of radius a, due to a point charge q located at 
the point r = z = 0 (see Figure 140). 








Ans. 
"- qb’ 4a? — p? 
d 8r?a*R? 
2 5,2 
x are tan -R j 5 zd 
V 4a? eh Re 
OR gr = z 
4a? — b? R* —— c : 
Ar? 2 
FIGURE 140 6; = 6, — qb'(4a" — b) 


l6xa?R? 
where o, and o; are the charge densities on the outer and inner surfaces of 
the bowl. 
Hint. Subtract out the potential of the point charge. To expand this 
potential in a Mehler-Fock integral, use the relation 
1 = Í ? cosh Bot 
0 


aeee Pa ‚„(cosh x) dr. 
V2 cosh a + 2 cos Bo t 


cosh mt 
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503. Find the potential distribution in the space surrounding a charged 
conductor shaped like the “spherical zone” shown in Figure 141. 


Ans. 
u(a, B) = V4/2 cosh « — 2 cos B 


x | "tsinn (2x + Bo — Br — cosh (x — B,)r 


P_14,;(cosh a) 
sinh (x + ß,)r cosh xt 
where P (x) is the Legendre function of the 


first kind, V is the potential of the conductor 
and sin By = c/a. 


x sinh (x — B)«] 





Ficure 141 


504. Use the result of the preceding problem to calculate the capacitance 
of a hemisphere of radius a. 


Ans, 


c= 2a(1 e) 


505. A lens-shaped conductor at zero potential is introduced into a 
homogeneous electric field E, directed along its axis of symmetry (in the 
negative z-direction), as shown in Figure 142. Find the resulting potential 

distribution. 


Ans. 
u = Ez — 2E,c,/2 cosh « — 2 cos ß 
x[ t sinh (x — Bo) 
0 


cosh rt 


X Sunnie P_y,,(cosh a) dr. 
sinh BoT 





506. Find the gravitational po- 
Figure 142 tential of a homogeneous hemisphere 
of density e and radius a. 


Ans. The potential outside the hemisphere is 
2rpa* 
ua, B) = = 


“Feoshrt — 7. i (= | | 
~ sinh (B — x) ] + 27° h {= — ß]r 
xf, | cosh (77/2) 12 dob d nn 2 p 





/2 cosh a — 2 cos B 


P_1g.,.(cosh a) 
sinh (37/2) cosh xt 


242  CURVILINEAR COORDINATES 


Hint. Inside the hemisphere, subtract out the particular solution —27 pz? 
of the inhomogeneous equation. Use the integral 


Q TUE ETT gy eo of Z < D Pus loosh a) dr 
cosn « — 


P. yu (cosh a) dr. 


© z cosh (x — B)« 
at eee 


cosh rt 


7. Three-Dimensional Bipolar Coordinates 


By three-dimensional bipolar coordinates, we mean coordinates a, D, 9 
related to the rectangular coordinates x, y, z by the formulas 


c sin & cos 9 c sina sin 9 c sinh B 
n nn ys a Da b 
cosh B — cos« cosh B — cos« cosh B — cos« 
where 


Oca«a«cm, —ocp«o, —r«o« 


and c > 0 is a scale factor.? The close resemblance between (11) and the 
formulas defining toroidal coordinates should be noted (see p. 233). The 
corresponding triply orthogonal system of surfaces consists of the spindle- 
shaped surfaces of revolution « — const, satisfying the equation 


ER pu 
(r — c cot a) + z“ = (=. 


sin « 


the spheres ß = const satisfying the equation 





z — c coth r= £ ). 
P) sinh B 


and the planes o — const (see Figure 143). The square of the element of arc 
length is 


c? 


i peo T dg + sin? ado’), 


1° [f a point has cylindrical coordinates r, o, z, then 


c sin x c sinh B 


Se Z = = 
cosh B — cos « ° cosh B — cos «’ 
or more concisely 


z + ir = ic cot 





x + ig 
LEE 
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and hence Laplace’s equation takes the form 


3 2( sin « 2 2( sin « A) 
da \cosh B — cos « da. 08 \cosh B — cos « 0p 
1 u 


ee a 2 
sin «(cosh B — cos «) do” = 






SE 


FIGURE 143 


To separate variables in (12), we first introduce a new function v by making 
the substitution 
u= V2 cosh B —2cos at, 


as in the case of toroidal coordinates. If there is no dependence on the angle 
9, it turns out that Laplace’s equation (12) has particular solutions of the 
form 


u = u, = 4/2 cosh B — 2 cos a [A,P (cos x) + B,(cos «)] 
x [C, cosh (v + HB + D, sinh (v + 398], 
in terms of the Legendre functions of the first and second kinds, where v is a 
parameter and 4,,..., D, are arbitrary constants (see L9, p. 232). In 
boundary value problems involving a region B, < ß < Ba bounded by two 
nonintersecting spheres ß = ß, and ß = ße, it is easy to see that the appro- 
priate particular solutions are 


u =u, = J/2cosh B — 2 cos « [M, cosh (n + 3)8 
+ N, sinh (n + 3)8]P, (cos a), n = 0, 12.4 


in terms of the Legendre polynomials P,(x), and the general solution is 
constructed by summing these solutions. In problems involving the region 
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bounded by the spindle-shaped surface « = o, the appropriate particular 


solutions are obtained by choosing v = — 3 + i« (+ > 0), and are of the 

form 

u = u, = J/2cosh B — 2 cos a [M cos «B + N, sin tB]P_14,,(+cos o), 
7>0, (13) 


where the plus sign corresponds to the exterior problem (0 < « < a) and 
the minus sign to the interior problem (a, < « < =z). In this case, the 
general solution is obtained by integrating (13) with respect to ^, and the 
factors M. and N_ are determined by taking Fourier cosine and sine trans- 
forms with respect to p. 

This section contains problems from various branches of mathematical 
physics which can be solved by using three-dimensional bipolar coordinates. 
The last three problems (Probs. 512- 
514) involve limiting cases of bipolar 
and toroidal coordinates, and lead to 
elegant formulas for the capacitance 
of such objects as a pair of spheres 
in contact or the surface obtained by 
rotating a circle about a tangent line. 





507. Find the electrostatic field in 

Ficure 144 a spark gap consisting of two con- 

ducting spheres of radius a, with 

centers a distance 2/ apart, if the spheres are at potentials V, and V, 
respectively (see Figure 144). 


Ans. The electrostatic potential is 


AE TEENS. 
u(x, B) = ./2 cosh B — 2cos« Zn. ————— 
PER i 2, 2 cosh(n + 3)3, 


V, — V, sinh (n + 43)8 


2  sinh(n + Df, 
in terms of the Legendre polynomials P,(x), where 


Jem (cos a), 


l 
cosh By = -. 
a 
Hint. Use the expansion 


1 < 1% 
———————————— n eot»9p (cos x). 
/2 cosh B — 2cosa 2 re 


*508. Find the capacitances Cj, Cj, and Coy of a system of conductors 
consisting of two spheres of radii a, and a,, with centers a distance 2/ apart. 


?' Concerning the meaning of C\,, Cj; and Cys, see the solution, p- 370. 
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Assuming that the radii are equal (a, = a, = a), tabulate C, as a function 
of the ratio l/a. 


Ans. 
1 < 1 
Cc, = dy ae e (nt 8 h 1 = —(n--Vf)ga 
e S Tol cosh (n + 4)(8, + 89 — e ] 
e c0 | 
x ———————————D 
. L 1 > 
C > e C 182) bees DE + Be) 
jiu = o 
noo Sinh (n + $)(B, + Bo) 


Css = Int zy [e 98 cosh (n 4- IB, a Bo = e (nt Br] 
= R e (nt 082 | 


i CM Dr a ae EE 
sinh (n + 3B, + Bs) 
where ß,, Ba and c are determined from the relations 


2 2 42 3... 22 2 
oe cedi sU. toam nod EMI 
4la, 4las 


c = a, sinh B, = a; sinh By. 





Hint. In three-dimensional bipolar coordinates «, B, o, the surfaces of 
the conductors have equations 8 = —ß, and 8 = f. 


509. A conducting sphere of radius a is buried to a given depth in a 
liquid of dielectric constant e. Find the potential distribution outside the 
sphere, assuming that the sphere is at potential V (see Figure 145). Calculate 
the capacitance of the sphere. 


Áns. 


— e ^^ 6-80 p 
u = Ve Joana a „(cos d) 


on sinh (n + HBe + £ cosh (n + DB," 

—0o <8 <0, 
A sinh (n + HB, + £ cosh (n + 3)8, 
x em fp (cos a), 0 « p « B, 


us = V,/2 cosh 8 — 2 cosa 


C= VP cu 
x D e sinh (n + 3)Bo + cosh (n + 3) Bo pone] 
2sinhB, < sinh (n + 38, + € cosh (n + HB, f 
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in terms of the Legendre polynomials P,(x), where 


cosh By = - N 
t 
B: -0% (1) 
N. ; 
Taa 


l IS 
IN S 


(EAS SV SB = B 
SS OWN OWN 
| 
I 
{ 


2 
G 


p 





UL 


Z 
~ 


zZ 
FIGURE 145 FIGURE 146 


510. Find the potential distribution outside a charged spindle-shaped 
conductor at potential V (see Figure 146). 


Ans. 
u(x, B) = V./2 cosh B — 2 cos « 
S i © cos tB P_1g,;.(—COSs o) 
o cosh tr P_1s,,,(COS oq) 


P_y,,(cos «) dr, 


in terms of the Legendre function P (x), where 


, c 
sın Xo = =, 

a 
Hint. In bipolar coordinates «, B, @, the surface of the conductor has 


equation x = o. In the course of the solution, use the integral representation 
2 cosh =? cos «B dB 

o „/2cosh B — 2 cos a 
511. Solve the preceding problem, assuming that the conductor is placed 


in a homogeneous electric field E, directed along the axis of rotation (in the 
negative z-direction). 


Ans. 


P. y£ (cos ag) = 
T 


oo 





u = Ey — 2E ex 2 cosh B — 2 cos af 
o cosh rrt 


P_i i(— cos Xo) 


P. 4 i (cos «) sin Br dr. 
P. vé (cos oq) 
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*512. Calculate the capacitance of a conductor consisting of two touching 
spheres of equal radius (see Figure 147). 
Ans. C = 2a In 2. r 


Hint. Introduce degenerate bipolar a 
coordinates, defined by the formula 





z+ir= ; 
a+ ig 
which can be obtained from the formula 
a+ ig 





z+ ir = ic cot —— 
2 


(cf. footnote 19, p. 242) by replacing FIGURE 147 
a, B, c by ae, Be, $ce and taking the 
limit as e — 0. Then the surfaces of the spheres have equations B = +f». 


513. Calculate the capacitance of a conducting sphere of radius a lying 

on a plane with dielectric constant e (see Figure 148). 
Ans. 

e+1 In? +1 , 
e—1 2 

514. Calculate the capacitance of a 
conductor in the shape of the surface 
obtained by rotating a circle of radius a 
about one of its tangents (a “doughnut 
without a hole”). 

Ans. 


FIGURE 148 C= “a” Kolx) dx, 
T Jo I(x) 


where /,(x) and K(x) are Bessel functions of imaginary argument. 


Hint. The surface of the conductor has the equation « — o, in degenerate 
bipolar coordinates (see the hint to Prob. 512). 


C=a 











8. Some General Problems on Separation of Variables 


515. Show that a necessary and sufficient condition for being able to 
separate variables in Helmholtz’s equation Au + k?u = 0 (where A is the 
two-dimensional Laplace operator) in a system of curvilinear coordinates «, B 
defined by the formula 


x + iy = f(x + i) (14) 
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(where f is analytic) is that f be the solution of the third-order linear differ- 
ential equation 

f" (0 — x" —0 
(A is an arbitrary constant). 


516. Using the result of the preceding problem, show that apart from 
linear transformations (corresponding to translation and rotation of the 
coordinate axes or change of scale in the xy and «ß-planes) the only trans- 
formations of the form (14) leading to separation of variables in Helmholtz's 
equation are the following: 


x + iy =e***® ^ (polar coordinates), 

X + iy = cosh (« + if) (elliptic coordinates), 

x + iy =(« + if)? (parabolic coordinates). 
517. Show that Laplace’s equation 


Qu 10u 1 u Qu 
eee, en A =0 
or? ^ r or + r? oq? i oz? 


has infinitely many particular solutions of the form 








u = 1? A(x)B(B)O (o), 


where a, B, o are a system of orthogonal curvilinear coordinates defined by 
the formula 


z+ ir = f(« + ig), 
and f(¢) is a solution of the differential equation 
4 
SPO = 2 AQ, 
k=0 
where the A, are arbitrary real constants (see L2). 


518. Show that all the three-dimensional coordinate systems considered 
in this chapter (as well as cylindrical and spherical coordinates) can be 
obtained as special cases of the coordinate system of the preceding problem. 


Ans. Cylindrical coordinates: 
JQ =F ào = 1, Ay = Ag = Àa = M = 0, 


a=, Ber, 


u = [AJ On) + BYC cosh vz + D sinh ve] Ss P9 


where J,(x) and Y (x) are Bessel functions of the first and second kind. 


PROB. 518 CURVILINEAR COORDINATES 249 


Spherical coordinates: 


JSO - e, Ay 1, A = M = i S= yO, 
« — Inr, B= 6, 


u = [Ar + Br^"!][CP*(cos 9) + DO%(cos 0)] 95 9 , 
sin up 
where P#(x) and O%(x) are associated Legendre functions of the first and 
second kind for the interval (— 1, 1).?! 
Prolate spheroidal coordinates: 


Od =ccosht, =, rel AX —-—-0, 
u = [AP*(cosh a) + BQ*(cosh «)][CP#(cos B) + DQ#(cos B)] ^95 ^? 


sinuo’ 
Oblate spheroidal coordinates: 


SO = csinh G M=, Ay — l, M5 —4— 0, 


u = [AP*(i sinh «) + BQ'(i sinh «)][CP*(cos 8) + DO%(cos 8)] ps S 
Paraboloidal coordinates: 
ce 
9-7» Ay = 2c, e = M = Ag = yg = O, 
o 
u = [AJ (va) + BY,(v)]ICLG) + DK,G8 77^ d ; 
where 7, (x) and K,(x) are Bessel functions of imaginary argument. 
Toroidal coordinates: 





(4 c 1 
= th=, =>, W=, &———, 224-0, 
SO = ci co 2 0 4 2 > 4 AC 1 3 


u = \/2 cosh a — 2 cos B[APY_14(cosh «) + BOT s«(cosh «)] 


x [C cos vB + D sin v8] et? 


sin uo ` 
Three-dimensional bipolar coordinates: 
; c? 1 1 
JO = ci cot, Me a7 Age do Ay = Ag = O, 


u = \/2 cosh B — 2 cos a[AP¥(cos o) + BO%(cos «)] 


cos up 


x [C cosh (v + 398 + D sinh (v + HP] sin ue 


21 See e.g., L9, p. 193. 
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519. Prove that besides the coordinate systems listed in Prob. 518, 
separation of variables in Laplace's equation is also possible in coordinates 
defined by the formula 


z+ ir = f(x + iB), 


where f(C) is one of the Jacobian elliptic functions sn Č, cn C, dn C.? Con- 
struct particular solutions of the form 


u = r7 PA(a)B(9)O(o) 
for each of these three functions. 
Ans. 
lL f 2sn 3,—1, X-—0, X——(0 +h), 34-0, NHK, 
u = BAER) Ga uo 
where A(«) and B(ß) are solutions of the differential equations 


12 2 
A" + E + (4 — WW) (Efl. = 0, 


cn «x dn« 
B” — I» Pi (len i: Sn 2). = 0, 
sn iß 
and u, v are arbitrary parameters. 


2. ACS) = cn Gs Xo = k”, Ài =0, Ag = —(k”? D k?), Az = 0, Ay = —k?, 


A" E E Tae) (2A = 0, 


sn« dna 
B” — v+ U, (sco 
| E EA n iB dn iB 
3. S@ EE dn Č, Ay = —k':, Ai == 0, Aa T. l + k'?, Ag = 0, Ay = —], 
art þa- D-E] ro 


snacna 


BY — E Tis) (ae aes 


sn iB cn ip 


2? See L2, W2, W3, and also the paper L4, where a system of solutions of Laplace's 
equation suitable for solving boundary value problems for a ring of oval cross section is 
constructed. 
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520. Verify that the biharmonic equation A?u = 0 (where A is the two- 
dimensional Laplace operator) has infinitely many particular solutions of the 
form 

Syg ; cos AB 
u= If (% T iB)| A(«) sin Ap , 


where a, D is a system of two-dimensional curvilinear coordinates defined by 
the formula 


x + iy = f(a + ip), 


| (4€ 
fo = Í m 


and F(C) is the solution of the differential equation 


where 





F'(C) — PFO — 0 
(A and u. are arbitrary parameters). 


521. Using the result of the preceding problem, show that the two- 
dimensional biharmonic equation permits separation of variables in rec- 
tangular, polar, two-dimensional bipolar and degenerate bipolar coordinates, 
and construct the corresponding particular solutions. 


Ans. The general transformation called for here is of the form 


a 


iG) = u coth uf + b 


, 


where a, b and d are arbitrary constants. 
1. Rectangular coordinates: 
fO=% urd, a=1, b=d=0, 
a= X, B — y, 


cos Ay 


u = (A cosh Ax + B sinh Ax + Cx cosh Ax + Dx sin Ax) SE 


2. Polar coordinates: 
(Oy = e, BT; a=d=1, b = —1, 
a — Inr, B= o, 


cos AM 


- A — A42 py2—42 
u = (Ar^ + Br ^ + Cr Dr P sino" 
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3. Bipolar coordinates: 


C 


Teta u= a=-, b=d=0, 


NES 


1 
2 , 
c 


= ——— [A cosh (A + 1 Bsinh (aA + 1 
Sa cosh (A + I)a« + B sinh ( )« 


u 
: cos 48 
+ C cosh (A — 1)« + D sinh (A — De] nd" 


4. Degenerate bipolar coordinates: 


fO=5, u>0, a=-£, b= 
: p 


——* [A cosh ka + B sinh ħa + Ca cosh Aa + Da sinh àa] ER A 
a? + 6)? sin AB 
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INTEGRAL EQUATIONS 





The use of integral equations to prove existence theorems for problems 
of mathematical physics, or to find approximate solutions, is a classical 
subject, which lies outside the scope of this book but is treated in con- 
siderable detail in the available literature. The purpose of this chapter is 
simply to show how integral equations can be used to find exact solutions of 
certain physical problems. The methods we have in mind are admittedly 
quite special, but very effective in the cases to which they apply, and their 
full possibilities do not yet seem to have been exploited. As an example of 
the successful application of integral equations to physical problems, we cite 
the work of Grinberg, summarized in his book G5, devoted to the solution 
of a number of interesting problems from the theory of electricity and 
magnetism. 

This chapter consists of two sections. The first is devoted to some 
nonstationary problems of diffraction theory which can be reduced to the 
solution of familiar integral equations, e.g., Abel’s equation, Volterra’s 
equation with a difference kernel, etc. The second section, stemming from 
Grinberg’s work, is primarily concerned with stationary problems stated in 
terms of electrostatics, but with obvious analogues involving magneto- 
statics, heat conduction or d-c current flow. 

Because of their relatively greater difficulty, we omit problems whose 
solution requires the use of the Wiener-Hopf method, or problems which 
involve singular integral equations containing integrals of the Cauchy type. 
Concerning these topics, the reader should consult the relevant references 


cited at the end of the chapter (see p. 271). 
253 
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I. Diffraction Theory 
*522. A plane electromagnetic wave with electric field components 
E, = E,=0, .=1(-3) 
U 
is incident on a perfectly conducting half-plane (screen) x > 0, z — 0. 


Denoting the components of the resulting electric field (the sum of the 
incident and reflected waves) by 0, 0, E and setting 


D 


show that the reflected wave u can be represented in the form 


8 g(s) 
| u 


| =1-*, ate Pe ey). 


v 





where the function o(s) satisfies Abel’s integral equation 


* es) 
= ds - 
[ e HiO 


Hint. Look fora solution of the wave equation depending only on £ and y. 
*523. Solve Prob. 522, assuming 


that the incident wave encounters the 
screen at the time t = 0, i.e., 





y 









Excited Quiescent f®= eg $2 0, 
zone zone 0, E <0. 
x 
d Pay Describe the diffraction process graph- 
ically. 
Ans. 
T7 
OS D gan 
FIGURE 149 o =s 
0, <0, 
where ^ 
' gS) 
(s) = dé. 
ovs—§& 


The diffraction process is illustrated in Figure 149. 
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524. Solve Prob. 523 for the special case where 
a) g(&) = 1 (a wave with a rectilinear front); 
b) g(&) = sin o£. 
Ans. In the notation of Prob. 523, the reflected wave u has the following 
representation in the excited zone: 


a) u=2aresin JA, 
D E 

p E Yaeosin ofn — (E =D] 5, 
T J0 14+ 


525. By passing to the limit ? — oo in the formulas of Prob. 524, solve 
the well-known Sommerfeld problem on the steady-state sinusoidal electro- 
magnetic oscillations due to a plane wave incident on the edge of a con- 
ducting screen (see Prob. 426). 

Ans. 

u = Im (u*e/**j, 
where 
u* aen 2 ee | e ds, k =, o : 
Jn T V k(r—2) v 
526. A plane electromagnetic wave with components 


zta) 


U 





E, — E, — 0, E, =f (1 — 
is incident on a perfectly conducting screen shaped like a parabolic cylinder 


r — x + 2a. Setting 
E= j(=) - u, 
v 


where E is the z-component of the electric field, show that the reflected wave 
can be represented in the form 





|" 2096) qq 

o JE— s + Gajo) 

(a 1-38, e M SEL yam. 
v 


v 





where ¢(5) is the solution of the integral equation 
S 
g(s) z 
— m ds = f(E): 
É, JEZ s + (a/v) 
Hint. Look for a solution of the wave equation depending only on € and ». 
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527. Solve the preceding problem of diffraction theory, assuming that the 
wave makes contact with the screen at the time ¢ = 0 and is continuous along 
its front,! i.e., 


MC o 220. ae 
o= iT aoo 

Describe the diffraction process graphically. 

Ans. 

T.C M ds, > 0, 

u = { Jo JẸ — s + (afv) 
0, Tj < 0, 

where 


Lfe : 
s) = — Se dp, 
as) 2ri Jr K P 


Here g and K are the Laplace transforms of the functions g(£) and 


_1/2 
xa=(e+ 2), 


2ap/v PPM 
R= Eh -e( f?) 
/p L v 
where ©(x) is the probability integral and the path of integration P is a 
straight line parallel to the imaginary axis 
Quiescent lying to the right of the singular points of 
the integrand. 

The diffraction process is indicated in 
Figure 150. The boundary of the excited 
zone is the envelope of the secondary waves 
reflected from points of the screen, in keep- 
ing with Huygens’ principle. 


so that 





528. Suppose the incident wave in Prob. 
547 has the equation 





p 


FIGURE 150 g(&) — 2 arc tan /2 . 
at 2a 


Show that the reflected wave u can then be represented in the form 


2 P 
v=? aretan | 1, y > 0. 
T & — n + (afv) 


* The case of a discontinuity on the wave front can be treated by passing to the limit. 
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529. Consider the problem of diffraction of a plane sound wave 
f (: o x+ 2) 
v 


by an obstacle shaped like a parabolic cylinder. Show that the reflected wave 
has the representation? 


: g(s) 
—d 
-œo JE — s + (2a/v) : 
(i-i ELA, yar, rave ty), 
v 


v 


u— 








where o(s) is the solution of the Volterra integral uc 


2a g(s) 2a 
oa) + ANE B eoa ee) 
(see F8.) 


530. Solve the preceding problem, assuming that the wave encounters the 
obstacle at the time ż = 0: 


„n E «GeO; = 
JO = d Ec g(0) = 0. 
Ans, 
4 o(s) 
ya, n 2 0, 
o JE — s + Rah) : 
0, n< 0. 


where, in the notation of Prob. 527, 


a E 
mc a ae — ASK ep 


*531. Consider the problem of diffraction of a plane sound wave 


Hec) 


by an obstacle shaped like a paraboloid of revolution r = z + 2a. Applying 
the technique of the preceding problems, show that the reflected wave has 
the representation 


i g(s) 
—» & — s + (2a/v) 
(g=1-244, RN an n Ey 2. 


v v 


y == 








? [n problems on diffraction of acoustic waves (unlike the case of electromagnetic 
waves), we write the total solution in the form f (6) + u. 
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where o(s) is the solution of the Volterra integral equation 


es) _ 24 pg 
Pd) + — = Es + Quo I, + Qalor : LO 


(see F8). 


*532. Solve the preceding problem, assuming that the incident wave has 
the equation 
~ é >0, 


cao 89-0 


f(-— 


Ans. In the excited zone (n > 0), 


u = |; NC NN ds 
£—s- Qa) ’ 


al pg gps 
ee [lese e 
ots) = v 2ni Jr 1 — (up 
In the last formula, Z and K are the Laplace transforms of g(&) and the 
kernel 


where 


dp. 


1 
E + (2a/v)’ 


and the path of integration I’ is a straight line parallel to the imaginary axis 
lying to the right of the singular points of the integrand. Note that 


K(§) = 


v 
in terms of the exponential integral Ei(x). 


533. Consider the problem of diffraction of a plane wave by a paraboloid 
of revolution r = z + 2a with homogeneous boundary conditions of the 
first kind. Show that. the reflected wave has the representation 


v=" S: O 
-œ & — s + (2a/v) 
(a 1-2 r—a 


v U 








, t= xt yt 3! 


where ¢(s) is the solution of the integral equation 


Mac E o. rg 
[. & — s + Qa[v) eG) 
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534. Using the Laplace transform, solve the integral equation of Prob. 
533 for the case of a wave of the form 


er REL SE, _ 
J&E = E px g(0) — 0. 
Ans. In the notation of Prob. 532, 
(s) = — E ors dp. 


2ri Jr K 


2. Electrostatics 


535. A conductor of arbitrary shape, bounded by a surface 2, is intro- 
duced into a given external field E? (see Figure 151). Show that the density 
of charge induced on the conductor satisfies the 
integral equation 


E(N) jode 2o —— cos (f yy, n)dS (1) 
2r 2n JE [rr d? 


o(N) = 
where M and N are two arbitrary points of the 
surface 2, dS is the element of area, r yy is the vector 
joining M to N, n is the unit exterior normal to 2 
at the point N, and E? = E°-n is the projection of 
E? onto n. 





FIGURE 151 


536. Show that in the special case where the surface of the conductor is 
an infinite plane, the solution of the integral equation (1) is given by? 


E(N) 


quu 2n 


Use this result to find the charge density induced on a conducting plane by a 
point charge q placed at height / above the plane. 
Ans. 
qh 
O mR?’ 





e(N) — 
where R is the distance from the charge to the point N of the plane. 


* Naturally, this result can be found in other ways. The present method is of interest 
mainly because the final result is obtained practically without calculations. 
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537. A metallic sphere of radius a at potential V is introduced into an 
external electric field E°. Starting from the integral equation (1), show that the 


density of charge induced on the surface of the sphere is given by 
EN) | — u°(N) 
2n 4ra j 


o(N) = 


where u° is the potential of the external field. Examine the special case where 
the source of the field E? is a point charge q at distance b (b > a) from the 
center of the sphere. 


Ans. 





where R is the distance from the charge to the given point N of the surface 
of the sphere. 


538. Solve the preceding problem, given the total charge Q of the sphere 
(rather than its potential). Use the formula so obtained to solve the problem 
of the charge distribution on the surface of an initially uncharged insulated 
sphere introduced into a homogeneous external field E?. 


Ans. 
EN 
o(N) = EAN) xls >e + i? = in). 
2x Arala 
where ii? is the average over the sphere of the potential of the external field: 


v= =| uN) dS. 


In the special case 
o(N) = SE cos 0, 
4r 


where 0 is the angle between the direction of the external field E? and the 
radius vector drawn from the center of the sphere to the point N. 


539. A cylindrical conductor with cross section bounded by an arbitrary 
contour I’ (see Figure 152) is introduced into a given plane-parallel field E°. 
Show that the density of charge satisfies the integral 

n equation 


N 1 M 
o(N) = EN). + if SUM. od (raj, m) ds, (2) 
3s 2n r {rary 

where M and N are two arbitrary points of the contour 


F, ds is the element of arc length, r,,, is the vector 
joining M to N, n is the unit exterior normal to l’ at the 
FIGURE 152 point N, and E? = E?- nis the projection of E? onto n. 
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540. Suppose a conductor shaped like an infinite circular cylinder of 
radius a, carrying charge Q per unit length, is introduced into an external 
plane-parallel field E?. Show that the density of induced charge on the 
surface of the conductor is given 7, 


E,(N) ) 
o(N — + —— 
= = 2n 
Consider the special case where 
a) The external field is homogeneous; 
b) The source of the external field is a line charge with charge q per unit 
length, placed outside the cylinder at the distance b from its axis. 
Ans. 
a) o(N) = R22 Ue E cos 0 
2ra 2m 
where @ is the angle between the direction of the homogeneous field (of 
strength E) and the vector drawn from the center of the cylinder to the given 
point N on the surface of the conductor; 


b) GUN ge 


where R is the distance from the line charge to N. 


541. Find the distribution of charge density on the inner surface of a 
grounded cylindrical shell of radius a, assuming that the external field is 
produced by line charges parallel to the i of the cylinder passing through 
the points M, = (a, q), k = 1, 2,. 


Ans. 





2 
a—a 
o(N) = -> Èa T E 
a k=1 k 


where q, is the charge per unit length of the line charge passing through the 
point M,, and R, is the distance between the points M, and N. 


*542. The electrostatic field in the region 0 — y <h between two 
grounded parallel planes is due to line sources whose free-space field is E?. 
Show that the densities cy(x) and o,(x) of induced charge on the planes y = 0 
and y = h satisfy the system of integral equations 


J 0 h af Sl) z 
—E - ———— — dt, 
G(X) = bee y=0 A Č = x)? + h? S 


1 0 oh f 008) A 
x)= — > Eileen TERM EET d 


(3) 


and then solve this system. 
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Ans. 
A [? fo g PUR e ?* d), 


ool) E Ar? -o 1 — goi 
1 = fi EX e P, x 
o,(X) = — are ie 1 eo = zehn e dh, 


where fis the Fourier transform of f(x), i.e.,* 


f=| fede dx, 
and T 


fx) = Elh-e A = El 
Hint. Take the Fourier transform of each of the equations (3). 


543. Solve the preceding problem for the special case where the field E? 
is due to a line source with charge q per unit length, passing through the 
point M, = (0, b). 


Áns. 
. nb . nb 
sin = sin P 
1 
B Ee bru en, o,(x) = — + — —————. 

2h TX nb 2h X nb 
cosh — — cos — cosh — + cos — 
h h h h 


Hint. To obtain the solution in closed form, use formula 15, p. 385. 


544. Suppose a system of line sources, whose free-space field E? has 
components E?, E}, 0 in cylindrical coordinates, is placed inside a dihedral 
angle 0 < ọ <a with grounded conducting walls. Show that the charge 
densities o,(r) and o,(r) on the walls satisfy the system of integral equations 


1 sina f” eo.(p) 
olr) = —EN. — maf an ni 
«o Qn s|e-e m Jo o dee 2r cos a " 
o,(r) = — I El. — BUE xs 1 ee d 
2n m Jo p + r" — 2re cosa 
and solve this system, using the Mellin transform. 
Ans. 
1 ("9f sin x(p — 1) + f, sin (z — ep — 1 
a [ fy sin x(p — 1) + f, sin ( Xp — 1) 


Ari Jı-i© sin (2r — ap — 1): sin a(p — 1) 
X sin n(p — 1)? dp, 
PEN ES itio # sin n(p — 1) + fosin (t — «\(p — 1) 
Ani Jı-io — sin (2m — a)(p — lI): sina(p — 1) 
X sin n(p — 1)r^? dp, 


* This definition of the Fourier transform differs from the customary one by a numerical 
factor. 
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where fis the Mellin transform of f(r), i.e., 


j- [ror ar, 
and ° 


fA) = Eds Sal) = Elena. 
Hint. 


ji t*dt | m sin(m — a)s 
, 
0 


=- - —] « Res « 1. 
t?—2tcosa+1 sine sinas 


545. Solve the preceding problem, assuming that the field E? is due to a 
line source with charge q per unit length, passing through the point M, — 
(ro, Qo). Use the formula so obtained to find the electrostatic field due to a 
charged line placed at distance a from the edge of a conducting half-plane 
(x = 2m, rg = a, Po = n) or near a right-angular corner (x = 37/2, rọ = a, 
Qo — 7). 


Ans. 
sin TPo 
& 
ovr) vM E yy r, Vx ? 
(=) + (=) — 2 cos 2o 
ro r X 
sin 720 
q a 
NT "aríry*. [rs TO, 
Er gr 
Fo r X 


546. A conductor shaped like an open surface of arbitrary form (see 
Figure 153) is placed in an external field E°. Show that the sum of the charge 
densities on opposite sides of the surface satisfies the integral equation of the 
first kind 

| m) dS = V — u’(N), (4) 

z [rary 
where o(N) = o,(N) + os(N), u, is the potential of the 
external field and V is the potential of the conductor, while 
the difference between the charge densities is given by the 


formula 
N l M 
o,(N) — o( N) = EAN) — | a 2 cos (r5; y, n) dS. 
z [rar] Ficure 153 


2x 2x 
(5) 


Thus, to solve the electrostatic problem completely, it is sufficient to know 
the solution of the integral equation (4) [see G5, Chap. 20]. 
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547. Show that equation (5) takes the form 


E,(N) 


o(N) — o(N) = Ir 


for a plane surface, and the form 


EAN). V — uN) 


N) — oN) = 
3,(N) — oN) = ER 


for a spherical surface of radius R, regardless of the form of 
the boundary curve. 


548. Write the integral equation (4) for the case where the 
surface of the conductor is a disk of radius R or a thin spheri- 
cal bowl r = R,0 < 0 < «(see Figure 154), assuming that the 





6=a 
external field has rotational symmetry with respect to the 
FIGURE 154 -5 
z-axis. 
Ans. 


R 9 /or 
af exe (WE) ag — y u), O<r<R 
opcr er 


for the disk, and 


ag [sind c (visio Bin 8) ay — y — iy 0<0<x 
o sin (0 + 9) \sin 4(9 + 0) d ud 


for the bowl, where K(k) is the complete elliptic integral of the first kind. 


*549. Show that the integral equations of the preceding problem can be 
reduced to the integral equation 


2 (* f) «( 2/xy 


dy = g(x) O<x<a, 
x Jox dy A )ay se) 


and solve this equation. 
Ans. 
2d |* sds d [* g(t)tdt 
so = iE EL | rar. 
zx dy Jy Js — y? ds os? og 
550. Using the results of Probs. 548 and 549, find the distribution of 
charge on a disk of radius R at potential V introduced into an arbitrary 
axially symmetric external field. 


5 Problems 548-555 are considered in Lebedev's paper L5. 
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Ans. 


ee] To e 
s? 2 00g 





2300) — er) = È EY), 


where E?(r) is the normal component of the external field on the surface of 
the disk. 


551. Find the charge density on a thin conducting disk of radius R for 
the following cases: 


a) The disk is charged to potential V, and there is no external field 


(freely charged disk); 
b) A point charge q is placed on the axis of symmetry of the disk, at 
distance h from the disk. 


Ans. 
1 


| NE BER 
TAR e 
h l 
b) nl) — — a ae an (Rae NEM a #2]. 


where oc, is the charge density on the side facing the charge. 


a) on) = or) = 











552. Find the charge distribution on a thin spherical bowl r= R, 
0 « 0 « x at potential V placed in an arbitrary axially symmetric external 
field E°. 


Ans. 


1 d |* tan 4s ds 


ex) + 28) 2n°R sin 10 d0 Jo tan? 4s — tan? 10 


d (° V—u%@]tan dt dt 


o tan? js — tan? 41cos Hf 
(0) — o,(8) = — ; EXO) du — rie — u*(0)], 


where u°(0) and E*(0) are the values of the potential and the normal com- 
ponent of the electric field on the surface of the bowl, while c, and c; are the 
charge densities on the convex and concave sides of the surface. 
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553. Solve the preceding problem for the following special cases: 


a) There is no external field (free charge distribution); 

b) The external field is homogeneous, and the potential V is zero (a thin 
conducting spherical shield with a circular hole, placed in a homo- 
geneous field E^). 





Ans. 
V sin? 1« — sin? 10 cos da n 
5, (0) = 2 fare tan ain ee eee + H =; 
4n°R cos $a sin’ 4a — sin40 2 
3E cos Of | x /sin? 4x — sin? 10 
51,8) = — ——— qoae api nn 
' Ar 2 cos 40 


.. E" cos $a 3 cos 0 — 2 cos” 4a 

4r? sin? ła — sin? 10 
554. Suppose a conducting plane at potential V, with a circular hole of 
radius R, is placed in an arbitrary axially symmetric external field (see 
Figure 155). Show that the problem of determining the charge distribution 
on the plane reduces to solving the integral 

2 equation (4), and find the distribution. 
Ans. 


1d |" rd 
u=0 Q u=0 cl) + S(r) = = — —— 


4 — nw dr Jn y? — $ 
u T d [| su(t) dt 
| ds Js NUS X s? 


FIGURE 155 


> 


ae x EXr), 


where o; is the charge density on the upper surface of the plane, while u(r) is 
the potential and £%(r) the normal component of the external field at the 
point r. 


555. Solve the preceding problem, assuming that the external field is due 
to a point charge q on the axis of symmetry of the hole at distance A from the 
plane. 


Ans. 


r? 


qh l h J —R R Jt +h? z| 
61,7) = — —L—Á z] arc tan — = mae 
127) 2r’(h? + ry? PO RN P+}? = her SR + 2 
556. Show that the problem of the charge density on a grounded thin 


conducting half-plane, introduced into a given plane-parallel external field 
E^, reduces to the solution of the integral equation of the first kind 


[PoG)In|x — € d£ — f(), 0<x<o, (6) 
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where o(x) is the total charge per unit length, o(x) = o,(x) + os(x),* and 
f(x) = 3u°(x), in terms of the potential w(x) of the external field at the point 
x. Solve this integral equation. 


Ans. i ape Ne JE 
= — 1x po | 
> n? rb al 9) In IVx — £l = 
where 


px) = - Fo) — FO). 


Hint. Set x = 0 in (6) and subtract the result from the original equation. 
Then take the Mellin transform of the equation so obtained. 


557. Use the result of the preceding problem to find the charge dis- 
tribution on the surface of a thin conducting sheet x > 0, if there is a line 
source with charge g per unit length near the edge of the sheet. 


Ans. 





n 
sin $9 
615 = zi : 
12-— — ee ee ee (&) 
ee 2 7 2 
ro Fo 2 

where r,, o, are the polar coordinates of the (£) 
1 


point M, and the upper sign pertains to the den- 
sity on the side of the sheet facing the charge. 


558. Two media with dielectric constants e, 
and e, are separated by a surface X (see Figure Ficure 156 
156). Consider the electrostatic field in the 
resulting inhomogeneous medium due to sources whose free-space field is Ep. 
Show that the density of polarized charge on the surface 2, determining the 
secondary field,’ satisfies the integral equation 


ee) Gm 0 o(M) | 
c(N) ET = [Ex +Í iru cos (rry, n) dS |, (7) 


where M and N are two arbitrary points of the surface X, dS is the element 
of area, r,, y is the vector joining M to N, n is the unit exterior normal to 





* The difference between the densities is given by the previous formula 
1 
ex) — o0) = ER). 


? The potential of the secondary field in each medium is given by 


1 M 
u(P) = — SOM o mni 


* 
& Jy [rael 
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X at the point N, pointing from the medium with dielectric constant e, to 
the medium with dielectric constant e, and E? = E? n is the projection of 
the external field onto n (see G5, Chap. 14). 

559. Using the integral equation (7), find the distribution of polarized 
charge for the case where the surface X is an infinite plane (this generalizes 
Prob. 536). 


Ans. A 
£j — $2 E,„(N) 
€, +e, 2T 

560. Derive the two-dimensional analogue of equation (7), corresponding 
to the plane-parallel electrostatic problem of an inhomogeneous medium 
made up of two homogeneous media with dielectric constants e, and £3. 

Ans. 

ne Lg) + 2] MN sn]. (8) 
2r(cı + £2) r (rary! 

where n is the unit normal to the contour D representing the interface 
between the dielectrics. 


o(N) = 


*561. Consider a dihedral angle whose interior 0 < «o < «is filled with a 
medium of dielectric constant ¢,, and whose exterior « < 9 < 7 is filled with 
a medium of dielectric constant e; (see Figure 157). Show that the corre- 
sponding two-dimensional electrostatic problem reduces to solving the 

system of integral equations 





n c 
(js ewe 
(£g) : 2n(s1 + €o) 
N x [Elso + 2sin «| ee |, 
CSS o r+ pe” — 2recos a 
5,(r) == Ioe 
n re, + £5) 
FiGure 157 x ps ihe ) sin ee, 
o r+ cg? — 2rpcos« 


where o, and c, are the densities of polarized charge on the faces o = 0 and 
Q — «. Solve this system by using the Mellin transform. 
Ans. 


4r?i Ji-is sin? x(p — 1) — B’ sin? (x — a)(p — 1) 
x r ?sinnz(p — 1) dp, 

Ani Ji-io sin? x(p — 1) — B? sin? (x — a)(p — 1) 
X r "sin x(p — 1) dp, 
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where fis the Mellin transform 


[Ir ar, 


and 


Solr) = Bs 0» fr) = = | Spel ee B= = " = . 


562. Solve the preceding problem for the special case where « = 7/2 and 
the external field E? is due to a line source with charge q per unit length, 
located in the medium with dielectric constant e; at the point r = a, ọ = m. 


Ans. 
ee Er c 
(p — 1) 


az, 2ri J1-iw sin’r(p — 1) — 8? sin? 


(j= q B [** sinix(p— 1) sinx(p — 1) (Ya 
jd as, 2ri J1-io sin? n(p — 1) — 8? sin? Ax(p — 1) 


563. A slab of dielectric constant ¢,, bounded by the parallel planes 
y = 0 and y = h and surrounded by a medium of dielectric constant e, (see 
Figure 158), is introduced into an arbitrary plane-parallel field E^. Show that 
the resulting electrostatic problem reduces to solving the following system 
of integral equations for the polarized charge densities co(x) and o,(x): 


te 
x |- E-o + 2h » LS 
Ao 

ee 
Solve this system of equations. 


Ans. 





(&) 


FIGURE 158 


(x) = £ ME RU —h e "^ * dx, 


Bee-elaln 


e e m MA ete 
10) = ju qo greet P 


where f is the Fourier transform of f(x), i.e., 


fa" feo as, 
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PROB. 564 
and 


fox) = oh fi) = Ei lochs p -34—3, 
£1 + £5 
564. Solve the preceding problem for the special case where the external 
field E? is due to a line source with charge q per unit length passing through 
the point x = 0, y = A/2. 
Ans. 





(jee), = 


el, 1— Be cos Ax da. 


*565. A perfectly conducting half-plane x > 0, y = 0 is introduced into 
an external electromagnetic field with components 


E, = E, £0; E, = E(x, y)e'*t. 


Show that the sum j = jı + Ja of the current densities flowing in the upper 
and lower sides of the half-plane satisfy the integral equation 


TO) 
c 


Hk |x — Eli) dé, 
0 
where 


f 2 — 1 
E(x) = E(x,0, k= J spo — 4rpowoi 


, 
c? 


and e, u and c are the dielectric constant, the magnetic permeability and 
the conductivity of the medium, while the difference between the current 
densities is 


200. 0 Ce? 9 EN(x, y) 
Jas Jere Tes ue 
2rw oy 





(9) 
y-0 
Solve the integral equation by using the transform (27), p. 196. 
Ans. 





; c it oo EO Ve sinh? x 
I(x) = l E E(x) — E(O eke = EE mus kx) d ; 
2rxcox Jo \2 1209 (9) sinh xt) cosh rt E a (Kx) dt 
where 
f= e| L ue dx 
0 x 


[it is assumed that f(x) approaches zero as x — 0 in such a way that the 
integral converges at its lower limit]. 


*566. A plane electromagnetic wave with components 


E, = E, = 0, E, = Fei(@t-kx) 
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is incident on a perfectly conducting half-plane r > 0, o = «. Using the 
result of the preceding problem, find the distribution of current density on 
the half-plane. 


Ans. 
Posts d cE? [e cos 3a — un [Versin 5 
Ji + Ja ae ee er + sina gi Ag itr cos x d ds 
m/m ./2kr 0 
% on 
Jı Ze Ja = ——sin« g ERT COS a 
2r 
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SOLUTIONS 


52. The solution of the problem reduces to the determination of the 
complex flow potential w = 9 + i, whose imaginary part is a harmonic 
function which equals zero on the axis of symmetry and takes the value 
= —ı,a on the walls of the channel. To determine w, we need only find a 
conformal mapping of the region ABCDE onto the upper half-plane of the 
variable € = € + in. Suppose that in applying the Schwarz-Christoffel trans- 
formation, we make the points of the z and ¢-planes correspond in the way 
suggested in the hint to the problem. Then the relation between z and { is 
obtained by integrating the equation 


dz = 1/2 —1/2»—1 
dt ME TH) GS E) €, 


where M is a constant to be determined later. Bearing in mind that z — ib 
if č = — 1, we find that 
zu mf Be + ib, 
-\G+N E 
where the integration is along any path joining the point = —I to a given 
point ¢ in the upper half-plane. 
It follows from the condition 


lim [zl — zl. ] = ia 
£20 


that M = aV/i/n, and hence it only remains to determine the value of the 
parameter A. This is done by using the correspondence between the points 
z = ia and © = —2A. Since in evaluating the integral with € = —2 as its 
upper limit, we can integrate along the line segment joining the points 
C = —1 and 6 = —A, on which 


C+1=1—s, C+aA=e"(s—A), = -s (A xs 
275 


IX 


1), 
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the last requirement leads to the formula 


-tffe 
a S— À S 


which, after carrying out the integration, implies 4 = (b/a)? and hence 
M = bir. As is easily verified, the complex potential in the ¢-plane is 





w= — 


which, together with the transformation z = z(£) just derived, gives a para- 
metric solution of the problem. 

To calculate the velocity along the axis of symmetry (§ > 0, 7 = 0), we 
use the formula 








v, — Wy = a s 
dz 
which implies 
valuo m L( + T 
Va ü NS EHI” 


where the relation between x and & must be established by using the trans- 
formation z = 2(C). Choosing the path of integration to be a curve con- 
sisting of the segment (—1, — R) of the real axis, an arc of a circle of radius 
R and the segment (R, &), and then taking the limit as R — oo, we find that 


ax. IR: — D. ds e + 1) J 
x = — lim ——| ~—— ——} —|. 
T RooL41 \s—A S E ASH S 


After some simple calculations, this leads to 


il 1 JA E DIG X) 


AVG EWEN. Ay 
hI) rer 


ees YER =i 


X 
a T 


The final formulas, given in the answer to the problem, are obtained by 
introducing the new parameter 


1 In 


CAE 


54. This problem belongs to a category which is both of considerable 
mathematical interest and of great importance in the applications, i.e., 
problems involving the formation of a jet at the boundary of an obstacle 
placed in a stationary plane-parallel flow of an idealliquid. In such problems, 
the form of the jet is not known in advance, but must be determined from the 
condition that the velocity vector have a constant value on the free surface 





PROB. 54 SOLUTIONS 277 


of the jet. For the case where the walls of the obstacle impeding the flow 
consist of line segments, an effective method of solving such problems is 
based on the possibility of establishing a connection between the complex 
potential w and the derivative dw/dz, starting from examination of the 
kinematic picture of the fluid motion. 

Thus consider the part of the region occupied by the flow which is bounded 
by the axis of symmetry AB, the free boundary of the flow BC and the wall 
CD. The behavior of the velocity components v, and v, along the boundary 
of this region is determined by the following relations (where v, = Q/2b and 
2b is the width of the jet at a great distance from the slot AB): 


On AB, v,=0, yee, < 0, 
On BC, v + = vi, 
On CD, —v,< v,< 0, v, = 0. 


Introducing the auxiliary complex variable € = dw/dz and taking account of 
the formula 

pasear 

Us y dz ? 
we find on the basis of the above picture of the flow that the region ABCD is 
mapped conformally onto the interior of the circular sector 


Ie] < v» -—z«agt«o 


E 
2 
in the C-plane, with the boundary of the jet going into the arc of the circle 
Under the transformation! 


= eI m ics ds 


this sector is mapped into the upper half-plane of the complex variable 7, 
with the curves AB, BC and CD in the original plane going into the negative 
real axis, the segment (0,1) and the segment (1, co). In the r-plane, the 
determination of the complex potential reduces to constructing a function 
analytic in the upper half-plane whose imaginary part takes the value zero 
on the negative real axis and the constant value — Q/2 on the positive real 
axis. It is easy to see that the solution of this problem is 


EN exe 


> 


2r 2 


1 To obtain this expression, it is convenient to first transform the sector into a half-strip 
by using the transformation 


NETT d 
—--—iln-, 
: 2 Dy 


with the Schwarz-Christoffel transformation being applied afterwards. 
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which, together with the results found earlier, gives 


dz Idw Q Jt+Jt—1 (b 
dt dt 2mv, t 
Integrating (1) and bearing in mind that the point z = a must correspond to 
the point ¢ = 1, we obtain 


pod rear erecta = 1d (2) 
TU, 
where we choose the branch of the arc tangent which vanishes as t > 1. 
The functions w = w(z) and z = z(t) establish the required connection 
between the complex variable w and the variable z in parametric form. To 
determine the form of the boundary of the jet, we need only separate real 
and imaginary parts in (2), assuming that the variable ¢ belongs to the 
interval (0, 1). This gives the following parametric representation of the 
curve bounding the jet: 


veSqi-psa y= fric ia 


TU, TU, 2 1—41-t 
(0 « t « I). 


The width 25 of the jet at a great distance from the slot, and the corre- 
sponding value of the velocity v, = Q/2b are found from the condition that 
x = b for t = 0, which implies 


b= —— , n= (i22. 
I + (2/7) z’ 2a 
and immediately leads to the formulas given in the answer. 


59. Guided by the hint to the problem, we construct the function z = z(X) 
mapping the interior of the rectangle onto the upper half-plane. Using the 
Schwarz-Christoffel transformation, we find that 


dz _ Me [e EL De | NR RCM (0 — k <1), 
dU ke ya — Ou = ke) 
which implies 
z= | — B 
ev LE eC?) | 


since the symmetry requires that the point z = 0 correspond to the point 
C = 0. The values of the constants M and k are determined from the con- 
dition that the points z = a and z = a + ib correspond to the points C = 1 
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and € = I/k. This leads to the formulas 


1 
a= mÍ e a =M 
oV — C — KE) 
l/k dt 
b= m{ ————————— = MK) (k =V1— k’), 
1 Va — Oy — PC) 
where K(k) is the complete integral of the first kind.? Eliminating M, we 
obtain the relations 
' t 
RR), 2 x = [ —À 8. 
a K(k) a e /(1— Ov — RO 


K(k), 


the first of which is an equation for determining the modulus k, while the 
second solves the given problem of conformal mapping. 
According to the theory of elliptic functions, the inversion of the integral 
in the last expression is given by the formula 
tn, 
a 


where sn z is Jacobi’s elliptic function. Under the conformal mapping, the 
point z = z, = iib goes into the point {= C, = sn (iKb/2a) = il k. The 
expression for the complex potential in the C-plane is 





"NE 
= k 

ee Sa _ EU TAE EN 
C — t, Kz i 
s= 

a k 


To calculate the distribution of charge density on the walls of the box, we 
use the relations 
Beine gr 

dz 4n 
where E, denotes the field normal to the surface of the conductor at the 
point where the value of the density c is being determined. Applying these 
formulas, we find that the charge distribution on the wall —a < x < a, y — 0 
is the expression given in the answer to the problem. 


69. The displacement u(x, t) of any point of the midline of the beam 
satisfies the differential equation 


ou de 1 u 


=0 
axt = at ar? 





2 To reduce the second integral to canonical form, use the substitution V1— RC =k’t. 
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and the boundary conditions 


Qu u ou ju u 
au CU) Ei; M 
ax 2 let or "ox? 


To find the natural frequencies for transverse oscillations, we write 


— V 
x=0 Ox 














ul2=0 == 


u(x, t) = v(x) sin (ot + 9). 


Then, after substituting this expression into the differential equation and the 
boundary conditions we find the following conditions determining the 
amplitude v(x): 
2 
as Py ct 
v „’= 0, 














a 

| ‘| 0 ” 0 m M2? 

vleo gO. vla = 0, ges , 

x=0 x=0 z-—l g-l I3 lass 

The general solution of this equation is 
x | Jox [wx fax 
u(x) = A, cos + B; sin v + A, cosh \— + B, sinh ¥ 
a a a 


The fact that the end x = 0 is clamped allows us the determine two of these 
constants, and leads to the DRAR 
ox 
— sinh X ). 


i) = A (sos 122 — cosh Y2” *) + [sin 
a a a a 7 


Then, imposing the remaining conditions at x = /, we obtain the following 
homogeneous system of equations for the quantities A and B (for brevity, 
we set y = Vo lla): 


A(cos y + cosh y) + B(sin y + sinh y) = 0, 











M 
A h f" (cos y — cosh y) + (sin y — sinh 2| 


Me,. : 
4 aly Me (sin y — sinh y) — (cos y + cosh »| = 


The equation determining the natural frequencies is obtained by setting the 
determinant of this system equal to zero. The result is 


1 + cos Y cosh y = m y(sin y cosh Y — cos y sinh y). 


If the roots of this equation are denoted by vy, (n = 1,2,...), the natural 
frequencies are 
s 
On =e Ym n = 1,2,. 


PROB. 83 SOLUTIONS 281 


83. The problem of finding the forced oscillations of the membrane 
under the action of a load q sin (wt + 9) distributed over a disk of radius 
b < a can be posed as follows: Find the solution of the differential equation 


12 (25 _ Lu qr 1) 
ror\ Or 





governing the oscillations of the membrane, where 


qr, t) = Y(r) sin (ot + 9), 


O<r<b 
- OST SS 3 
T 0, b<r<a e) 
which satisfies the boundary condition 
uja = 0 


and has the same frequency o as the perturbing force. Writing 
u(r, t) = w(r) sin (ot + 9), 


and substituting this expression into the differential equation and boundary 
condition, we find that 


ld ( =) w? dr) 
mieu end riri dua mt w(a) = 0. 
r dr v? T d 

The solution of this inhomogeneous equation, obtained by variation of con- 
stants, has the form 


w= an=) 3 av (8*) 
v v 


ee 


The constant B equals zero because of the requirement that the solution 
be bounded at the point r = 0. The constant A is determined from the 


condition w(a) — 0, which gives 


er) — (89) v (88) o ao 


After some manipulation, the desired expression for the amplitude takes the 
form 


w(r) = [HG ne de. (4) 
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er Penn er) nfe) — x (7.89). NN 
Ed 


nf] o> 


(5) 


where 


Substituting (3) and (5) into (4), and using the formulas 


e e 2 
Í pJo(ae) dp = Ê IQ), Í pose) de = © Yip) + mu 
0 À 0 À TÀ 


and the familiar expression 


OY — YoU) = Z 


for the Wronskian of the Bessel functions, we finally obtain the answer on 
p. 48. 


91. If the z-axis is parallel to the generators of the wave guide, then the 
only component of the electric field of the TM-wave is 


E, = Eeit?) 


(w is the frequency of the oscillations and v is the propagation constant), 
whose amplitude satisfies Helmholtz’s equation 


Bat 2E) „LE 
rör\ Or r? oo? 


9 


— vV)E=0 








(k = w/c = 2n[^, where ^ is the wavelength) and the homogeneous boundary 
conditions 


Es GEL ag E 0590. 


=a 


These equations have infinitely many nonzero solutions of the form 


r mr 
E = Emn = Inna (r) sin —— E iA, 2, 5 
a a 


where the y,,, are the roots of the equation 
Joa Y) = 0, 


and the value of the propagation constant corresponding to y,,, is 


ET = - Je- (res (s) . 
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A wave with an imaginary value of v,,, falls off exponentially in the z-direc- 
tion and is essentially unable to propagate in the wave guide, i.e., a wave 
can propagate in the guide only if v,,, is real. This leads to the inequality 


y 2nd 


Ymn 
The maximum wavelength which can propagate in the guide is given by the 
formula 





2ra 
Amax Ting 


Yo 
where v, is the smallest positive root of the equations 
J anit) = 0, m= 1l,2,... 


96. The problem reduces to integration of the equation 


u 13u _ 


ox? o ^7 





with initial conditions 


m 0-< x <6, 2 
c u 
n = x)= EM = , 
ulio K ) h(1 — x) Ass Ay: [526 
pex Peo 


and boundary conditions 
ul..0 = ul... = 0. 


Setting u(x, t) = X(x)T(t) and separating variables, we arrive at the equations 
X" +X — 0, T" + Xv?T = 0. 


Solving the first of these equations with the boundary conditions X(0) = 
X(I) = 0, we find the corresponding eigenvalues and eigenfunctions 





Reis B X = X(x) = sin = Gp 12.224), 
The solution of the second equation satisfying the conditions 7’(0) = 0 is 
given by 


T = T,(t) = c, cos x 


Therefore the set of particular solutions of the equation of the vibrating 
string satisfying all the homogeneous conditions is 


. ATX nrut ) 
u = u, = Cc, sin — COS —— , n=1,2,... 
n n l l 
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According to the basic idea of the Fourier method, we now look for a 

solution of the given problem in the form of a series 

X nux nnt 

u(x, f) = > c, sin — cos —— , 

n=l l l 
where the coefficients c,, are determined from the condition ui. = f(x), i.e., 
coincide with the coefficients of the expansion of the function f(x) in a 
Fourier series 


f(x) = Sc, sin, 0cxc«l. 


n=l 


As is well known (see T7, p. 35), 


l 
dues 2 Ue ae 
0 


and hence in the present case 
2h? . AMC 


ee 


> 


which leads to the answer on p. 60. It can be shown that this series represents 
a piecewise smooth function of the variables x and f, satisfying the equation 
of the vibrating string and all the initial and boundary conditions. 


108. In the present case, the differential equation for longitudinal 
oscillations of a beam of variable cross section takes the form 


Ape ES =o, 
y(x) 0x v“ Qt 
where 


ya)=ax—xtana 


is the variable height of the cross section at x measured from the axis of 


symmetry of the beam. Setting u(x, f) = X(x)T(t) and separating variables, 
we find that the factors X and T satisfy the equations 


tan « 
y 


The first of these equations reduces to Bessel’s equation in the variable y 


dX idX (4 Jx=0, 


tan « 


X" mE 





X’'+aX=0,  T"-FovT-O. (6) 





l | d ydy 
with general solution 


X= a) 4 sx (A). 


tan a tan a 
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Using the boundary conditions 








du 
Ulg-0 = 0, FR = V, 
| s Ox Iz=ı 
which imply the conditions 
al = 0, dX = 0, 
dy y-b 
we obtain the eigenvalues 
uem (¥ tan 2) 
n a ’ 


with corresponding eigenfunctions X(x) = X. „2 where 


x0) = xo (2) — «cox (£). 


and the v, are consecutive positive roots of the equation X,'(b) = 0. Inte- 
grating the second of the equations (6) and taking account of the condition 
T'(0) = 0, we find that 
vty, tan « 
T = c, cos nenn. 
a 
It follows that the set of particular solutions satisfying the homogeneous 


conditions is 


vty, tan « 
u = un = Cn X, (y) cos — We A 


The solution of our problem is then constructed in the form of a series 


ies) 
u(x, t) = rity 


n=1 


where the coefficients c,, are determined from the condition 


ulno =f) =D aX), bey <a. 
n=1 


Using the formulas 


, 0, m x n, 
X,,00X,,0)» dy = {bf at ,, 
| : i A Xa) — x5,(6)| m — n, 


we find that 
2 ESOX, O dy 
b? 4a? 


ny? b? 


(„= , 


— X$ (b) 
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where the relation 


2 
X, (a) = — — 


ra 
has also been used. In this way we finally arrive at the answer on p. 64. 


109. The problem reduces to integration of the system of equations 


Qu, 1 Pu, 








—--——=0 —a,<x<0 
Ox? u Ot? i 
2 2 
u 
u ex 0<x <a, 
Ox v5 Ot 
with initial conditions 
Qu 
uli = f(x) —| = 
l E f Ot i-o 
and boundary conditions 
ulcus E lel ena, zu 0, un |2=0 = Mo|x-o 
Qu Qu 
E, 1 E = E,S. =o . 
Ox r—0 Ox x=0 








Separation of variables leads to the expression for the displacement 


u(x, 1) = 2 c, X (x) cos ML, 


n=1 a, 


satisfying all the conditions of the problem except the first initial condition. 
Here 


XM(x) = sin 2% sin y (A + i) —a,«x« O0, 
ba, ay 
X,(x) = (7) 
Y„dılas — x) 


Voy 


2 . 7 
Xx) = sin y, sin ; 0 c x « as, 


where the vy, are consecutive positive roots of the equation 
— T-— AV 
Ss / Ezp tan y + Sy / E,p, tan Yadı L o, 
Ayla 
It can be shown that the eigenfunctions X,(x) of the problem are orthogonal 
on the interval —a, < x < a, with weight 


r(x) = Sipi —ay, < x < 0, 
S20». 0 <X< Q5. 
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Therefore the initial condition u|,_, = f(x) implies 


Sipi |", SOXV dx + Ss. |" FOX) dx = 
„= Tale DEE ee ee aa en  e 
Sipi |", XPO dx + Sapa | XI? dx 


Substituting the eigenfunctions (7) into (8), we find that the denominator 
becomes 


Musso sin? Vle y. aS sin? va). 
2 vı 


Thus the solution finally takes the form given in the answer on p. 65. 


112. To solve the problem, we have to integrate the differential equation 


for torsional oscillation of the shaft, subject to the following initial and 
boundary conditions (J, denotes the polar moment of inertia per unit length 
of the shaft) 








ae 0<x<a, 
9| f(x) 2 =0 
0 = JAX) = Er ML 
a(l — x) aire Qt li-o 
beu : 


0|... = 0|... x. 0, 9L us == Ol 953 
a eg 
a=a—0 s 0 ê 


an] 
x Ox |n=a+0 0x 

Separating variables, and taking account of the fact that the ends are clamped 

and there is no initial velocity, we find the following particular solutions: 











r—a 


c? sin JA x cos J/A vt, 0« 


x 


<a, 
TT x i 
c sin "E — J cos Av, a<x<l. 


Using the fact that the two sections of the shaft are joined at the point x — a, 
we obtain the eigenvalues 


so 


Lo. 
l 
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and the corresponding eigenfunctions 


sin, (1 — f) sin, 0<x<a, 
0,(x) = 
sin Yt sin y,(1 — 3), qaum xd 


(n = 1,2,...), where the y, are consecutive positive roots of the equation 


siny =Y sin sin y(t E a), 


If the solution of the problem is written as a series 





0(x, t) = > c„9,(x) cos n P 


n=1 


then the coefficients c, must satisfy the relation 


f(x) =$ 6,0,0, 0<x<il. 


n=1 
In the present case, the functions Y„(x) = 0" (x) are orthogonal, i.e., 
[19.009,09 dx 
0, mn 


2 . 

= iy;([a , sin Gur -- ( 2) 
dnp pS a Sen pz 
i e E E 


in 2y fl — 
TS I mel] sin? 125), m — n. 


2 
It follows that 


iR U(x) dx 


which leads to the answer on p. 66. 


[4 


n 5 


114. The problem reduces to integrating the differential equation 


Fu 10 
Ox! = a ar" 
for transverse oscillations of the beam, with initial conditions 


Q 
ul = f(x), F Mi g(x) 
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and boundary conditions 
Pul _ ie u 

— RE, He —n 
ex? z—0 * Ox? x=l 


Writing u(x, t) = X(x)T(t) and separating variables, we find the differential 
equations 





u lz z 


X09) — 4X = 0, T" + a*àT —0 
for the separate factors, with general solutions 
X = A cos Wax + B sin VAx + C cosh Wix + D sinh Ax, 
T — M cos Vrat + Nsin Jat. 
Using the boundary conditions 
X(0) = X'(0) = X(I) = X'(I) = 0, 


we arrive at the eigenvalues 





4_4 
nn 
A= = 
and eigenfunctions 
eS X,(x) = sin =, n=1,2,. 


Determination of the constants M, and N, in the expansion 


oo 2 22 2 2 2 
nwa’ t . nmvat). NTX 
u(x, t) = > (m, cos B + N,sin B ) sin ES 








n=1 
reduces to evaluation of the Fourier coefficients of the functions 
= . NTX na . ATX 
f(x) = ZM, sin, ats) = 2, N,sin = (0 — x « I). 
n=1 n=1 


118. We want the solution of the equation 


atu, 1u 


xt at or 


satisfying the initial conditions 





Qu 
2o = f (X) —| =0 
u|i-o f(x) Br hich 
and boundary conditions 
Qu 3u u 
ul. = — = Er on R 
0x 2=0 Ox z-l ox z-l 
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where the initial deflection f(x) is the solution of the following static problem :* 


p 
ES 


Writing u(x, t) = X(x)T(t) and separating variables, we find that 


fx) =0, {O=fO=fO=90 f" = 


X = Acos Vix + Bsin VÀ x + € cosh VÀ x + D sinh V/A x, 
T — M cos Vi dtt + Nsin Vd at. 
Using the boundary conditions 
X(0) = XO) = X") = X"(I) = 0 


we obtain the eigenvalues 


€ 
i 
[5 
mis 


and eigenfunctions 
X (x) = (sin y, + sinh y,) (cos s — cosh 22) 


— (cos Y, + cosh y,) (sin Ya* _ sinh 12% 55. 


where the y, are consecutive positive roots of the transcendental equation 
cos Y cosh y + 1 — O0. 
Next we show that the functions X,(x) are orthogonal on the interval 
(0, 7). Multiplying the first of the equations 
x6? —1,X,—0, X®&)—4,X 


m m = 0 
by X,, and the second by X,, we subtract the results from each other and 
integrate with respect to x from 0 to /. Taking account of the boundary 


conditions, we obtain 


l 


m 


Oink "|, X,X,, dx = QUG, — XX, XRX, — XX) 


after integration by parts. This immediately implies the eaid ortho- 
gonality of the functions X,(x). Using the general theory of expansions in 
series of orthogonal functions, we can represent the solution of the problem in 
the form 





J£ Ox, dz 


o0 2 2% 
u = > cos ee x o= (9) 
eo az 


2 nV 
n=1 l 


? An explicit expression for f(x) is given in Prob. 7, but will not be used in our method 
of solution. 
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The integral in the numerator is easily evaluated by replacing X, by X» A, 
and integrating by parts, which gives 

[JOLO ae - aus zur +r - xml 

XO F 


l 
a frre ae} - 30 E. 
0 f Àn EJ 


To evaluate the integral in the denominator, we use the formula 
l 
l 
[86 a = ED + XAD — 2026. 
(see T2, p. 336), which in the present case takes the form 
PL l 
| X at =; XD. 
0 4 
Substituting these integrals into (9), we find that 


3 oo 2 2 
4Fl > X (x) os Tad um 
Ec nun. P 
The form of the solution given in the answer on p. 68 is obtained after 
making the substitution 





u(x, t) — 


X,(I) = 2(cos y, sinh y, — sin y, cosh Y,). 


120. The problem reduces to integration of the equation 


:2( 2j - L5 Io 





r — — >= 
ror\ Or p^ ott 
for a vibrating membrane, with initial conditions 
Qu =a : 0<r<e, 
ulı=o = 0, =| =f(r) = {zee 
Ot lt=0 
0, ST 
and boundary condition 
ul... =Q. 
Writing u(r, t) = R(r)T(t) and separating variables, we arrive at the equations 
12 (, 48) con =o, T" + wT = 0. 
rdr\ dr 


The permissible values of the parameter X are obtained from the requirement 
that the first of these equations have solutions which are bounded in the 
region 0 < r < a and satisfy the boundary condition R(a) = 0. This leads 
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to the eigenvalues and eigenfunctions 
2 
=n =", R = n9) = A (Et) HE, 
a a 


where the y, are consecutive positive roots of the equation J,(y) = 0. 
The solution of the equation for a vibrating membrane satisfying all the 
homogeneous conditions is 





u(r, t) = 26 si 2 y (er ) 
a 
The constants c, are en nom the ern 
Qu 
—| =f, 
Ot li-o fe 





which, after substitution of the series for u(r, t), takes the form 


O=? Lan), 0<7<a 


A n=l 
According to the well-known formula for the coefficients of expansions in 
Fourier-Bessel series u T7, p. 221), we have 


UY, " 2PJ (yela) 
Ya e, = 2 72 [ror ?) dr a ERROR. 
a aJ m repay„JılYn) 
which implies the answer on p. 69. 





124. We want the solution of the equation 


is], e 
rörl arLrar\ orl) p oc 


for transverse oscillations of a plate which satisfies the initial conditions 





Qu 
uko =f) >| = 80), 
Ot lio 
and boundary conditions 
ul... ep. gu = 0. 
or Td 





Separating variables, we obtain 


u(r, t) = R(r)T(t), 


espana 
rdr\ drir drN dr 
T" + DAT = 0. 


The functions R(r) remaining finite at the center of the plate are of the form 


R(r) = AD (Wir) + BVA r). 
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It follows from the boundary conditions 


R(a) = R'(a) = 0 
that 


je, Yn R=R,(r), 
a 


where 
Rn =) — neon (1t), 


and the y, are consecutive positive roots of the equation R,(a) = 0. 
The eigenfunctions R, (r) are orthogonal on the interval (0, a) with 
weight r, since 


3 (Am — | rR,R,, dr 
a 0 


= DEAE 4, ta) |_ Ra [EAr Ee) | rR — RR 
drLr dr dr drLr dr dr 


where we introduce the abbreviation R,, = R, and use the boundary con- 
ditions for the function R,(r). The solution of the problem is given by the 
formula 


u(r) =$ E Rede de 
um | Ri(e)e de 


=0, 


r=a 








a 2% =" | 
sin — R, do}. 
+ by ae I s(e)R,(e)e dp 


n 








The value of the integral 
? p2 
Í , Rae de 
can be found from the relation 


E ? dR RR; s 
(rer n dett] -EE nd 
0 4 drtr dr dr Yn 


, 
r=a 





which takes the form 
a 6 
[TREO ar = © Ree) = erii) 
0 


after some simple calculations. 


132. The problem reduces to integration of the equation 


1 2 2e) 1 ou q 
er RE, M 
rör\ ôr! yog T 


PROB. 132 
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with zero boundary conditions 
ul, aN ul. = ull. 0. 
If we write u = u, + us, where 
2 
gr. 
u, = — — sin” 9, 
2 


the function u, must satisfy Laplace's equation 
I 2, du) al 1 ous = 0, 
Or r oq? 





rar 


with the boundary conditions 


uj. 9 — us]. E 0, 


R(r)®(¢) leads to the equations 


qa? 2 
-a = — SI ©. 
r IT ? 








The substitution u,(r, A) 
2 
1a, 95) - Xn, do zu 
rdr\ dr r 
with general solutions 
à, = Ccos JA 9 + D sin A o. 


R = ArV* + Br- V, 
By satisfying the homogeneous boundary conditions 
(0) = (x) = 0, 
we obtain the eigenvalues X, = n? and the eigenfunctions 
OQ, (o) = sin no, ges 
Because of the finiteness of the sclution for r — 0, the constant B must be set 


equal to zero. 
Thus the function u, can be represented as the sum of the series 


lo —S 4, (2 sin no. 


n=1 


(10) 


It follows from the boundary condition for r = a that 


2 ica) 
1*5. sin! o => A, sinng,  0co«m, 
2T n=1 
and hence, by the theory of Fourier series 
0, n — 2k, 


A, dee EL esinngdo = 4qa* RE Sana n=2k+1 
nT (2k+1)[4—(2k4+ D] 
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Substituting the values of the coefficients A, into (10), we obtain 


r? sin? 4 2n+1 i 
ee ge S z) sinnte  —— 
2T nT wa (2n + D[4— Qn + 1y] 
This result can be written in closed form by using the expansions 


eu 





1 2p sin 9 
sin (2 )o=- tan ——— 
JN (2n + 1)9 dam 25 


P 
2n41 2 
g cos (2n + Dig a AB Zei 
2n +1 4 1-—2pcos o + pe? 
‚|pl < v. After some manipulation, we obtain 


antl sin (2 1 1 1 1 i 
er nUe =; - eL) ads 2| arc tan 28 ein © 
2 e 1—p 
1/1 , 1 
yt la e) sin agin teen et) in 
32 1—2pcosp-- p^ 8\p 


which immediately implies the form of the solution given in the answer on 
p. 74. 





Ms 


n 


AT 


where |p| < 


ı (2n + D[4— (2n + D] 8 


it Ms 


136. We want the solution of the equilibrium equation 











Ay - d 
D 
for a semicircular plate which satisfies the boundary conditions 
u u Qu 
ul -o = — = ul _- = — = 0, u|, a = —— =Q. 
le 09° g=0 l » 09° gen l or r=a 
Setting 





at) 
u= — sinf ọ — v], 
24D 
we find that the function v(r, 9) satisfies the homogeneous biharmonic 
equation A?v = 0 with the boundary conditions 








S EE =0 vl,_. = sin’ ọ, 
p= Jç? - gen 9o? det 2 ee 

2) as 2 sin 9 

Orl-a a 





We can separate variables in the biharmonic equation by looking for par- 
ticular solutions of the form 


v = v,(r, 9) = (A cos uo + Bsin wo) R(r). 
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It follows from the boundary conditions for 9 = 0 and ¢ = 7 that 
A=0, u=n Mel) 


Moreover, 
RA = C,r* + Der", 


since the deflection at the center of the plate is bounded. Therefore, summing 
particular solutions, we find that 


v(r, ọ) -È |". (rs NS Gy sin nq. (11) 


n-— 
The values of the constants M, and N, are determined from the boundary 
conditions on the arc r — a: 


sin? ọ => (M, + N,) sin ng, 


n=1 


! 2 : 
= sin = -2 = sin ng, 0cqo«m. 
a a 


n=1 
This ae the system 
M,+N,= 2 f sin? o sin nọ dọ, 
m Jo 


T 
nM, + (n + 2N,— | sin’ 9 sin nq do. 
Tw 40 


After some simple calculations, we find that 


1 1 3 
xe) 
223 yD VS 


EM =|" sin’ o sin no do 


ec 1 1 | 
8 Rea cd 


which implies 














Memo y. Wiese Eg 
T T 
Using the expansion 
—1 1 
2 m u pt — -arc tan 2: ,  lel«1 
o 2n t1 2 1— °° 


we can sum the series (11) for ¢ = 7/2, thereby expressing the deflection of 
the axis of symmetry of the plate in closed form in terms of elementary 
functions. 


140. To reduce the problem to a special case of the Neumann problem, 
we subtract out the velocity potential of the source, by setting u = t + 1, 
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where 
m 
Ug = — + const 
Aro 
(p is the distance from the source to an arbitrary point of the flow). Then the 
function u, must be a solution of the equation 


2 (28) 1 2 (s 2n) 

Pos LÀ INE qw j| = 0, 

órV ar)  sim888V on 

which is regular outside the sphere, and satisfies the boundary condition 


Qu _ _ 9% 
Or Ir=a or 
and the condition u,|,... — 0 at infinity. Setting u(r, 9) = R(r)O(6) and 
separating variables, we arrive at the equations 
(r?R’)’ — AR = 0, — (sin0- 0)! + 10 = 0. 


sin 








r=a 


This equation has finite solutions for 9 = 0 and 0 = r if and only if 
A = A, = n(n + D, n—0,1,2,..., 


which determines the eigenvalues of the problem. The corresponding eigen- 
functions are 
O,(0) = P,(cos 0), 
where P,,(x) is the Legendre polynomial of degree n. Similarly, for R,(r) we 
obtain 
R,(r) = Apr” + Br", 
where A, = 0, because of the condition at infinity. 
Thus we find that 
u,(r, 6) = > B,r"""P,(cos 0), (12) 
n=0 
and to determine the constants B,, we need only satisfy the boundary condi- 
tion 
m Alle) => (n + 1)B,a~"°P,,(cos 0), 0<0<7n. 
4r or T—0  Q4—0 
In the present case, we can calculate the coefficients B, in (12) by differentiat- 
ing the expansion of the generating function 
oo r n 
- | P, (cos 0), 
2, z) (cos 0) 


1 1 
e rP-—2brcos0-- b? b; 


thereby obtaining 
qnt 





| mI n 


^ 4nn-4 1 b" > 





B 
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Substitution of (13) into (12) gives 
ml a% n 
=—|-+— — (2 -J». (cos »|. (14) 
E sis br jaunt 
This series can be summed by integrating the expansion 


= — = > 8j P,(cos8), b=2 <a 
e Jr? — 2brcos6+ b azo b 


with respect to the Ed b from 0 to b, which leads to the relation 


©. b" P,(cos 0) _ db ET r(1 + cos 0) 
Sm pu 0/7? — 2br cos 0 + b? P + r cos 0 — b 


(15) 
Writing (14) in the form 


m 2 b"! P (cos J 
w= „(cos 0) — - —— 
K a +4 )7 Pal ) 12 prot 
and using (15), we arrive at the expression given in the answer on p. 77. 
145. The problem reduces to solving the system of equations 
IT, _ apı OT; 


; OS ay, 
ox? ky ôt 1 
PT: CoQ» OTe 
xi Lr E a X <a +F as, 
ox? k, at à : 


with initial condition 
Theo = T 
and boundary conditions 


225 — Leis, = 0, T. dbi = 
E mor 

14 = Kan 

Ox Iz-ai Óx 


Application of the Fourier method leads to the expression 











x=aı 


oo 
T(x, t) = > C, en nai X. (x), 
n=1 
for the required temperature distribution, satisfying the homogeneous 
boundary conditions for arbitrary values of the coefficients C,, where 


X(x) = „Gebe Yn 2 Ys. ; nist. 
X,(x) = ES 


N „(a a,—xX 
X, a Be sa d, < X < dı + ds, 
140 


(16) 


O<x<a, 
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and the xy, are consecutive positive roots of the transcendental equation 


Jn. ctas deor tetany EN ag (2, = 58. i12). 

ay b, k; 
By the usual procedure, it can be shown that the eigenfunctions X,(x) are 
orthogonal on the interval 0 < x < a, + a, with weight 


xs a 0<x<a, 
Cao; a < X <a, + as. 


Therefore the coefficients C, can be calculated by using the formula 


EET, [2 F@)XPO d£ + ao. |" f) x9 dé - 
^o 66]? XP d£ + | xor dE 


a 


Substituting from (16), we find that the denominator of (17) equals 


2 Aoba Y 


| sin + in? | 
—| a,c 1 — AoC sin . 
2 11808 a, [b 2C2 0» Yn 


Then setting f(&) = T, in (17) and making some simple calculations, we 
arrive at the answer on p. 79. 


148. We want the solution of the equation 


12,21) „ar 
rör\ Or Or 
satisfying the initial condition 

Tl = fe) 
and the boundary condition 

aT) 0 

Or Ir=a 





Setting T(r, t) = R(r)O(r) and separating variables, we obtain 


l(Ry-LAR—0, 0 +20 =0. 
: 


Then g 
R — AQ r) 


is the solution of the first equation which is finite on the axis of the cylinder. 
From the boundary condition R'(a) = 0, we find the eigenvalues 
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and corresponding eigenfunctions 


Pak = 1 (1. 
a 


where yo = 0, Y,, ..., Yu... are consecutive nonnegative roots of the 
equation Jı(y) = 0. The general solution of the second equation is 


2 2 
et In T/a 
O, = Oe ere 


T(r, T) == > cpe AIE (=) 3 


n=0 va 


and the expression 


obtained by summation of particular solutions, satisfies all the conditions of 
the problem, except the initial condition. Since the eigenfunctions are 
orthogonal with weight r on the interval (0, a), it follows from the initial 
condition that the coefficients c, are given by 


[ron (e) ede 


nU quee ET xs |, ronte). dp. 
a 





153. The problem reduces to integration of the differential equation 


Ko („27) ar 
réar\ Or ar” 
with initial condition 
2 Tl... = f(r) 
and boundary condition 
Tl; E 


Setting T(r, t) = R(r)O(«) and separating variables, we obtain the equations 
1 
= (RY +2R=0, 0'4230-290, 
7 


whose general solutions are 


sin J/X A 
— in / PT 4 Gare 
r r 


From the condition that R be finite at the center of the sphere, we find that 
B = 0, while the boundary condition R(a) = 0 leads to the eigenvalues 


A=A,=— 
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and corresponding eigenfunctions 
Le nnr 
R = R, = - sin —. 
r a 


Summing particular solutions, we obtain 


18 /—— go. NTF 
T(r,*) — — S ee "7 ** sin. 
Fa a 


The coefficients c, must be determined from the initial condition 


ee „sin, 0<r<a, 
r 


n=1 


which, by the theory of Fourier series, implies 
ME . nuQ 
€, =— | f(g)sin — e de. 
a Jo a 


This leads at once to the answer on p. 81. 


169. This temperature distribution problem leads to integration of 
Laplace's equation 


r > 
Or 


2 
12(,27) „ET 
ror 


with boundary conditions 


z? 


Tz T (z + hr) 
Oz 
Writing T(r, z) — R(r)Z(z) and separating variables, we obtain the ordinary 
differential equations 


= 0. 


2=+1/2 





GRY REO. ZZ 
A 


with general solutions 
R = AIVA r) + BKV r), Z= Ccos Az 4- Dsinyaz. 


The constant B equals zero because of the requirements that the temperature 
be finite on the axis of the cylinder. The boundary conditions 


(Z+ hZ)|,— 212 =0 
lead to the eigenvalues 


3t 


4y 


P 


A—AQ— 
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and eigenfunctions 


2Y,Z 
Z = Z, = cos T, 


where the y, are consecutive positive roots of the equation 





tan y = a 
yx 
The expression 
2 2 
T(r, 2) => c,h (=) cos e (18) 
n=1 


satisfies Laplace’s equation and the boundary conditions on the ends of the 
cylinder. To determine the constants c,, we use the boundary condition on 
the lateral surface 


2 2 2 l l 
Tha = To = $a waa) cos , EE 
n=l l l 2 2 





Because of the orthogonality of the eigenfunctions, this gives 


1/2 2 
| cos An? dz 


2y„a 0 l 2T, sin y, 
Ju) = Tot eee © 





2 m . 
cos? Yan? dz Yn + SIN Y, COS Yn 





0 
Substituting (19) into (18), we obtain the answer on p. 87. 


175. We have to integrate the system of differential equations 





1 2( 2 OT, 

Er pea + — = 0, =a] : 
Lor OF oz? NER 
1 2( =) OT, 

Per € 4 —( 

r Or j or oz i eee 


with boundary conditions 





1|. = I Ties = I5 "S — 0, 
OT, OT, 
Ti... = Tj... = 0, 1 L "m ui às 2=0 








Application of the Fourier method leads to the expression 





T(r, z) = 2, €, Z (z)lo (=) (20) 
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for the required temperature distribution, satisfying all the conditions of the 
problem except the boundary condition on the lateral surface, where 


. h 
Zn (2) = sin ue sin EE A —ħ <z <0, 
2,2) = ' i 
Zz) = sin y, sin Yao — 2) A O<z< hp 
1] 


and the y, are consecutive positive roots of the equation 


kı Ys 
tan y + — tan — = 0. 
EN ACT 


The eigenfunctions Z,,(z) are orthogonal on the interval (—h,, h,) with weight 
r(z) = "i —h, < Z < 0, 
ks, Quz 


To see this, we multiply the equations 
2 


2 
Zi + AZ, 0 Zo Zn = 0 


by r(z)Z,,(z) and r(z)Z,,(z), respectively, subtract the results from each other, 
and then integrate with respect to z from —h, to hg. This gives 


a? —hi 


= k(zü*zi? — ZWD) | 4 qze"zo — ZZ) 
on 


y? 2 fh he 
[27 Em | Z,Z,r dz = Í r[Z} Z, — Z:Z,]dz 
—hi 





he = 0, 
0 
where we have used the boundary conditions 

Zo (hy) = Z2, = 0, ZPO = ZPO), ZO) = IZ; (0). 
The orthogonality of the functions Z,(z), together with the condition T|,_, = 


To, implies 
^ ZOO t + kaf ZOO ac 


["tzexor ac 


Jo 


Yna 


3 x "Oh J^ Izeor at + k € 


Evaluating the integrals in (21), we obtain 


: Yale) 
hy 


CS ee 
Yna\{kı : 2 Ynh2 , Me. 2 | 

A ) (E sin? 2s Bsn 2 

WP SEO a da rom 


Substitution of these coefficients into (20) gives the answer on p. 89. 


2T, tan Y, (cos Yn — CO 
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176. The problem reduces to integration of Laplace’s equation 


2 (2) + ] 2 (sin 0%) = 0, 


Or\ Or sin 0 00 00 
with boundary condition 
T, 0«0-—a 
T —— 0 = 0» >> , 
lo I) lo a0 xm. 


The required harmonic function is constructed as a series 
T(r,9 => «(t P (cos 0), (22) 
n=0 a 


where P,,(x) is the Legendre polynomial of degree n. Because of the boundary 
condition, the coefficients c, must coincide with the expansion coefficients of 
the function f(P) with respect to the Legendre polynomials, i.e., 


f(0) => c,P,(cos8), 0<A<r, 
n=1 


which implies 


2n 








n 


n 1 
+ | f(8)P, (cos 9) sin 0 40 = zr : al P, (x) dx. 
0 


2 cosa 


For n — 0 we immediately find 


ue Po) dx = 1 — cos «. 


For arbitrary n, we use the recurrence formula 


sae (2n + 1)P,(x) = Phia(x) — Pia), 
obtaining 





1 
1 
{iM i dx = PER [P,-1(cos «) — P,,,,(cos «)], n= 1,2,. 
Substituting the values of c, obtained in this way into (22), we find the 
answer on p. 90. 


190. To solve the problem, we find it convenient to assume that the 
current J is uniformly distributed with density J/2ch over a small section 
ly| < £ of the sheet (where A is the thickness of the sheet), afterwards taking 
the limit as s — 0. Then the problem reduces to integration of the two- 
dimensional Laplace equation 

2 2 
ou Ho, 
ox! ay? 
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with boundary conditions 





OJ 
= f(y) = 2ech’ 

w=ta 
0, ly| >e. 


Qu 
ay 


Ou ly < e, 


> 
y=+b Ox 








Application of the Fourier method leads to an expansion of the form 


u = CoX SS sinh - ; LER const, 


n=l 


whose coefficients are calculated from the formulas 


iR So) cos = dy 


(n =1,2,...). 


1 b 
s - 1 [ r0) ay („= 
b Jo 


nt cosh C 


Substituting for f(y), evaluating the integrals and taking the limit as e — 0, 
we find the answer on p. 95. 


192. The potential of the surface current must satisfy Laplace's equation 


1 u , du 

docto —r«oxm, —l«zc«l 
(cf. Prob. 21). To formulate boundary conditions for the problem, we first 
assume that the current J is distributed with constant density over the section 
lp] < £, z = +/, so that 





Qu |el «e, 


J 
z = f(q) = (2achc ' 
PE 0, lol > e. 
Writing 
u, = P,(z)Z,(z), nes0, 152) an 


and separating variables, we obtain 


(o) = A, cos no + B, sin nọ, 
Z,(z) = C, cosh + D, sinh", Z, = Cy + Doz, 
a a 
where we use the required periodicity of the solution in the angular variable 


o. Because of the symmetry with respect to the plane o = 0, the coefficients 
B, vanish, and hence the solution of the problem can be written as a series 


u(@, z) = > (m. cosh “= "m N, sinh zz) cos ng + Noz + const. 


n=1 
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The boundary conditions give 


M,=0, f(9) E E N, len no + No, 
a 














n=l 
i.e., 
N= [ r9 do = 
V auo d 2xaho 
|l 217... 2 J sinne 
Na cosh ™ = 2 fT fg) cos ng do =2 : 
a a m Jo r2acho n 


Taking the limit as e > 0, we obtain 


J 
" «nho cosh (nlja) ' 
which leads to the answer on p. 95. 


196. The problem reduces to integration of the system of differential 
equations 


bere, i=l, 
10/ du; 1 ou, . 
pel es a<r<b, del meg 
rör\ Or r^ a9 i 

Crea. de 


for the potential of the magnetic field, with boundary conditions 


uilo — Hox + const, 




















| _ Ou; Qui duz 
dol- Alar Or \r=o Or lov 
0o r—a 00 a or r=a or "d 





Bearing in mind that the required potentials are even periodic functions of the 
variable o, we represent the functions u; as series 


uj = Hor cos ọ + $ Anr” cos ng, 


n=1 


us = Co lIn r + > (B,r” + Cr”) cos ng, 


n=1 
oo 
Ha = 2 D,r" cos no 
n=1 


(where arbitrary additive constants have been omitted). Because of the 
boundary conditions, the constants C, and C, (n > 2) vanish. To determine 
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the remaining constants, we use the system of equations 
A, — BB, — C, = —Hob:, 
A, + ub? B, — uC, = Hb, 
aB, + C, — aD, = 0, 


ua?*B, — uC, — aD, = 0. 
It follows that 


Hyb%(u2 — 1)(b? — a?) 2H ,a?bXu. — 1) 
A, = — Sc ae EI, 
A A 
2 2 
p= UEN, pce 
^ ^ 


where 
A = D*(y. + 1)? — au — 1}. 


Substituting these coefficients into the series for the u;, we obtain the answer 
on p. 97. 


201. In this problem, it is convenient to characterize the magnetic field 
by a vector potential which in each of the media (air, magnetic material, air) 
has a single component 


AQ = Ar, 0), i = 1,2,3. 
Setting 
AU = Ao a A, AQ = Ag, AG = Ag, 
where 
A= 2Jrg cos ọ do 
o Jr? — 2rr, sin 0 cos @ + rê 





Q3) 


is the vector potential of the loop, we reduce the problem to determination of 
the functions A, satisfying the differential equations* 


(ee (si no) -4 a = 0, O< Fr <a, 
or or 





1 

in 0 00 90 sin? 0 
2 («245 L 2 (sin o 24s) — ES = 0, a<r<b, 
or Or sin 0 00 00 sin? 0 
a z 24a) 3 0 24s) — As =0 b<r<oa 
or 2r! no 09) sim? 

4 Note that 
(AA)o = AAg — == 
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and the boundary conditions 


AM pag = amu, AN = 2S 
"5 7 u 


ACE =; As , APIs — 0, 2 3, 0459. = — I 2 Aer: 
uà 


Looking for solutions of these equations of the form 4 — Eon we obtain 
the equations 


(r*R') — AR = 0, CR (sind - O'Y + (x 
sin 0 


sin? 0 
The permissible values of the parameter à are determined from the condition 
that the second of the equations (24) have solutions which are regular in the 


closed interval 0 < 0 < x. This requirement leads to the eigenvalues and 
corresponding eigenfunctions 





Je =0. (24) 


A=A, = n(n ++ 1), © = ©, = Pl(cos 0) (n = 0,1,2,...), 


where the P)(x) are associated Legendre functions of the first kind. The 
general solution of the first of the equations (24) is 


R = R, = Mr" + Nr", 


Taking account of the behavior of the functions A; near r = Oandr = oo, 
we find that they can be represented as series of the form 


A (r, 8) = > A„r"Pl(cos 0), 
n=0 


A,(r, 0) = > (B,r" + Car” P} (cos 0), 


n=0 
A,(r, 0) = > Dar" P} (cos 0). 
n=0 


The vector potential of the source can also be represented as an expansion in 
terms of Legendre functions, by starting from the formula 


1 
et P,(sin 0 cos 9 (AJ. r2 rg. (25 
Vr? — 2rr, sin 8 cos o + rè r 2 e 
Using the addition formula for spherical harmonics 


P(n — m+ 1) 
P,(sin 0 cos 9) = P,(0)P,(cos 0) + 2 5. ——————: 
Veces Sr m+ 1) 


x P7(O)P7(cos 0) cos me, 
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and substituting (25) into the integral (23) for A), we find after some simple 
calculations that 
2nJ< 1 

€ azo n(n + 1) 
Then the boundary conditions lead to the following system of equations for 
determining the coefficients 4,, Ba, C, and D,: 


2nJ PL) = m)”, 





P(0)P!(cos 0) (2). 


sese = 


a"A, — a"B, —a "1C, = — 





c n(n+1)\a 
1 n+l 
(n + 1)a"A,, — nii a^ B, + n goes = = AO (t : 
u en-+1\a 


b^B, + b-^AC, — b- D, = 0, 





SL 
l pag, — Ë pC, -+ nb p, = 0. 
u u 


Solving this system we obtain 


= 2rJu 
en(n +1) 
(2n + 1)?P2,(0)ro*? 
7 [n(u + Dina + D + y) — (a/b nn De — DP 
which leads to the solution in the region outside the shield given on p. 99, 
if we bear in mind that P},(0) = 0. 


206. The magnetic field in the spherical resonator has only a 9-component 
with complex amplitude H, = H(r, 0). Writing H = Hy, + Hi, where? 


en) 


H, = (1 + ikr)e*" 





is the magnetic field of the source, we find that Hj satisfies the equation 





1 
AH, + (e — )n = 0. 
: risini0/ ' 
Next we introduce a new unknown function u = u(r, 0) such that 
_ du 
1 a8 


5 This expression can be obtained from the relations 
—ikr e ir 


Pe P 
A ay ct did dE, : 
=(curlA™),, AW = z 608 9, Ag y= E sin 0. 





r 
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Then u is the solution of Helmholtz’s equation 


r e(r? 2| 4 1 2 (inodo) + ku =o 
rorN Or r? sin 0 90 90 
which is regular inside the sphere. Since the tangential component of the 


electric field 


E = — — (rH 
=i Som) 


must vanish on the surface of the sphere, it follows that 


2(, A) - 
or\ 08 


Using the Fourier method to solve the differential equation for u, we find that 





0 
OR (rH) 


r=a 


u(r, 8) = = ye J, y (kr)P, (cos 0), (26) 


n=0 


in terms of the Legendre polynomials P,(x) and the Bessel functions of half- 
integral order J,,,,,(x). Using the boundary condition and the familiar 


relation 
Jara(z) = (2(% — cos z), 


we find that the coefficients c, equal 


eum Gy = ek Lt ka ER 
2 c (1 — ka?) sin ka — ka cos ka 


Substituting these values of c, into (26) and differentiating with respect to 0, 
we arrive at the expression for H, = H(r, 0) given on p. 101. 


210. The problem reduces to solving the equation 
Rear. ea (27) 


of the vibrating string, with zero initial conditions 


Qu 
"hio = EL dis 


and homogeneous boundary conditions 


Hic = ul... = 
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of the first kind. We look for a solution in the form of an expansion 


u(x, t = —Ó 
109 2, [1269 dx 





X(x), 


with respect to the eigenfunctions X,,(x) of the corresponding homogeneous 
problem, where the weight r equals 1 and 


ü, = [xo dx. 
The functions ¥,(x) are the nontrivial solutions of the equation 
X” +X =0 
satisfying the homogeneous boundary conditions 


X(0) = XN) = 0. 
Such solutions exist for 
2-2 
welt. HS Ss 
[2 





and are of the form 


X = X,(x) = sin =. 


To determine the coefficients #,, we multiply (27) by X,,(x) and integrate 
with respect to x from 0 to /.5 Integrating by parts twice and taking account 
of the boundary conditions, we obtain 


nnv\ v? | : . nnx 
ü, + (Anja, - 2 x, t) sin — dx. 
EE 
The solution of this equation can be found by variation of constants: 
t = l { 
imr Lg dE. n Í PEDI D E A 
I l nrT Jo I 0 l 


To calculate the constants A, and B,, we use the initial conditions for the 
function ü,„, which are obtained by multiplying the original initial conditions 
by X,(x) and integrating with respect to x from 0 to /. The result is 


&,(0) = i, (0) = 0, 
which implies A, = B, = 0. In this way, we arrive at the answer on p. 108. 
* In the interest of using a unified approach, we follow the general scheme on p. 105. 


For problems of the type under consideration, this method is entirely equivalent to that 
described on p. 104. 
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217. We have to solve the inhomogeneous equation 


õu 1 Ou ..4 Sin wt (28) 


Ox at or EJ 
for transverse oscillations of the beam, with zero initial conditions 








"NE 
dr leo 
and homogeneous boundary conditions 
Qu 
uisus ota = 0. 
Ox ı=H+l 





A feature of this problem is that it involves an expansion in terms of eigen- 
functions of a fourth-order differential operator. Following the usual 
method, we represent the solution as an expansion 


u(x, t) = 2 ee a X A(x) 
n=l [rx (x) dx 
with respect to the eigenfunctions X,(x) of the homogeneous problem, where 
tn =|" rux) dx. 


In the present case, the weight r = 1, and the functions X,,(x) are the solutions 
of the equation 
Km —A1Y—0 


satisfying the boundary conditions 
X(+) = X(+) = 0. 


Simple calculations show that? 


4 
Pa); n=1,2,..., 


X(x) = cosh vy, cos s — COS y, cosh i 5 


where the y, are consecutive positive roots of the equation 
tan y + tanh y = 0. 


To determine the functions à,, we multiply (28) by X,,(x) and integrate 
with respect to x from —/ to /. Integrating by parts four times and taking 
account of the boundary conditions we obtain 


4 4 +1 
un + (=) ü, = 19 sin orf AX x) dx. 
l EJ -l 


? Concerning the orthogonality of the functions X,(x), see the solution of Prob. 118. 
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The solution of this equation satisfying the zero initial conditions 
a,(0) = ü,(0) = 0 
obtained by multiplying the original initial conditions by X,(x) and integrat- 
ing with respect to x from —/ to /, is given by 
2.2 


2 2 
a Ynt Yna 


sin wt 
P P 


F X (x) dx. 





0 sin 
| qa 
er a (ej 
P 
The final form of the solution, as given in the answer on p. 110, is found by 
taking account of the easily verified formulas 





Un, 


4l sin y, cosh y, 


l 
| X,(x) dx = 
at Yn 


l 
Í X?(x) dx = ; XXI) = 21 cosh? y, cos? Yn 


—l 


222. The problem reduces to integrating the equation 





4 2 
for the oscillating beam, with zero initial conditions 
Qu 
Ul too = 2 js 0 
and inhomogeneous boundary conditions 
ee ciun mig. El eee BO 
Ox!z-o 0x? laa Ox? lai EJ 











Applying Grinberg's method, we look for a solution in the form of an expan- 
sion 
Z ü 
u(x, t) = > ———— Xx) 
n=1 [irx20@9 dx 


with respect to the eigenfunctions X,(x) of the homogeneous problem, where 
ü, = h ru X ,(x) dx. 


Explicit expressions for the functions X,(x) are obtained by solving the 
equation 
x6? — AX — 0, 
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with homogeneous boundary conditions 
X) = X'(0) = X") = X") = 0. 
This gives 


"das 


At ca. Beides; 


l 


X,(x) = (sin y, + sinh voco: T — cosh = | 


— (cos y„ + cosh (sin a — sinh xa) ; 


where the y, are consecutive positive roots of the equation cos y cosh y + 1 =0. 
The functions X,(x) are orthogonal on the interval (0, /) with weight r = 1 
(see the solution to Prob. 118), and the integral of X?(x) is 


l 
Í X?(x) dx = i XD = (sinh y, + sin y)". 
0 


To determine the coefficients #,,, we multiply (29) by X,(x) and integrate 
with respect to x from 0 to /. After a bit of manipulation, we arrive at the 


equation 
4 
25 Yna\ - a* 
Un F ( ] | Un = EJ 
The solution of this equation satisfying the initial conditions 


i, (0) = i, (0) = 0, 


obtained by multiplying the original initial conditions by X,(x) and 
integrating with ae to x from 0 to /, is given by 





P(0X,(). 


à, zs Xs) i P() sin may dz, 


and immediately leads to the answer on p. 112. 


223. Clearly we can express the dependence of the external load on the 
coordinate x and the time 7 in the form 


Ase forvt—e<x<vt+ 
q(x, t) =i 2c Í - 
0 otherwise, 


where e > 0 is arbitrarily small. Let 


2x . nux 
u(x, t) == > ii, sin s ; 


n=1 
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where 
l 
Un -Í u sin —— dx. 
0 l 
Multiplying the equation for the oscillations by sin (nrex/l), integrating with 


respect to x from 0 to /, and taking account of the boundary conditions, we 
obtain 


nra\ ato nux 
n+ (| x, t) sin — dx, 
i TA ee 
or 


" (e)a Aa* . . not 
u, + 1— |ü, = — sin wt sin —— 
l EJ l 


-£l ( nr 2) ( =): | 
cos {@ — —]t — cos fw + 
2EJ l 


after passing to the limit e — 0. The general solution of this equation is 


ent 2,22 











EU na + B, sin am! 
Aa* nrv nmv 
+ —] H, cos |% — —]t — H, cos [o + —]t}, (30) 
2EJ l 
where we introduce the abbreviation 
1 
H, = 4 
NE 
l l 
Using the initial conditions 
Qu 
ulo =-| =0, 
eT Ot i-o 
we find that 
ass = CM NR — 0, 
and hence 
Aa* 
B, — 0, A, = — ——(H, — Hy). 
n 2EJ ( 1 2) 


Substituting these values of the coefficients into (30), and letting M denote the 
mass of the beam, we obtain the answer on p. 112. 


225. To solve the problem, we assume that the external load is distributed 
over the membrane with density 
psin ot 


ar, t) = 2e 
0 otherwise, 


forb—e<r<b+es, 
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where e > 0 is arbitrarily small. The deflection u(r, t) of an arbitrary point 
of the membrane is then the solution of the inhomogeneous equation 


12( =) 1 eu q(r, t) 


r = 
rör\ Or v* or T 
with homogeneous initial and boundary conditions 
ou 
ulo =-| =9 ul_, = 0. 
l ^ Qt li—o |- i 





The desired solution is constructed as an expansion 


u = a R,(r) 
n=l j^ rRI(r) dr 


with respect to the eigenfunctions R,(r) of the homogeneous problem. The 
latter are the solutions of the equation 


(RY + ArR — 0 
which are unbounded in the closed interval [0, a] and satisfy the boundary 


condition R(a) = 0. As usual, #, denotes the integral 


ü, = run, dr. 


It is easily verified that the eigenvalues and eigenfunctions are given by 


À—A,-—- n=1,2,. 


R=R,(r) = 1{%), 


where J,(x) is the Bessel function and the vy, are consecutive positive roots of 


the equation J,(y) = 0. Applying the usual method for determining the 
coefficients #,, we obtain 


2 Oo b+e 7 
a + (=) g, — Po’ sin ot f Jo %=2) ar, 
a 2ET b—c a 
Or 


- QUY. bu? b\ 
ü, + (=) ü, = pe i (s) sin ot 
a T a 


after passing to the limit e — 0. Integrating this equation with zero initial 
conditions 


2,(0) = u,(0) = 0, 
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we find that 
t 
sin LZ — Y»? sin wt Jo (€ 
BE 2abpv a wa a 
n oT : (=) Y. 2 
wa 


which leads to the answer on p. 113. 


227. To solve the problem, we regard the concentrated load as the limiting 
case of a load distributed over a disk of small radius e. Then, to determine 
the transverse oscillations of the plate due to this load, we integrate the 











equation 
taf aft ja 
rör\ értrar\ Or b’ ar? D' 
where 
f sin wt eee 
ade ne ' Ri f 
0, e<r<a, 
subject to zero initial conditions and the boundary conditions 
Qu 
urn = Or a : 
Let 


u(r, t) = > een R,(r), 
ast | rRX dr 


where the R,(r) are the eigenfunctions of the homogeneous problem and 


ü, = f: ruR,(r) dr. 


The functions R,(r) are the solutions of the differential equation 


1af, a(t ai, R)I) — ao 
rdr\ drLrdr\ dr 


which are bounded for r = 0 and satisfy the conditions 


R(a) = R'(a) = 0. 
Therefore 


R=R,,  R(n- 1.60) = 1), 


where the y, are consecutive positive roots of the equation R,(a) = 0. The 


corresponding eigenvalues are 
4 


es ES WS 152355 


T 
a! 
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and the functions R, (r) are orthogonal on the interval (0, a) with weight r 

(see the solution to Prob. 124). l l , 
Multiplying the original differential equation by rR, (r), integrating with 

respect to r from 0 to a, and then integrating by parts four times, we obtain 


4 4 i £ 
a” + (^) "e b^ Asin EM Hodie 
n ü D 2 A n 


TE 





or 
Ab’ ; 
—— R, (0) sin ot. 
mp Pr 
after taking the limit as e — 0. The solution of this equation satisfying the 
boundary conditions 
a,(0) = i0) = 0 
is 


. 2 p? 2p? 
E Yazi uc n 





Aa?p? a wa? na 
Un = 2 R, (0) 212\2 
2nw Dy? "m (= J 
oa? 


Substituting these values of à, into the series for u(r, t) and using the formula 


[EHRE (P) dr = ar), 
we finally arrive at the form of the solution given in the answer on p. 114. 


230. To solve the problem, we replace the line load p by a load uniformly 
distributed over the strip —~e<x<e, —b < y < b of width 2e, i.e., we 
reduce the problem to integration of Poisson's equation 


au Pu _ qe») (-L. «s 


0, |x| 2 e, 





31 
o! ay? T eu 


with homogeneous boundary conditions of the first kind: 
ulm. = uus = 0. 


Two forms of the solution can be found. To obtain the first, we represent the 
displacement as a series with respect to the eigenfunctions of the correspond- 
ing homogeneous problem which depend on the variable x: 


u cos 
2a Jo 2a 


u= 2 > ü, COS Ele ; ü, = [ eb dx. 
a n=0 
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Multiplying (31) by cos [Qn + I)rx/2a], integrating with respect to x from 0 
to a, and then integrating by parts twice, we obtain® 


2 
a” — = + 2 i, = -u e (2n 4- Dax | dx 
2a 2eT 2a 


or 
2 
üt — er Aree 
2a 2T 
after taking the limit as e— 0. The solution of this equation satisfying the 
conditions #,|,_,, = 0 is 


cosh (2n + Dry 
"P 2pa* 1 2a 
n = 2 2 = SE -|* 
x" T(2n + 1) ee (2n T 1)rb 
a 


which immediately implies formula (12), p. 115. 
The second form of the solution is obtained by expanding u in a series 
with respect to eigenfunctions which depend on the variable y: 


oo b 

= 2 >, o, Q2" + Dry l ü, =f eee (2n + Dry ay 
b 2o 2b 0 2b 

This time the coefficients a, are functions of the variable x (rather than of y) 

and are determined by the equation 


2 1 poe. |x] <E 
‘= E — n= DEN, = f(x) = (xsTQn +1)’ i 
5 0, |x| > t£. 


The solution of this equation satisfying the conditions i| = 0 is 


[re Yen „En + 1)n(x — © az 


z=+a 


ana nl 


2b 
cos Et 2 ES Qn + Dr(a — 9, 
u „En na — dél. 
„on - ine J: f sin 2b 
2b 


Substituting for f(&) and taking the limit as € — 0, we obtain 
inh (2n + 1)x(a — |x|) 


. __2pb(—1)" 2b 
n 2 2 i ’ 
nT(2n + 1) eS, (2n ne 


®We also take account of the boundary condition u|,_. — 0 and the relation 
(8u[8x) |o = 0 implied by the symmetry of the problem. 
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which implies formula (13), p. 115. Which form of the solution to use in 
making calculations depends on which series converges more rapidly (this 
depends primarily on the ratio a/b of the sides of the rectangle). 


240. The problem reduces to solving the biharmonic equation 


atu) Du tu _ 


Ei 
ax" əx? dy? = ay* 


with boundary conditions 














ule E 2 es = 0, zu = 2 = — u ; 
Ox” lazo ey” z=a D 
ul, aua = Qu = 0. 
Oy ly=+0/2 
It is easy to construct a function 
EM mx(a — x) 
2D 


satisfying both the differential equation and the boundary conditions at x — 0 
and x = a. If we set 


u=u* + v, 
then the new unknown function v must be a solution of the homogeneous 
biharmonic equation satisfying homogeneous boundary conditions in x: 
| _ ae 
Ox? Ia-0 Ox? 


This enables us to use the Fourier method, where the boundary conditions in 
the variables y take the form 





Blech = Dr == 


= 0. 


T= 








ðv 
dy 


Taking account of the boundary conditions in the variable x, we look for 
particular solutions of the biharmonic equation A*v = 0 of the form 





b, isa = u*(x), 


= 0. 


v=+b/2 


. ATX 
v = v,(y) sin — , DELL UNO 
a 


The amplitude r, must then be a solution of the differential equation 


nny, nn). 
mE a a 
which is even in y, and hence 


v, = A, cosh TE + B, y sinh "X, 
a 


a 
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Writing v as a series 


oo 
v= > (4, cosh “= + B,y sinh nz») sin 2 ; 
n=1 a a a 


we determine the coefficients 4, and B, from the remaining conditions 


Qv 
dy 
This requires expanding the known function u*(x) in a Fourier series with 
respect to sin (nrex/a). In this way, we eventually arrive at the answer on 
p. 119. 

241. Suppose the line load p is replaced by a load uniformly distributed 
over the sector —e < ọ < e, 0 <r < a with central angle 2e, where e > 0 
is arbitrarily small. Then the problem reduces to solving the inhomogeneous 
biharmonic equation 


2 2 P < 
de Mes 
ror r r do ror r r oo 0, lol ><, 


0. 


Ds — u*(x), 





y=b/2 


with homogeneous boundary conditions 
Qu 
Or 


With our way of measuring angles, u is an even function of and hence can 
be written as a cosine series 


= 0. 


r=a 


ul. m 





ale 


u(r, q) = — i + i, COS NỌ, 


alt 
ils 


where 


T 
ün =f u cos nọ dọ. 


To find ü,, we multiply the equation for u by cos nọ and integrate with respect 
to o from 0 to x. Then, integrating by parts four times, we find that 


(4 1a Sa | psin ne 

d? rdr rè)” caDn ' 

where the right-hand side can be replaced by p/aD after taking the limit as 
e — 0. We are interested in the solution of this equation which is regular for 


r= 0, i.e., 





- -k 
ü, = A,r" + Bor"? + a, 
where 
a r 


S RTI ER 
MUTO (4 — n6 — n°)’ 


322 SOLUTIONS PROB. 242 


except for the cases n — 2 and n = 4: 


PNE lnr s. prinr 
* aD 48 | ' aD 96 


The constants A, and B, are determined from the conditions 
ü,(a) = ü,(a) = 0. 


242. The problem reduces to integration of the heat conduction equation 


2 
oT oF (32) 
Ox? | Ox 
with the zero initial condition 
Tes =0 


and inhomogeneous boundary conditions 


ag 08 =0 Ted 
Ox z=0 


It is easy to see that the linear function 
T* — T, - 2 (a — x) 
k 
is a solution of (32) satisfying both inhomogeneous boundary conditions in 
the variable x. Therefore, writing 
T = T* — u, 
we find that u satisfies the differential equation 


u du 


3x? at 
with initial condition 
ul = T*G) = Ty + T (a — x) 
and homogeneous boundary conditions 
M = 0, ula =Q. 
Ox |z=0 


Application of the Fourier method gives 
2 2 2 2 2 
iic 26g em n'z/()' cog (2n + Urx 
n=0 2a 


where the c, are the coefficients of the Fourier expansion of T*(x) with respect 
to the functions cos [(2n + I)rx/2a]. 
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247. We have to solve the inhomogeneous equation 


10 | aT) oT O 
-~—|r—] =— —=, 3 
ror\ or ðr k oy 
with the zero initial condition 
Ts = 


and homogeneous boundary condition of the third kind: 





(27 5 12)| =o 
or r=a 
Suppose the solution is of the form 

De mr 


n-l [oro dr 
where 
T, = [ETRO dr, 
in terms of the eigenfunctions R,(r) of the homogeneous problem. The latter 
must satisfy the equation 
l ORY HAIR =0, (34) 
A 


the boundary condition 
R'(a) + hR(a) = 0 


and the requirement that R(0) be bounded. Solutions of the required type 
exist if 


where the y, are consecutive positive roots of the equation 
YA) = ah). 


The corresponding solutions of (34) are 
a 
=R,(r) = 1%). 
a 


These functions are orthogonal with weight r on the interval (0, a), and more- 


over 
hay 


[no dr = = ily») + Ar] = © sera a (5n 


n 
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To find the functions 7,,, we multiply (33) by R,,(7) and integrate from 0 
to a. Then, integrating by parts twice and taking account of the boundary 


conditions, we find that 


2 2 
T+ (*) T, Qe Jn. 35) 
a k Yn 


The solution of (35) satisfying the condition T, =0 is 





T, = Qa’ J JılYn) [1 fe gm]. 
k Ya 
Therefore the desired temperature distribution can be represented as a series 


2Qa* S Ji y MoCr,rla) -yra 
— [1— e 1; 
k "3 YU) + irn) 


This form of the solution is suitable only for small values of +, i.e., during the 
initial stages of the heating. For large values of +, it is convenient to subtract 
out the terms of the series which are independent of time, by using the formula 


1 > tte Jolynrla) 
1-— = Se Se el 


Then T(r, 7) takes the form ne in the answer on p. 121. 


T(r, 7) = 


261. The problem reduces to finding the solution of the equation 





ET oT 
EN LEE. 
Qx | ay? y k 
which satisfies the boundary conditions of the second kind? 
ar| | ar ar ERAT desse 
De BEY = 0, E = f(x) = kc 
X |x=ta y \v=0 y 'v=b 0, ixl SE 








The solution can be obtained in two different forms, either as a series with 
respect to the eigenfunctions X,(x) satisfying homogeneous boundary con- 
ditions in the variable x, or as a series with respect to the eigenfunctions 
Y„(y) satisfying homogeneous boundary conditions at the end points of the 
interval 0 < y < b. The first form of the solution is 

HEX. 


T(x, y) =-7, dus IR cos —— (36) 


n=1 





° The density q of the heat current through the section |x| < c, y = b can be expressed 
in terms of the density Q of heat produced inside the bar by using the condition qc = Qab 
for solvability of the problem. 
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where 


T -Í T cos = dx. 
0 a 


To determine T,, we multiply the original inhomogeneous equation by 
cos (nxx/a) and integrate with respect to x from 0 to a. This gives 


gine -%, man 
"o 4d 0, n>1 


2 
= a 
en 


which implies 


=A, cosh IF Eg sinh — E 


a 
Using the boundary conditions in y, we find that 


V 











aT. d 1 
—| =0, = |f cos = ax = ne 
dy ly-o F y=d ntke a 


which leads to the following values of the constants :1° 
Qa?b sin (nrc/a) 
?rx? kc sinh (nrb/a) ' 


Substituting A, and B, into (36), we obtain formula (14), p. 126. 
To obtain the other form of the solution, we set 


A B, — 0. 


n = — 


T(x, y) = n lm += à SR cos —- E 


n=l 


T, = [T cos "= dy. 


Then, by the same procedure as before, we obtain the differential equation 


where 





2 
7; - (5j, = Coro Gn 
determining the coefficients 7',. The solution of (37) satisfying the conditions” 
S NS NP 
dx lz=0 dx lz-a 





19 The constant A, remains indeterminate. 
11 The desired solution T(x, y) is an even function of x, and hence, from now on, we 
need only consider the region 0 < x « a. 
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can be found by variation of constants, and turns out to be 








jue 
= Qab? (—1)" i b ([.,nxa . nn(a — c) 
Ta = — si —— — sinh ———— 
c nk LL b 
b 
1 — cosh s d x<c, 
+ "E o 
nn(x — c) _ nux 


cosh osh — x>c, 
b 
Similar calculations for the case n = 0 lead to the following expression: 


c 








T, = const + 
2 
M(ax—X), x>e 
k 2 
After some manipulation, we find that 
Gen dx «ec 
Qx? 2kc 
T(x, y) = — —— + + const 
2k Qa |x| ET. 
k > > 
ab? 
+ 
mike F n? sinh 7° 
b 
. , Ana — c) HRX nra 
sinh ——— —— cosh —— inh s s Ix] « c, 
x 
Nur e cn GI : Ix| > c. 
b b 


The form of the solution given in the answer on p. 126 is obtained if we 
improve the convergence by using the formula 


on (— [yr 2 x? 


T 
COS nx = — — — T<X<T 
an, n 12 4° 





to carry out partial summation of the series. 
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269. To solve the problem, we assume that heat is produced with uniform 
density O/re* inside a cylinder of arbitrarily small radius e. Then the problem 
reduces to integrating Poisson’s equation 


2 Q 

1 0 i M T Pi 0 < < 
= 2 (» aT) Æ eT = f(r) = zke? r<e 
rör\ Or oz? 

0, ex<r<a, 

with boundary conditions 
Tan = 0, (2 + hr) = 0. 
Oz zl 





Expanding the solution in a series of eigenfunctions of the corresponding 
homogeneous aco m on the variable r, we find that 


T, = [s (1) dr, 
2225 so‘) 9 ] a cx 


T(r,z2) == > 


where the vy, are consecutive positive roots of the equation J,(y) = 0. 
Multiplying the original equation by rJ,(y„r/a) and integrating with respect 
to r from 0 to a, we obtain 


2 
T; e (5) T. CEPR Qa Ji(ysela) 
a mek Yn 





, 


or 





T (5r __ @ 
í al ” 2rk 

after taking the limit as e — 0. The solution of this equation satisfying the 
=0 


boundary conditions 
(> + hr.) 
dz z= 


T- Qa? £ 7 ah cosh (y„z/a) | 
2 y, sinh (y,//a) + ah cosh (y„l/a)J' 
which leads to the answer given on p. 130. 








2nky* 


272. This problem of electrostatics reduces to finding a solution of 
Laplace’s equation 


satisfying the following inhomogeneous boundary conditions of the first 
kind: 
0<x<a, 


tia = V, ul, f(x) = 
lz ly +b I(x) 0, EROS: 
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Following Grinberg's method, we look for a solution in the form of an 
expansion with respect to the eigenfunctions of the corresponding homo- 
geneous problem,” i.e., 


et NE , Qn + Dry 
SITE aa 2b , 
where 
n=l u cos ZE Day m dy. 


To determine the unknown quantities 4,, we multiply Laplace's equation by 
cos [(2n + 1)zy/2b] and integrate with respect to y from 0 to b. Taking 
account of the boundary conditions, we obtain 


ay Qn + Dr ]?. "a i Qn + Dx 
a, — err | à = ur BEDE gy (38) 


We want the solution of (38) which is bounded at infinity and satisfies the 
condition 
b __4)\2 
7A -Í V cos (2n + 1)ry dy mE 2bV(—1)" E 
o 2b (2n + Dr 
It is easy to see that this solution can be written in the form 
a = B, sinh er ax + LRE >, x<a 
ü, = ” 2b (2n + 1) i 


i?) = C, e nint x d, 


where the values of the constants B, and C, are determined from the “contact 
conditions" 

| =a-0 — U, z=a+0) à, z=a-0 — i, x=2+0° 
which imply , lee oen len 

ntl n 
Em 2bV(—1) id EDD E C, = 2bV(—1) osh (2n aN 1)ra i 
(2n + I)r (2n + Dx 2b 

Substitution of these values of the coefficients into i, leads to the following 
series solution of the problem: 


n 





Ule<a = lio ed di — ge Cnrntite sinh (unice nx >| cos eu Dy py 
T 4-0 2n + 1 2a 2b 
R SAn ced di cosh (Zn + Dra a il cog (2n + Iry 
x —2n4-1 2b 2b 


?? Choosing the other form of the solution leads to an expansion in a Fourier sine 
integral over the integral (0, co). 
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To obtain the final form of the solution, we improve the convergence by 
using the formula 


to sum the TUN convergent part of the first series. It would be noted that 
the solution can also be written in closed form. 





= cos (2n + Dx ` x| c 
( ) 2 Ix] 2 


277. To solve the problem, we first assume that the charge q is uniformly 
distributed with density p over an arbitrarily small cylinder 0 < r < 8, 
e—3e<z<cH+3s, ie, we reduce the problem to integration of 
Poisson's equation 


1 2 A u 
-~—|r—] + — = —4no(, z), 
r or d or Oz? el) 
where 
I for 0<r<d, c—}e<z<ct te, 
elr, z) = \nde 
0 otherwise, 


subject to the boundary conditions 
ul... E 2. — ulis = 0. 


One of the two possible forms of the solution is an expansion with respect to 
the functions Jo(y,7/a), which are the eigenfunctions of the corresponding 
homogeneous problem, i.e., 


siae) a= [esol 
=— : ü, =| uJ ——]r dr, 
a a? Pra Py)” o "a 


where the xy, are consecutive positive roots of the equation J)(y) = 0. 
Multiplying the original equation by rJ,(y„r/a) and integrating with respect 
to r from 0 to a, we arrive at the equation 


ies (efa, Ssi I e(t, aj (£e rar (39) 


which is to be solved with zero boundary conditions 


i, es = 27 e = 0. 


The general solution of (39) satisfying the first of these conditions is 


ee, nh 148 —8 Z Paf e(t, oo (18) iar 
sinh (y,l/a) — v, Jo 
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Using the other boundary condition to calculate A,,, and then passing to the 
limit 8, e — 0, we obtain 
A, = 4 f sinh TI Yall — 
Yn a 
Thus the coefficients Z, are equal to 


| — 
sinh Yall = ©) sinh En? i 


2a a a 
pa a A Le 


] nl Į— 
Yn sinh Ya sinh BE sinh xU 9 N Gao =, 
a a a 


which immediately leads to the answer on p. 134. 
The other form of the solution can be obtained by expanding u(r, z) in a 
series with respect to the eigenfunctions in the variable z, i.e., 


u(r, J= >i, sin, à, = [usin de, 


n=1 


282. Since the potential distribution must be an odd function of the 
coordinate z, the problem reduces to solving Laplace’s equation 


1 2( =) u 
pacts (pial — = 0, 
rar\ ar u əz? 

with boundary conditions 


ils = 0, Als: = V; ul. = f(z), 


V, 8—zc«l, 
dx Vsin — , 0<z<8. 
28 


where 


To obtain homogeneous boundary conditions in the variable z, we set 
z 
u = V- — v. 
l 


Then the function v(r, z) will be the solution of Laplace’s equation satisfying 
the homogeneous conditions 
n.a = v. =0 


and the following boundary condition on the lateral surface 
v(-1). ó«cz«l, 
vla = e(z) = 


v(: — sin =), 0< 8. 
] 1 28 Zz < 
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To find the function v, we can now use the Fourier method, which, after 
separation of variables and determination of eigenvalues and eigenfunctions, 
leads to the expansion 


u(r, z) =$ c, (57) sin i in : 


where the coefficients c, are found from the condition 


v.s = $(2). 
After determining the potential u(r, z), the electric field on the axis of the 
lens can be calculated from the formula 
Qu 
E, r=0 — tn 
| d Oz r=0 


289. Suppose the current is distributed with uniform density over the 
arbitrarily small area 


8 8 € 
0,—-2«—«0-«9 =, See. 
0 5 oT 5 lol 5 


Then the problem reduces to integration of the equation 








Qu 1 
a? 3m 0 ag sn HE a* sin 0 = E 
0«8«7, —xn<o<n (40) 
(see Prob. 21, p. 14), where 
FO, 9) = -— for $2067. lel < $, 
0 otherwise, 
subject to the boundary condition 
ulponj2 = 0. 


If we introduce a new variable by writing 
9 
oen S(O, 9) = Fly, 9), 


then (40) takes the simpler form 


1 2 (s au) a- 1 Qu 4a — : 


De us T 
Qual pu Geyer TS 
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whose solution can be constructed as a Fourier series 


ae +22. cos np, 


T 


where 


=, Tt 
ü, =}, ucosng dq. 


To determine the coefficients &„, we follow the usual approach, obtaining the 
differential equation 


ldí,di, ER _ 4a? 
aw Par qf emn 


whose general solution is 


i, = Anl" Buy" 


2a 2a? "all - Eu az [res n) cos nn dn, 


The constants A, and B, are determined from the boundary condition 


and the condition that d, be bounded for U = 0. Passing to the limit 5, 
e — 0, we find that!? 


0 
p ENTE = : ly = tan 2, 
"um (Yo — Yo”) Yo 5 
B, = 9, n= 1.230605 
which implies 
: J y? — ord” 0 « d «dd, 
zx D < UV X Yo (n — 1,2, ) 
4chn WW ppo — dy «v«l, 


For n = 0 we have 
- J s Vo 0 < y < Vos 
ug = —— i 
2ch In v, UM < uU < 1. 


Therefore the desired solution has the following series representation: 


J 
Ulo<y ydo — Irah [ng Yo LS s — bo)" = e). 


n=1 


= “lin D +20" - qos = Z1 








uly eui = 


?? The coefficients B, vanish for arbitrary values of 8 and e. 
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Using the formula 


3 p" cos nx = 


; — In (1 — 2p cos x + e) (lel <1,0<x<n) 


n=1 


to sum the series, we arrive at the answer given on p. 138. 


296. In this problem it is convenient to characterize the electromagnetic 
field by the vector potential Ae'*', whose complex amplitude has components 
A, = A, = 0, A, = A(r, z). Suppose the current in the dipole is replaced by 
a current distributed over the volume of an arbitrarily small cylinder 


0<r<d, -2<z<:. 
2 2 
Then A(r, z) is determined by the differential equation 
10 2(, 24) A os | Anj 
= +57 + kA riu 
rör\ Or oz c 
where 
J € € 
T fo O0<r <ð, —-<z<-, 
j= {rd 2 2 


0 otherwise. 


The tangential component of the electric field must vanish on the surface of 
the resonator, and hence 











A| |04| gy 2 2(, 24) i 
Oz lz=0 Oz \z=ı : or Or / Ir=a j 
We look for a solution of the problem in the form of a Fourier cosine series 
A(r, z) = br +724 cos UE 


l Aai 


where 


l 
A,, = | A cos ATT dz; 
0 I 


The usual argument implies 


T 2 2 
2 siue -gja--* 55 | jp, O cos “at, 
rar r 


d ( da) 
— | Allee ame 
dr dr r=a 


where the last condition is equivalent to 


Ades ER 0, 








= 0, 
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because of the differential equation for 4,. Using the method of variation 
of constants, we find that 





A, en [ G,(r, pe de| jte. C) cos TES qt, 
c Idaa) 
T nen? E 
n P 3 


G (r p) = Be Pd Ky(o,a)Hg(a,r)], e < r, 
Ws Io r)Ueo a) Kol %n 9) UU Ky(a, alla, e)l, e > 
Then, passing to the limit ò, e — 0 and bearing in mind that lim Je = 0, we 





arrive at the expression c0 
r _rP 
A, = To(%n@)Ko(%nt) — Ko(%n4)Jo(%,1)], 
€ aa ) 


which immediately implies the answer on p. 141. 
303. We want the solution of Laplace’s equation 


OT PT 


ea, (0« x «0,0 « y « o) 
ax? oy 
satisfying the boundary conditions 
q 
oT ey 0<y<b, 
Tho =0, —| =fW)=| k 
Ox Iz=0 


0, b<y< œ. 
Application of the Fourier method leads to the particular solutions 
T = T, = Be ** sin Ay, A> 0, 


which are bounded in the quadrant 0 < x < oo, 0 < y < œ and vanish for 
y = 0. Integrating with respect to the parameter A, we obtain 


T(x, y) = | Bye sin Ay d», 


where the coefficient B, is determined from the boundary condition 





ð j ; 
af = f(y) -Í B3A sin Ay dà, 0 « y « oo. 
Ox lx-o 0 
Because of the theorem on expansion in a Fourier sine integral, we have 
B, — -2f f(y) sin Ay dy = ain, 


which is the same as the expression for T(x, y) given on p. 150. 
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313. To avoid the difficulties associated with the fact that the logarithmic 
potential does not go to zero at infinity, we look for the components of the 
electric field in the two media: 

Exp Ej, E, Ey. 
Setting 
Ea = Ep +EP, Be Sb +EP, Ek poer 
where E is the field due to the charged wire in an unbounded medium of 
dielectric constant ¢,, with components 


EO — qx EO — qQ — a) 
slx? + (y — ay] "o ep + (y — ay] 


we obtain the system of differential equations 





dE OE dE OE 
Zen el), -- ——=(, (41) 
ox oy oy 0x 


which, together with the boundary conditions 
[E + Ep lo = Er heo lED + Ey ao = 6E, fuo; 
E BS sso =O, ED, Eu leer c). E®, Eus — 0, 
determine the functions Ef?, E® (i = 1,2). A convenient way of solving (41) 
is to use the method of integral transforms, by taking the sine transform of 
E and the cosine transform of E(? (i = 1, 2).14 Thus we multiply the first 
of the equations (41) and the second of each pair of boundary conditions (42) 


by cos Ax, and the second of the equations (41) and the first of each pair of 
boundary conditions by sin Ax. Then, integrating from 0 to œ, we find that 


(42) 


(i) EG) 
dEy Ss pig: gne — 4+ AER? = 0, 
dy dy 
_ > Tt —)a - = Tq -—Aa 
EEE fea SEL Fe, 43) 
1 


Bü) BO p 2) 
Et 5 ES hoaa — 0, E; A E Ihre gee, 
where 


EO — [^ EP sinàx dx, — Ef = J^ E cos Ax dx. 
The solution of the system (43) is 
ED = po — Tg Si eR at) 
2&1 € + €» 


Fo EN = Tq e? 
£j + £s 


> 


14 Note that the cosine transform of Ej” and the sine transform of Ej” vanish, 
because of the symmetry of the problem. 
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Using the inversion formulas 


@ 2 |? pw. w2 [ "ge 
EO == | E®sinax da, EM == | EM cos rx da, 
Tw 40 T 40 
and making a few simple calculations, we arrive at the expressions for the 
components of the electric field given in the answer on p. 154. 


321. The electric field has only a z-component, whose complex amplitude 
we denote by E(x, y). If we regard the current as distributed over an arbi- 
trarily small rectangle a — 8 < x < a + 8, |y| < e, then the solution of the 
problem reduces to integration of the inhomogeneous Helmholtz equation 





AE + FE = ma J6o y), (44) 
c 
where 
S fo a—83«x-«a-3$, ly] « s, 
I(x, y) = (48e 
0 otherwise, 


with boundary conditions 
Elop—euRE2i ex. Es 


To solve the problem, we first make a Fourier sine transform, carrying (44) 
into the ordinary differential equation 


Pu 9 = 4 i 9 . - - 

E'— Q? — IE =F] j(&, y) sin ng d£ (45) 
€ 0 

for the quantity 


Es E E sin Ax dx. 
The solution of (45) satisfying the boundary conditions 
El, . 4b = 9 


can be obtained by variation of constants. Then, taking the limit as 8, € — 0, 
we find after some simple calculations that 


p 2m sinh VX? — k? (b — yl . 


——— ———— sin Aa. 
eV? — k? cosh VX kb 


This immediately leads to the answer on p. 157, if we use the inversion 
formula 


e=? f E sin Ax dì. 
0 


T 
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324. We want the stresses o,, t,, and o, satisfying the system of equations 


0o, , OT zy Ory , 06; € ; 

A Ga cepe E Ze em t), (equilibrium equations) 

Ox Oy Ox oy (46) 
ao, Or, , Oo, M 
——2-—L—i:-—0 (compatibility equation) 


oy” Ox dy ax? 
and the boundary conditions 
Cyl yao = f(x), ds er = g(x). 
Introducing Fourier transforms 
F = i Fe? dx 


of the unknown functions, we multiply each of the equations (46) by e?* 
and integrate with respect to x from —oo to oo, taking account of the 
behavior of the stresses as x — + 00.1% This gives the system of ordinary 
differential equations 


— 15, i TL a E iM, + € = 0, (47) 
9, + 2iATL, — Ao, = O, 
which must be solved with the boundary conditions 
also =f So [isi =g 
and the conditions at infinity. 
Ox, Tey Gy > 0 as y> oo. 


The solution of the system (47) satisfying all the conditions of the problem is 


= (A + Baye, 


3, = Haa a ABl lv 
l 


À E 
s, - LP ae p el fern, 
i 
where the constants A and B have the form 


15 We assume that the stresses and their first derivatives approach zero at infinity. It 
should be noted that the problem cannot be solved in this way for the Airy stress function, 
since the latter cannot be expanded as a Fourier integral. 
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The final form of the solution given on p. 158, involving various integrals, 
is found by using the inversion formula 


pu | Fe^?* dx 
2x J-o 


to go back from the quantities T,,, z, Gy to the stresses 7,,, Oz, c, themselves. 


328. Replacing the concentrated force P by a load uniformly distributed 
over the arbitrarily small rectangle 


ò 5 € € 
Feten benz ya NT. 
2 2 2 2 
we reduce the problem to integration of the inhomogeneous biharmonic 
equation 








4 e 4 
2 SH LO (48) 
Óx ox oy? oy D 
where 
E. Mer c un. b-Z<y<b+S, 
q(x, y) = (8e 2 2 2 2 
0 otherwise, 
subject to the boundary conditions 
ul,zo = ou m 0. 
Oy y=0 
Taking the Fourier transform of (48), where 
ü = [^ u cos AX dx, 
4/0 
we obtain the following equation for i:!9 
-(iv) 2-H 4- 1 i 
we’ — 2x0" + ME = -| q(&, y) cos AE d£. (49) 
0 


The general solution of (49) can be obtained by variation of constants, and 
has the form 


u(y) = (A + Baye” + (C + EXy)e" 


+ 





v oo 
ID li Kj(y, n) zl q(&, n) cos X£ d£, 


where 
KQ, 4) = Xy — 1) cosh Ay — x) — sinh Ay — 7). 


'* It is assumed that u and its first three derivatives with respect to x go to zero as 
x — 00, 
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At this stage, it is convenient to simplify the calculations by 
limit as 9, e — 0. The result is 
ülo<u = (A + Baye” + (C + Ery)”, 
P 





ilp<y<am = (A + BXy)e?* + (C + Eny)e™ + any EO 
The constants C and E are determined from the condition 
es — 0, 
which gives 
P P- Ch 








C (1 +b), E= 


= — e 
8D}? 8D»? 
The other two constants are found from the boundary conditions 


als — i Pam = 0, 
which implies 
A=-C, B=-2C-E. 


The value of the deflection u(x, y) is obtained by using the inversio 
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Integrating these equations, and taking account of the boundedness of T as 
r — 0, we find that 

T= T, = ce JW r). 
It follows from the boundedness of T as r — œ that the parameter ^ can 
only take positive values à = u?. This leads to the following set of particular 
solutions depending continuously on u: 


pog e cue Jour), 0 « u « oo. 


The general solution is then constructed as an integral of the form 


T(r, 2) = | eue (ur) du. (50) 
The coefficients c, are determined from the initial condition, which gives 
e, = p [T SOJU dr, (51) 


if we take account of Hankel’s integral theorem. Substituting (51) into (50), 
reversing the order of integration and then integrating with respect to u, we 
find the form of the solution given in the answer on p. 162. 


335. We want the solution of the equation 


12 ar) oT 
- (Ir) =, 52 
re mann er 


satisfying the initial condition T]... = 0 and the boundary conditions!” 


T]. == To, Ts Ere 0. 
Writing 
plr) = Joa) Fo(Ar) — Yo(Aa)J (Ar), 


we carry out a “Weber transform" by multiplying (52) by ro;(r) and inte- 
grating from ato oo. Taking account of the behavior of the various functions 
as r — oo and the relations 


F 2 
pKa) =0,  (a-—-—, 
ra 
we find that 
dT u ms 2T, i (53) 
dt T 
where 


T= IM Tro,(r) dr. 


17 It is assumed that Vr T and V r(aT| Or) approach zero as r — œ, and that the integral 


o T 
[ V r|T| dr 
4G 
converges. 
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The solution of (53) satisfying the condition T]. , is 


2T, 42 
ee — e AT; 


To determine the solution T(r, +t) from its Weber transform, we use the 


inversion formula 
pe | To,(r)A dr 


o Joa) + Yola) 
[cf. formula (15), p. 161]. 


351. As is well known (see T4, p. 343), in the case of axially symmetric 
problems of elasticity theory, the stresses can be expressed in terms of a 
solution u(r, z) of the biharmonic equation (it is assumed that there are no 
body forces). To subtract out the singularity at the point of application of 
the force, we write 

u =U + U, 
where 


Uy = erie a (z — a) 


is the stress function corresponding to a concentrated force P applied to an 
infinite elastic body, and u, is a biharmonic function regular in the region 
z > 0. Since the unknown stress c, is related to the function u by the formula 


ð u 
a= zle — y) Au — 2 


to solve the problem we need only find the quantities Au, and 0?u,/0z?. The 
first quantity is harmonic in the region z> 0 and can be written as an 
integral 


^u, = | , Ane (ATA dd, (54) 


while the second quantity is biharmonic in the region z > 0 and can be 
written in the form 


i a" = af (B, + Cyz)e J (Ar)A dA (55) 


(note that the integrand is biharmonic). Comparing the result of differ- 
entiating (54) twice with respect to z with the result of applying the operator 


m. 2) a 
-12,2 Taz 
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to (55), we find that C, = —4AA,. To determine the remaining constants, 
we have to use the boundary conditions 


ME = Palat s 0, 
which can be written as conditions on the function u,:!? 


0 
[C — v) Au, — = 








2 
- Sle — v) Au, — | 
dz z? 


|a — v) Au, — 9 | A |a ze x 


Oz? J|,-o oz? 
Performing the differentiations on the right, expanding the results in Hankel 
integrals and substituting from (54) and (55), we obtain a system of linear 
equations determining the constants A, and B,. The formula given in the 
answer on p. 168 is obtained after evaluating certain integrals of a familiar 


type. 


355. The problem reduces to integration of the one-dimensional heat 
conduction equation 











z=0 z=0 














z=0 





er OT 
Qx* ar’ 
with the initial condition 
2 =0 
the boundary condition 
oT 
—kl—| -—a() 
Ox Iz=0 
and the condition at infinity 
Tl... — 0. 


Introducing the Laplace transform 
r- [reas 


we multiply the differential equation and boundary conditions by e-?* and 
integrate with respect to T from 0 to œ. If we take account of the initial 
condition, this gives 


T"—pT—0, —T\o=4 TL..—0, 
which implies 


Tato Ve, Re /p > 0. 


18 The second of these equations follows from the formula 


ou 
T,,7 —| Ud — vAu — — |. 
TZ |‘ v)Au = 
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The problem is now solved by using the Fourier-Mellin inversion theorem 
5s. dp 
= —— j| enri, 
2rik Jr a JP 
where T is a straight line parallel to the imaginary axis lying to the right of 
all the singular points of the integrand. In Case a, where q = gy = const, we 


have i E 
ee je . (56 
k 2ni Jr p/p 


As the next step, we calculate the deriva- 


tive 7 
S A BL f erva de, 
0x k 2ri Jr p 


ApplyingCauchy’sintegraltheorem tothe 
contour shown in Figure 159, and then tak- 
ing the limit as e — 0, R— oo, we obtain!® 


ue. -tfi -2f esin JF x Z] 
Ox k T Jo r 


= -tfi — o()]. FIGURE 159 
k 2/7 


where (x) is the probability integral. It follows that 


ae) 


and the final form of the solution given in the answer on p. 171 is obtained 
from this formula by integrating by parts. 











In Case b, 
- 0 QoO 
q ow” + p * 
pat L | mv a. 
k 2niJr Jp (p? + o») 


The temperature of the surface of the body can be found by using the con- 
volution theorem, which gives 


T| qo 1 e PT dp do Í ds 


T 
sin w(t — s) — 


: Js 








=0 = — — e — = — 
= k dni Jr o? + p? Jp k 
and leads at once to the answer on p. 171. 
* Direct application of the method of contour integration to the integral (56) itself 


is impossible, since the corresponding integral along the circle of radius e becomes 
infinite as e — 0. 
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357. Using the Laplace transform, we write the solution in the form of 


a contour integral 
h or pe 
T= nji- [= E dp), 
Ari r p(h 4- VJP p) 


where T is a straight line parallel to and on the right of the imaginary axis, 


and V p denotes the branch of the square root whose real part is positive.?? 
A simple way of calculating the integral 


E gr pa 
ni r p(h + Jp 55 


ies gx pth) ds 
/P h -|° 


and then reverse the order of integration. Together with the result obtained 
in the solution of Prob. 355, this gives 


J -Í e? ds ES | ep V plats) dp -Í fi = ož =] ds. 
0 2ri Jr p 0 2/7 


Integrating by parts, we find that 


Ja AL E o>) | _ ze = e (iJ + zl 


which leads at once to the answer on p. 172. 


is to make the substitution 








371. The problem reduces to finding a solution of the equation 


1 2(- aT) . OT 
ror\ or OT 
satisfying the initial conditions 
Ts = E r<a, 
T r=a, 
and the boundary condition 
oT 1 T) 
= — = 0. 
(« ae = a or r=a,t>0 





Taking Laplace transforms and using the initial condition, we obtain the 
equation 
ld ( dT 


r—) - pT=0 
r dr T E 


? For this branch, Vp # —h, and hence p = 0 is the only singular point of the inte- 
grand. 
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and the condition 





(«or - Tass d = 0, 
a 


which together imply 
» «a Tol C / p r) 
J PIoa / p IG p a) + L/P a)] 


The solution of the problem is given by the inversion formula 


— aaT, | I / p r)e" dp 
2ni Jr /plaay/p Ip a) + L/P a)) 
The contour integral can be evaluated by residues, since the integrand is 
single-valued. The singular points of the integrand consist of poles at the 
points p = 0 and p = p, = —y:2/a®, where the vy, are consecutive positive 
roots of the equation 


T= 


Ji(y) + aJo(y) = 0. 


Calculating the residues at these points, we immediately find the answer on 
p. 177.21 As in other problems with boundary conditions involving time 
derivatives, the solution of this problem is greatly simplified by the use of 
Laplace transforms. 


375. In the first region O<r<o, 0<z< co, the concentration 
C,(r, z, t) satisfies the equation 





1 2 2) QC, 1006, 

ect ee Sy 57 

ror\ Or oz D Qt ep 
the initial condition 

Cis 

the boundary condition 

°C, = 0<r<a, 

Oz io 40, a<r<w (58) 





[where f(t) is a function to be determined later], and the conditions at 
infinity 
Clie — 0, Chie — 0. 
In the second region (the tube), the concentration C,(z, t) satisfies the one- 
dimensional equation 
3C 


9C, 
< 59 


> 


t 





S|- 


21 [t is easy to see that the integral along the large circle of radius R completing the 
contour of integration goes to zero as R — ©. 
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the initial condition 


Col ,-0 = Co, 
and the boundary conditions 
aos = f(t), Pa es, (60) 
Oz lz=0 Oz |z=-1 








Taking first the Laplace transform and then the Hankel transform of (57) 
and (58), and using the initial condition and the condition E32 — 0, we 
obtain 





27 2 
d Cii (2+2)é, = 0, 
dz? D 
dC, Í 7 
—| =7-aJ da), Cile. — 9; 
dz lz-o A X ) | 





where a single overbar denotes the Laplace transform and a double overbar 
the Laplace transform followed by the Hankel transform. Integrating the 


equation for C,, we obtain 
a L0 404100) | Vicrpy 


Cı = 
"WEE 
D 





which implies 


Ci. -Í C3 dh = FB [e aV ID _ 1] 
after inverting the Hankel transform. Similarly, taking the Laplace transform 
of (59) and (60), we find that 
c, = & feosh YplDe+D 
P  JplD sinh /p]Dl 





In the present approximation, we can find the unknown quantity f by using 
the relation 
Cibe = C... 
which implies 
Co 


I= pb 9 = coh (pI) 


The amount of substance M in the tube can now be calculated from the 
formula 


0 pt 
m =| Cz, t) dz =m+ | nn es À 
3 2ni Jr p. Jp] De ^ V ?!P — 1 — coth Jp] 1] 


PROB. 386 SOLUTIONS 347 


where M, = Cyl is the initial amount of substance inside the tube. Integrating 
along the contour shown in Figure 159, we obtain the answer on p. 178. 


386. We want the solution of the system 


ol, Qu Qu al. 
Dees ze ue go 
or as ? TAST 0 (0 « x « D, 
01 ou du aL 
IZ+4+—Z=0 CIT2473- 
TRE ] ar By 0 (1 «& x « oo) 
satisfying zero initial conditions and the boundary conditions 
uso == Be TA = 0, 
uj. aH ua L|. z Ij... BE 2a à 
Ro x=1 


Eliminating the variable ¢ by taking Laplace transforms, we obtain 


di 
Lp, 4- 5 =0, cpa, +24 = O<x< J, 
dx dx 


- , dil / 
Lpi, + = =0, LER, (l<x< oo), 
dx dx 


z E 
il. = 2 > isl ges aaa 0, 


pta 





üz 

Ro ac 

These equations can be solved for i, ü,, I, and /,. In particular, for ü, we 
obtain the expression 


il, = A Ll = Ll;-i F 


Ey e »-0/ v 
~~ p-+-acosh pT 4- [1 + (Z/R,)] sinh pT’ 
where v = LV LC is the propagation velocity, T = //v is the time it takes a 
wave to traverse the part of the line going from x = 0 to x =/, and Z = 
V L/C is the wave resistance. Then the Fourier-Mellin inversion formula 
leads to the following representation of u, as a contour integral: 
E, gt Gh T] dp 
2ri Jr cosh pT + [1 + (Z/Ro)] sinh pT p + « j 
The most interesting form of the solution can be obtained by using the 
expansion 





üz 


U(X, t) = x2 L 


do MER S( 2 eem 
cosh pT + [1 + (Z/Rg)] sinh pT 2R, + Z 4;Zo 2R, + Z 
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and then integrating term by term. This gives 
u(x, t) = 2Roko $ (— Í erlt-(a/v)-nT] dp 
iis 2R, + Z ZA QR, + Z/ 2ni Jr pa 
According to the formula 
L [e dp ® RN 
es e — [00 
2ri Jr pta gt = N), 


all the terms of this series vanish for fixed x and t, starting from some value 
of n. In particular, we have 


eli ciznie = 0, 


_ZRoEo_ „-att-(er)] 
2R, + Z i 


2R,E, [edition d Z pep 
2R,4- Z AR uU 


Us| apo<t<27-+(2/v) = 


Us|er4(a/ov<t<4T+(a/0) = 


and so on. The general result given in the answer on p. 183 can easily be 
obtained by induction, with the help of the formula for summing a finite 
geometric series. The jumps in the voltage can be interpreted as the arrival 
at the point x of successive refracted waves. 


402. The problem involves integration of the equation 


2 — 
Au + = 0 (= /D/p t, 0 « r « oo), 
T 


subject to the conditions 











PJD 
Qu ð ) —, Ü eR 
= = 0, = A = = 
Or Ir=0 j al i r=0 I) 2m ee (e > 0) 
0, T>e, 


at the point of application of the force, and to the condition at infinity 
ul, — 0. 


Going over to the Laplace transform ü, we find that & satisfies the differential 
equation 








A?üj + pi = 0, (61) 
the boundary conditions 
dü | doc ) P - 
—| =0, (r—(Aü = —, ü|2.—0 
dr |r=0 di ) r=0 2rD | 
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and the condition at infinity 
ül, 0. 
The solution of (61) vanishing at infinity is 
ü = AK (r./p e") + BK (r/p e7755, 


where V p denotes the principal branch of the square root (|arg p| < 7). 
Taking account of the behavior of the Macdonald function near the point 
r = 0 and using the boundary conditions, we find that 


ER ae 
4rip/ Do 


Application of the convolution theorem gives 


B=-—A 


E F(t) dt, 


4ri,/ Dp Jo 


FO e E | Ur 7 — Kar yp Mera, 
2ni Jr 





u(r, t) = 


where 


Transforming this expression by integrating along the contour shown in 
Figure 159, we eventually obtain”? 


F(t) = ES Í "LK. Je emt) _ Kr Jp ein) 
2ri Jo 
— Kr pet) + K,(r Je e 3in/4) Jeet de 


=i [ert fee") — nes. dp. 
0 


Using the formula 
—b? 4a? 


2a? 





l e J (bx) x dx =Ê ; 
0 
to evaluate the integral, we find that 
2 
Rymer 
it 4« 
which immediately leads to the answer on p. 188, after integrating with respect 
to 7. 


22 Note that the function K,(z) is analytic in the z-plane cut along the line (— ©, 0), 


and use the formula 
K,(e?™y) = K,(y) = inla(y). 
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406. Taking first the Laplace transform of the original differential 
equation and boundary conditions, and then the Fourier transform with 
respect to the variable y, we find that 


au p 3 
ga (tms rja=o, 


ul. = F, Uno —> 0, 


1 
where i 

u= je e? dy L ue "dt, F= D fe?" ds. 
It follows that 


u = Fe’ (p/v) -bp42?z , 


u I 


where the radical denotes the branch of the square root which has positive 
real part. Using the inversion formula 


u = T e?! dp ak ue?” dp 
2ri Jr ar Jo 


and reversing the order of integration, after substituting for u and F, we 
obtain 


2n J—o 2ni Jr | p J-« 


The inner integral can be evaluated by using the formula?? 





Ta ge az TM 
e cos BA dA = ————— Klo? +. B? 62 
| Va + gz) (62) 


involving Macdonald’s function K,(x). Then the solution can be.represented 
as the following double integral: 


[fM _ 
nV + (y — 4)? 


1 2 2 d 
— p P LU ‚ap 
Sn ] 45 + von. (JE + op ro ca)je "i (63) 


u= 


23 To deduce (62), substitute u = 1, v = —} into formula (5.15.6) on p. 134 of L9, 


recalling that 
2 = 
Jaak) ~ [2 COS z, Kız) -JZ e. 
ne 2z 
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We now use Cauchy’s theorem to evaluate the contour integral 


1 eee 
J(t, u) = er | Kolu pyp + c)e' dp, 


bypassing the branch points p = —c and p = 0 both on the upper and lower 
branches of the cut. The result is 
—ct/2 2 2 
= cosh az ; t> up, 
J(t, u) = {VP p 2 (64) 


0, t <y, 





where in the course of the calculations, we use the formula 


2 . 
F sinh Vz? — z? 


Jo(zı sin x) cosh (z, cos x) sin x dx = J ; 
2 2 
Za — Zi 


[easily deduced from formula (4.455) of R2, p. 240 by setting p = 0, 
= —1. It follows from (63) and (64) that 





ya V ot d i 
| eem Tr = Ee J(*, u) dr, 
TU y— V yew? Vx? + (y 2. n)? Ou. u 
ulica = 0, 


where 


verlag c — vb. 


U 


The answer on p. 189 is easily obtained by evaluating the inner integral. 


407. This problem can easily be solved by using the Mellin transform. 
Suppose the function T being sought is such that 
T = (1), r Ed = O(1) as r— 0, 
r 
(65) 
oT 


T = O(r?), r — = O(r*) as r—- oo, 
Or 
where s is some positive number.*4 Multiplying Laplace’s equation AT = 0 
by r*+1, where p is a complex number such that 0 < Re p < s, and integrating 
the result from 0 to oo, we obtain 


(> = per) 





ST Cà 
0 do 


24 The existence of a solution with these properties can be anticipated from physical 
considerations. After the solution has been obtained, we can easily verify that it actually 
satisfies all the conditions of the problem. 
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where 
P= | Tar (67) 
is the Mellin transform of the function 7. It follows from (65) that the term 
(> oT EN prr) 5 
or 0 
vanishes if 0 < Re p < s,” thereby reducing (66) to 
dT 
ie ——- pT = 0, 


together with the boundary conditions 
= a? 
Tl == 0, Tieg = To — 


(implied by those obeyed by the function 7). Thus we see at once that 


ae 
page aD, 
p sin pa 
which, in particular, implies that s = r/«. 


The temperature distribution T is now determined by using the inversion 


formula 
T= nq Sn pe (2) ae 
2ri Jo-io sin px Nr/ p 
where 0 < o < n/a. The line integral can be evaluated by using residue 
theory, after completing the contour of integration by the arc of a circle of 


sufficiently large radius, lying to the left of the line Re p = o if r < a and to 
the right of this line if r > a. After some simple calculations, we obtain 


—{y n/a - 
fi- 2 (t sin, 0T <a, 





T e x 
T. 1 oo n+1 nr/a 
i ae 2 (5 sin TR, gr OS, 
T n=1 x 
Using the formula 
n+1 . 
: nx 
Seve 2 p" sin nx = arc tan ọ <1, 
n=1 1 + pcosx 


to sum the series, we arrive at the single analytical expression for the function 
T(r, o) given in the answer on p. 190. 


25 Note that it also follows from (65) that the integral is analytic in the strip 0 < 
Rep < s, being uniformly convergent in every closed subset of the strip. 
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415. If we replace the concentrated load by a uniformly distributed load 
with density 


E€ 


8 8 € 
fo un — -<r<r =, —-<9o< ; 
0 2 or, Po 2 9 Baal, 





q(r, p) = {ro de 
0 otherwise, 


where 3 and e are arbitrarily small positive numbers, then the problem 
reduces to solving the inhomogeneous biharmonic equation 


au =e O<r<0, 0<p<o) (68) 


subject to the boundary conditions 


Qu 


lo = ihoa = E 
= 09 9—0 $99 09 Q-ax 


Multiplying (68) by r?*? (where p is a suitably chosen complex number), and 
integrating from 0 to co, we find that ?$ 


= 0. 


ee Au — (p + Dr?*! Au + (p + ne —(p—1\(pt+ Dh : 


r 





2- 4- 
t (p— Dp 4- D'à-- Kp — D? - (p 19] £3 4. 29 
dp dg 


= i Í q(r, ẹ)r”°t? dr, (69) 
D Jo 


where 
ü = [Pure dr. (70) 


Suppose the function u is such that the quantities r7!u, du/@r, r Au and 
r*(0Au/Or) are all O(r?*r) as r — 0 and all O(r~*2) as r— oo, where s, > 0, 
S2 > 0. Then the integrated term |{. . .}|5° in (69) vanishes if —s; < Rep < ss, 
thereby reducing (69) to the ordinary differential equation?’ 


4, 2- 
SE, p — 1* +t Uf] $4 + (p — Dp 4- a 
de dp 
= = f q(r, pyr??? dr. 


26 In problems of elasticity theory involving integration of the biharmonic equation, 
it is best to use a modification of the Mellin transform, in which the exponent p is replaced 
by p — I. 

27 By the same token, the integral (70) is analytic in the strip —sı < Rep < 52, being 
uniformly convergent in every closed subset of the strip. 
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Using the method of variation of constants, we find that 
ü = A cos (p — 1)ọ + B sin (p — Io + C cos (p + D) + Esin (p + 1)9 
pd [[5 (p— D(e —1 sin(p + Ie — 2 af o, Dort do, 
4Dp Jo p—1 pil 0 
where the boundary conditions 
dü 
de 


ewe 


9-0 dp e 


ülo=o == 








serve to determine the coefficients A, B, C and E. Passing to the limit 8, 
€ — 0 and solving for these coefficients, we find that à is a meromorphic 
function with poles at the points where the expression p° sin? x — sin? pa 
vanishes, and moreover that the number s, — s, is the smallest root of the 
equation 

p? sin? a — sin? pa = 0. 


The bending moment M and the shear stress N along the edge = O can be 
determined from the relations 


Meam -DfE| S e 4! 


Using the inversion formula for the Mellin transform, and choosing the 
imaginary axis as the path of integration, we find, after a certain amount of 
calculation, that M and N are the same as in the answer on p. 193. 


418. Following the Fourier method, we look for particular solutions of 
Laplace’s equation of the form 


NTZ 


T = R(r)®(¢) sin re . 
Separating variables and integrating the resulting equations, we find that 
T— [ALy-s (nmr) + BK ys (ner[))(C cosh A e + D sinh A e] sin =, 


where /,(x) and K,(x) are cylinder functions of imaginary argument. Because 
of the behavior of /,(x) and K,(x) as r — 0 and r — oo, the boundedness of 
the solutions T requires that A = 0 and à > 0. Thus the particular solutions 
needed to solve the boundary value problem, which has a continuous spec- 
trum (0, 00), are of the form 


T — T, = (M,cosh«e + N, sinh OK") sin T. ; 0 «7 « o. 
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The general solution is constructed by integrating with respect to the parameter 
+. Noting that 7|,_. = 0, we have 


NTZ 


T = sin — | N_.sinhrp (tn) dr. 
I Jo Mg 
The coefficient N, is determined from the boundary condition 


T]... = Sr) sin =, 
which gives 
m : nur 
f(r) -| N. sinh ta K.(=) dt, 0 — r « oo. (71) 
0 
For a certain class of functions f(r), we can invert (71), obtaining?? 


N, sinh zx = 25 sinh zz | ae re 
T 0 r 


The conditions for using this formula are usually satisfied, except that f(r) 
may not go to zero sufficiently rapidly as r — 0. If /(0) 4 0, then in most 
cases encountered in practice we can use the formula? 


2 FE = E ; 
N, sinh zæ = - f (0) + — 7 sinh x f(r) — f(0)e "77! Kara!) dr (72) 
T T 0 r 
to determine N, (see L9, pp. 150-153). Assuming that the conditions imposed 
on f(r) are sufficient to guarantee the applicability of (72), we arrive at the 
result given in the answer on p. 196. 


422. We subtract out the source potential, by writing 


q 


u=——v, 


where R is the distance from the charge q to an arbitrary point of space. Then 
the problem reduces to integration of Laplace’s equation 


12 (v2) 10v , Ov 
Sli) duc qu eed) 
rr Or ae ee 

O<r<o, 0<p<2n—-m<z< oo), 


with boundary conditions 


| 2-0 m 


q 
, Blea OPES . 
¢=0 R o=er 





4 
R 


28 This follows from formula (24), p. 195. 
29 Implied by formulas (24) and (26), p. 195. 
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Expanding the function v in a Fourier cosine integral, i.e., setting 


2 oo 
v=- bcos oz do, 
Tw 490 


we find that ? satisfies the equation 


12(,2) 4412 — so (73) 
r 09 








r ör\ or 
and the boundary conditions 








v.e = (2) -[ ah Pos cz dz, 
R/lg=0 Jo R'% 
oo 
Please -Í cos oz dz, 
0 o=etn 





which, after evaluating the integrals take the form 


gloss = öl pon = qK (ovr + r$ — 2rry cos qo), 
in terms of Macdonald's function K(x). Using the Fourier method to integrate 
(73), we represent ? as an integral 


pe |“ pn enu DE ler 
cosh x« 


(see the solution to Prob. 418), where the coefficient M, . is determined by 
the condition 


Kov r? Lou — 2rr, cos qq) = |°M...KAor) dr, O<r<o. (74) 


To avoid the difficulties associated with direct application of the inversion 
theorem, we write the left-hand side of (74) in the form 
K (ovr? + r$ — 2rr, cos oo) 
= [K (ovr? + ro — 2rry cos 9o) — Korg] 

+ Koro [i ELT e 7) + K,(or,)e ?" 

and use the formula 
eS 2 Í K,-(or) dr. 
T J0 

Then the inversion formula implies 


oo or 





Mg, => = Kor) + K,(or)= sinh «| K,.(or) dr 


0 
2 u 2 2 dr 
+ 7 sinh rt kod + ro — 2rro COS Go) — Ki(org]Ka(or) — . 
T 0 r 


(75) 
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The integrals appearing in (75) can be calculated by using the formulas 
Í [KAV + y* — 2xy cos y) — KIK) & 
0 x 


T cosh (z — yr IK 
= TKO) em ec 0], 
27 sinh xc 2 sinh dx 
© 1 
| (1 — IR.) & = m ah dire 
0 x  2t cosh ix« 
which lead to the result 
2 


T 


Mas, = — cosh (v > $9)7 Kory). 


Thus the solution of the problem takes the form 


4 oo oo h = 
v= a Í COS OZ as | poste qe cosh (x — q9* K,.(or,)K,.(or) dr. 
T^ Jo 0 cosh rr 
(76) 


Substituting the known integral representation 


K,.(x)K,(y) = [Kev x? + y® + 2xy cosh s) cos «s ds 


into (76), reversing the order of integration and evaluating inner integrals,°® 
we find that 





q 1 hi 1 1 
aa al la is — cos (o + oo) d cosh 4s + cos 4(9 — xi 
sinh 1s ds , m 
V cosh s — cosh A 
where 
z? + p. r 
2rro l 


To obtain the final form of the solution, given in the answer on p. 198, we 
evaluate the integral in (77) by making the substitution 


cosh A = 


cosh hen cosh 2 cosh t. 
2 2 


30 The formulas 


a cos ts ds _ 1 i sin 7s ds 
o VcoshA-Fcoshs Sinhnt J, Vcoshs — cosh A ' 
oo . 
cosh yt 1 sinh $s 
mu sin tsdrt = -——, er 
Í sinh 2nt is 4 cosh às + cos iy i 


are used in the course of the calculation. 
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434. Introducing elliptic coordinates « and B, where 
x = c cosh a cos P,  y-csinh«sin B 


and c is the eccentricity of the given ellipse, we assume that the charge q is 
uniformly distributed over the curvilinear rectangle 


0<a<8, Pe 


The problem then reduces to integration of Poisson’s equation 


=“ Fu 
—— gt og = —4nph?, (78) 
where 


= 


c 


q 
—- fo 0<a< ð, B*— É< IBI < p* + 
e = pla, B) ={ 2n?8e Se 2" 
0 otherwise 
is the charge density inside the elliptic cylinder, and 


h = cx cosh? « — cos? B 


is the metric coefficient. Since u must be even in the variable 8, we look for a 
solution of the form 


d 


is spem ae cos nß, 
T T n=1 


where 
T 
ü, =f u cos np dB. 


Multiplying (78) by cosnß and integrating from 0 to x, we obtain the 
equation 


a — n'à,— —4r| ph? cos nf dB, 
whose solution is easily found by variation of constants: 
4n gu Ei I 
= A, cosh na + B, sinh na — — oe np ae „eh sinh n(x — 8) dé. 
n 


The condition that the components of the electric field be bounded at the 
foci of the ellipse implies B, = 0. The value of the second constant A, is 
determined from the boundary condition 


ünla-a, = 0, 


where a, is the value of the coordinate « on the surface of the cylinder. 
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Taking the limit as 3, e — 0, we find that 


= 2r sinh n(xy — « 
ü, = ENG os ng* sinh n(z, — o) 
n cosh na 


which immediately implies the answer on p. 205. 


, 20,1. 2,5 


437. Since the regular solutions of the two-dimensional Laplace equation 
are of the form 


u =u, = A, cosh na cos nB + B, sinh na sin nf, n —0,1,2,... 


inside the ellipse x = a?! and of the form 


u=u, =e "*(C, cos nB + D, sin nß), n=O) 1,2, 
outside the ellipse, we look for a magnetic potential of the form 


u = Hy(x cos y + y sin y) + > e^"(C, cos nB + D, sin ng) 
n=l 


in the air, and 


oo 
u® = > (A, cosh na cos nB + B, sinh na sin ng) 

n=1 
in the magnetic medium (arbitrary additive constants are omitted). The 
values of the coefficients A,,..., D, are determined from the condition 
that the tangential component of the magnetic field and the normal com- 
ponent of the magnetic induction be continuous on the boundary surface, 
i.e., 


























Qu O du du du” 
0p RE 0p Bs 0x Be d 0x cnm 
This gives 

e™ cosh a, sinh « cos 

C, = (1 — 9H et 
cosh x, + u sinh «o 
æo cosh «e sinh x, sin 

bere. ne 
sinh «y + u cosh a 

» Hyce* cos y E Hyce™ sin Y 
' cosh % + u Sinh a i * sinh Xo + u cosh &o ' 


where all the other coefficients vanish. The final expressions for u and 
u‘? given on p. 206 are obtained by using the relations 
a 


. b 
cosh % =, sinh % = -. 
c c 


31 The other combinations of products of hyperbolic and trigonometric functions lead 
to infinite values of grad u at the foci of the ellipse. 
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443. To make the problem homogeneous, we write the torsion function 

as a sum 
u=—y? + v. 
Then v is a solution of Laplace’s equation regular inside the cut ellipse 
(i.e., in the region |a| < %, 0 < B < 7) and satisfying the boundary con- 
ditions 
vu = val. — 0.  v|a=txo = (c sinh «o sin gy. 

Applying the Fourier method and using the evenness of v in the variable «, 
we construct a solution of the form 


oo 
v= DA, SOME sin nf. 
acı Cosh na, 
The constants A, are determined from the boundary condition for « = a, 
which gives 
8c? sinh? «o 
A, = (mx n(4 — n) 
0 n=2,4,6,... 


Thus the torsion function is given by the series 


25 cosh (2n + 1)x sin (2n + 1)ß 


el: 


u=—y’+ — j 79 
ý x £ cosh (2n + 1)&, (2n + 3)(1 — 4n?) =) 
while the torsional rigidity can be calculated from the formula 
M «o ft 2 
c — 46) | un? da dg, (80) 


where 
h = cV cosh? « — cos? ß 


is the metric coefficient. Substituting (79) into (80) and evaluating the double 
integral, we arrive at the expression given in the answer on p. 209. 


449. Choosing a system of parabolic coordinates «, ß such that the 
surface of the cylinder has equation B = ß,, and regarding the charge q as 
uniformly distributed over the small area bounded by the curves |æ] = ò, 
B = e, we reduce the problem to integration of Poisson's equation 





0° 0° 
33 gi oe (—o0»«a«« 0,0 « B < Bj, 
where 
q 
for <, Burg 
p = (2h? de lal pes 


0 otherwise, 
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and 

h = c/o ^g 
is the metric coefficient. The problem is solved by taking the Fourier cosine 
transform. Writing 


» oo 
ü =f u cos Aan da, 
we multiply Poisson's equation by cos A« and integrate from 0 to oo. This 
gives the equation 
oo 
a” — aū = —4n |‘ oh? cos Ax da, 


whose solution is easily found by variation of constants: 


© 8 
à = A cosh AB + B sinh 28 — = Í cos Aa au | oh? sinh A(ß — n) d". 
0 


0 
The requirement that grad u be bounded at the focus of the parabola implies 
B=0. The value of the constant A is determined from the boundary 
condition 
l-e = 0, 
which, in the limit 3, e — 0, gives 
A= E tanh Af. 
The corresponding value of u is 
27g sinh X(By — 8) 
A cosh Aß, 
and the final answer (see p. 211) is obtained by using the inversion formula 


ü = 


2 oo 
-2| dcos Aa dX. 
0 


T 


457. If we introduce bipolar coordinates «,'ß as shown in Figure 122, 

p. 215, and represent the torsion function u as a sum 
u = —y? + v, 

the problem reduces to determining the function v which is harmonic in the 
domain a, < « < oo, 0 < B < 2r and satisfies the conditions 
2 122 
2 c“ sin“ p 

Lo = U|a- = 0, Vly = = = =, 
vlp=o la—an [i xo y lè ao (cosh " + cos B)? 

vlo — 0. 
The solution is constructed as a series 
oo 
—n(a—29)/2 .: np 
=> Geer sin 7, 


n=1 
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whose coefficients, according to the theory of Fourier series, are given by 


B c=" _ sin’ 8 sin ing _ 
u (cosh a + cos B)? 


To calculate the torsional rigidity, we use the relation 


art 2 
c= e[-2j rds | (vi) ab |, 
S 0 Qa. Ox A=Xy 


implied by the formula given in the hint to the problem (see p. 215) after 
setting = —y?. 


471. Setting 





u= 4 Tau, 
R 


where R is the distance from the source to an arbitrary point of space, we 
reduce the problem to integration of Laplace's equation 


Au, — 0, 
with the boundary condition 
uj. = — É = — — cones 
R la=0 cv sinh? xo + sin? B a 


and the condition at infinity 


th [oss — Q. 


In keeping with the discussion on p. 222, we look for a secondary potential 
in the form of a series 


u, => A,Q,(i sinh «)P,,(cos B), 
n=0 


where the coefficients A, are determined from the boundary condition. 
Using the theorem on expansion of an arbitrary function in a series of 
Legendre polynomials, we find that 


_ 2n c iq PAX) dx 
20,(0) c J-1 TES xo — x? 


for even n, while A, = 0 for odd n. To evaluate (81) for even n, we use the 
integral 


(81) 


n ~ 


1 PQ) dx 


-1 Jb? — xi. 


Ja = b 1, 
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which can be evaluated by expanding (b? — x?)-!? in a power series and 
then integrating term by term. Using well-known formulas, we find that 


IF Pd 1$ Pnt) 1 f 
In ze f Een - — x?"p 
=, V1 — (xb? (x/b)? b m=0 o FG Cn + 1) b?" J_ an(X) dx 
I _ Tim t pan + Drain a 
man DOL + DE — n + DPQm + 2n + 2) ^ 


I'(n + 4) » (n + $n + Dr ( i J 
y 





re pHUDPOn--$5 k! (2n + 3, A 
where 
PO. +k 
0-769. 
TQ) 
The result can be expressed in terms of the hypergeometric function 
(A zk 
F(a, B; Ys z) = m ? 
: Dres k! (yy 
Les 


D(n +» ; 1 
end Html). 
Using the familiar formula 


F(a, 8; y3z) = (1 — 37r. y= prý; —), 





we find that 
1T%a+h 1 ( 1 
J, = — OO Fl +3. 4 1520 + 3; - , 
Jn 2n + 8) sinh?"*a, : ?' sinh? ao 


or 
In a 2iP»,(0)Qon(i sinh o); 


because of the definition of the Legendre function of the second kind. Thus 
the required values of the coefficients A, are 


Aan = =! (4n + DOn (i sinh ag. 
TC 
which leads to the potential distribution 


u=% dex ad 3$ n + 1)Q,,(i sinh «9)Qs, (i sinh «)P:,(cos B), 
Te n=0 


if we note that 
P20) 2i 


QuO) = 
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The distribution of charge on the surface of the disk is now found by 
differentiation, according to the formula 


o — 





a=0 


NEN. 
4r \cv sinh? a + cos? B Ax 


481. The problem reduces to solving the system of equations 











Au) = —4ro (0 « « < ag), Au? = 0 (% < x < oo) 
for the gravitational potentials uw and u?, with boundary conditions 
a) (2) 
la u. os ĝu gu ; 
° Bi Ox aA=Ko Ox 4=Ko 
Setting 
u = Uy + u, u?) = us, 
where 
Uy = —ror?= — nc? sinh? « sin? f, 


and noting that u, is harmonic inside the spheroid (x < a), while u, is 
harmonic outside the spheroid (x > « 9), we have 


U = S 4,P,(cosh x)P, (cos B), Ug = Š B,Q,(cosh «)P,(cos 8). 


n=0 n=0 


Using the boundary conditions, we obtain the formulas 


— pe? sinh? «o[1 — P,(cos 8)] + > A,P, (cosh «)P „(cos B) 


n=0 


= > B„Q,„(cosh %»)P,,(cos B), 


n=0 


—ärpc? cosh [1 — P,(cos B)] + > A„P}(cosh &,)P,(cos 8) 


n=0 


= e B. Q;(coshaj)P,(cos ß) 
determining the coefficients,® which imply that = 
A, = B, — 0, n—1,3,4,5,... 

Thus Ao, Bo, A, B, satisfy the system of equations 

AP (cosh a) — ByQo(cosh a) = groe? sinh? «g, 

ApPo(cosh æo) — ByQ;(cosh xo) = $xec? cosh a, 

A,P(cosh o) — B3Q,(cosh à) = —£noc? sinh? a, 

AsPs(cosh o4) — B4Qs(cosh a) = — noc? cosh ap, 

32 Note that 
sin? ß = 3[1 — P;(cos Q)]. 
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whose solution is?3 

Ao = $n9c? sinh? A + 2 cosh o, In coth 2) i 

A, = #roc? sinh? (1 — cosh o, In coth 2) ; 


2 : i 
By = $nr oc? cosh o, sinh? «o, B, = —$noc' cosh a, sinh? «o. 


Substituting for B, and B; in the formula for us, we find that the gravitational 
potential outside the spheroid is 


2 
Uy = TỌ £P rin? B — sinh? «) + 3 sinh? « sin? 8] In coth 5 
c 
+ cosh «(3 cos? B — D) 
To obtain an asymptotic representation of the gravitational potential for 


small eccentricity c, we introduce spherical coordinates R and 9, and use the 
formulas 


z -26 + e?) cos B = R cos 0, r = 5 (® — e) sin B = R sin 6. 


Solving for « and ß, we find that 


cosh a Url Ji 4 cos 0-4 E 1+ Zeos 0+ 5 SANE =) 


2c c? 
cos - 18 [Ja een 


It follows that as c > 0, 
2 
cosh « = Ried dcos — ; sin e + (5), 
c R* 
c 
cos B — cos 0 4- sse) 


33 Here we use the expression 


, , 1 
Pal) Q,(2) — DPO = ——3 





for the Wronskian of the Legendre functions, as well as the formulas 


P,(z) - 1, P,(z) = 3(32? 1), 


1 z+1 t}3z7-—1. z+1 
= =- = = ——_ | —3 . 
Q,(z) 5 TT’ Q:(2) | 2 n | 








z—1 
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must be set equal to zero.*4 Thus we arrive at the particular solutions 


Uy = U. = C,P_ys,,,(cosh «)P_14,,,(cos B), tT > 0. 


To construct the general solution, we integrate over the parameter +, obtaining 


u, =| C.P s, (cosh a) P_s4,,.(cos B) dr, 
where the coefficients C, must satisfy the boundary condition 


q 


U1|a- m OO MMM 
lego c(cosh « — cos fy) 


-| C,P_144;,(Cos Bo) P. ve (cosh a) dt, a> 0. 


0 
Using the inversion formula implied by the Mehler-Fock theorem, we find 
that 


à ; 
Gonan tanh rt Í sinh « Poe Gas 
cP. v4, (cos Bo) Jo cosha — cos By 


24 7 tanh mt f“ Put) dt. 
€ Pg i (cos Bo) Jı $ — cos Bo 

Evaluating the integral, we arrive at the formula for the electrostatic 

potential given in the answer on p. 229.35 


34 In particular, we use the formula 


Try + 
P,(cosh «) = — TD. ens tan xvF(v + 1,4; v + $; e-2%) 
Vn I(v + >) * 
) + 
EY eva Fv, 45 4 — viet, 
Vx I(1 4 v) 


which shows that a bounded solution in the interval (0, œ) exists only if —1 < Re v < 0. 
The extra requirement that u, be real compels us to set v = —} + iT. 
35 To prove the formula 





© Ate) 
J= Paga Gl dt = dd P v4 «(—cos Bo) 
1 5 — cos Bo coshnt ` 


(see L7), use the integral representation 


a. d cos ts ds 
P14 +it(cosh a) = oS 
* Jo V2 cosh « — 2 cosh s 


and then reverse the order of integration with respect to « and s. After evaluating the inner 
integral, this gives 


oo 
i | ST L = uam Mee 005 Bi), 
o V2coshs —2cosß, cosh rt 





where we have used another integral representation of P_1g,:c(x). 
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494. Bearing in mind that the potential u can be represented in the form 
u = Ez + u], where u, is harmonic outside the torus and goes to zero at 
infinity, we look for a solution of the form 

oo 
u = Eyz + \/2cosha — 2cosß > a ee) in nß. 

n=1 P,,14(cosh Xo) 
The coefficients A, are found from the boundary condition and coincide with 
the coefficients of the function 


—2E,c sin B(2 cosh o, — 2 cos Q)-9? 


when expanded in a Fourier sine series in the interval (0, x). Thus we find 
that 


n 


= Eef" sin B sin nB dß 

o (2 cosh a, — 2 cos B)?? 7 
Integrating by parts and using the formula given in the hint to Prob. 493, we 
arrive at the answer given on p. 237. 


498. Setting 


T 


Qr? 2 2 2 

T = "m tu rsx y, 
we reduce the problem to finding the function u. This function is harmonic 
outside the torus (0 < « < a») and goes to zero at infinity (i.e., as « — 0, 
B — 0). We look for a solution of the form 

u = ,/2 cosha — 2 cos D F 4, Seco es n3, 
n=0 Q,,-14(cosh Og) 

where the coefficients A, are determined from the boundary condition 


S pus. 
Ap See 


ues 
It follows from the theory of Fourier series that 
u Qc! sinh? zin | 3488. . 
kr o (2 cosh o, — 2 cos BJ?’ 
Io 2Qc* sinh? |" eene 
kn o (2cosh a, — 2 cos 8)*/? 


Evaluating these integrals, we eventually arrive at the answer on p. 238. 


A 


Hm. 2s 


502. If we subtract out the singularity at the point r — z — 0 by setting 
q 
Jr? + 2? 
the potential u, of the secondary field is harmonic in the region 0 < « < co, 
Bo < B < 2n + B, outside the conductor, and vanishes as «— 0, B— 2r. 


u= 





+ uy, 
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The function u, can be represented in the form of an integral 


uu = — Ei J cosh « — 2 cos af M. Cose pes p) P. v i (cosh o) dr. 
c 0 cosh nz 


It follows from the boundary condition 


Ulp-Bo = Ulp-ontg, = 0 
that M, coincides with the coefficients of the expansion of the function 


(2 cosh « + 2 cos 8,)-1? 


in a Mehler-Fock integral with respect to the functions P_,,,,.(cosh a), 
i.e., 


(2 cosh « + 2 cos g,) !? =|, M,P_ig4:,(cosha)dt, «>O. 


In the present case, we cannot determine M, directly by using the inversion 
formula implied by the Mehler-Fock theorem, since the function being 
expanded does not belong to the class for which the theorem holds (see L9, 
p. 228). However, it can be shown without recourse to the Mehler-Fock 
theorem (ibid., p. 229) that 


(2 cosh « + 2 cos By)” -Í LEN P_1g,;,(cosh a) dr, 
o coshrr 
and hence 
. cosh BoT 
cosh nt 


Therefore the solution of the problem is 


u = — € JZcosha — 2 cos B 
c 
x |" cosh Bat cosh (x + Bo — 8) 
0 


- P. , Lu (cosha)d«. 

cosh? xc BUT 
The charge density on the inner and outer surfaces of the spherical bowl are 
given by 


cosh « — cos f, du 
6, = — eC — 5 P x 
B=Ro Arc OB Ie=2r+Bo 


f Arc og 


Performing the differentiation with respect to 8 and evaluating the resulting 
integrals by replacing the Legendre function by its integral representation 


cosh « — cos By du 
OO) I o — 





2 2 cos ty dọ 
P a h = ~ cosh Í ng 
—g+i (cosh «) z a 0 NE cosh U + 2 cosh « 


we eventually arrive at the closed-form expressions for c, and o; given in 
the answer on p. 240. 
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508. To calculate the capacitances, we must first solve the electrostatic 
problem, assuming that the spheres have arbitrary given potentials V, and V2. 
Introducing a system of bipolar coordinates «, B, ọ in which the spheres 
under consideration have equations B = —ß, and B = ß,, we reduce the 
problem to determining a function u which is harmonic in the region 
—, < B < By and goes to zero as « — 0, 8 — 0. The desired solution can 
be constructed in the form of a series 


u = ,/2 cosh 8 — 2cos« > [A, cosh (n + 3)8 + B, sinh (n + 4)8]P,,(cos~), 


n=0 
where the coefficients A, and B, are found from the boundary conditions 
ul, = Vo ulm Ve 
which immediately lead to a system of linear equations for A, and B, if we 
use the familiar expansion 
1 Ş ont HB 
= > CIP C cos a), >0. 
J2 cosh ß — 2 cosa 2 en P 


After determining u, the charges on each conductor can be calculated from 


the formulas 
nb 
[iir 2 Jo \ 0D 


1 I 2x) 
ov F— 
Q: 2 Jo V ap 
To find the capacitances Cı, Ci, and Css, we use the relations 


C, = Oil rs Ci: = Qile cora =Q, 


512. In the new coordinate system, the problem reduces to solving the 
equation 


da. 
B=Ba 











V =—1,F,=0> Ca = Qar, ra 


u u x? — B? Qu 28 ðu 


u T 
with the boundary conditions 
Ulpaseo = V. 


Variables can be separated by setting 


u = V'a? + B? A(x)B(B). 


Integrating the resulting equations for A(«) and B(ß), and noting that u must 
be even in P and bounded at « = 0, we arrive at the following particular 
solutions: 


u = u, = M,N o + B? Jo(u«) cosh uß, u> 0. 
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The solution is then constructed in the form 


cosh uB 


osh uf, — 4 Jua). 


u= Va? + B? a? 4- p? M: Ng 
Using the well-known formula 


a 

Vè 4- p? 
and taking account of the boundary condition ula. =p, = V, we find that 
N, = e~*80, and hence 


= h 
TER S a ETJ] gute COSR UB p Cua) du. (83) 
0 cosh uß, 


To calculate the total charge Q on the conductor, we start from the relation 


z 


After substituting (83) into (84) and reversing the order of integration, we 
obtain the expression?’ 


© e "9 
Q = ev| du = 2Va ln 2. 
o cosh up, 


=f eS (ux) du, — 820, 
0 


(84) 





EE 





The capacitance C is now determined from the formula Q = VC. 


E=sl1-2)- s 


the problem reduces to finding a solution of the wave equation 


Pu Qu 1u 


ax? ay? or 


satisfying zero initial conditions, the boundary condition 


ee 


and the condition that u vanish at infinity. Introducing new variables 


522-523. If we set 





S 


g=1-°, n=1-2 Gave b y, 
v U 


36 Note that the parameter c is related to the radius a by the formula c = 2aß,. 
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and looking for a solution which is a function only of & and 7j, we obtain the 
equation 








u 1 du " 
dE 0n E — 1) On 
whose solution is 
Ul 
gel OS: 





u) VJE — sS 
where ọ and y are arbitrary functions. Moreover d(5) = 0, since 
ut, 
and therefore 


u= ” zs jy (85) 


-o /& —s 


On the screen n = &, u = f (Č), and hence ¢(s) must satisfy Abel’s integral 


equation 
[ za - ro, 


oo Nia — sS 

old [i SE 
tds J-o Js = d 

If s — 0, then the integrand vanishes identically by hypothesis, which implies 


(s) = 0. 
It follows from (85) that 








with solution?" 


g(s) dé. 





ul, ao = 0, 


i.e., the excited zone is bounded by the circle y, = 0 (see Figure 149, p. 254). 
Outside the excited zone, 
E = Al = 5), 
U 


and in particular, E = 0 for x > vt. For y > 0, i.e., in the excited zone, 


n 
u = [2 as 
1d [^ g(9 


)=-— 
os) v ds o/s — & 





where 


dé. 





?? See e.g., S6, Vol. II, p. 220. 
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531-532. In the present problem, considerations like those given in the 
solution of Probs. 522-523 show that the reflected wave can be represented 
in the form 


k e(s) 
O TRETI e 


where q(s) satisfies the Volterra integral equation 


2a (* es) 
«(9t v J~o [E — s + (2a/v)] 


and the variables 5 and » are defined by 


u= 
4; — 7 rq, (87) 


ear ELS, jeder (r= Vx? + yt + z5. 
Assuming that 


O= [pO cT) aoo 


0, & <0, 


we find that q(s) = O if s < 0, and hence u = O if v, < 0. Thus the boundary 
of the excited zone is determined by the equation 7 = 0. The value of u 
inside the excited zone (7 > 0) is given by (86) and (87) with /(&) replaced 
by g(&) and the intervals of integration (— oo, &), (— oo, y) replaced by (0, &), 


(0, n). 
The integral equation 


2a (* g(s) 2a 
| SS b EDO 88 
uc: [E s+ Qao ; £0 (88) 
belongs to the class which can be solved readily by the use of the Laplace 
transform.?? Writing 


fale fer at, 


multiplying (88) by e-7* and integrating with respect to & from 0 to oo, we 
find that 


where 
o0 —»5 
K -| AM RO dé = — el Ei (- 222), 
o & + Qa[v) v 


38 In the applications, it is sometimes more convenient to construct the resolvent of the 
given equation, without recourse to the Laplace transform (see e.g., F8). 
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and Ei (z) is the exponential integral. The final answer can be obtained by 
using the inversion formula 


old) = — | çe” dp, 
ri Jr 


where the line I’ lies to the right of the singular points of the function 9. 


542. To find integral equations for the charge densities, first let M = x 
be a fixed point in the plane y = 0. Then 


cos (rj 4, n) = 0 
if the variable point N = & also belongs to the plane y = 0, while 


h 


*, 
Ir anal 





cos (riy, n) = — Irs] = VG — x) +H? 
if N = & belongs to the plane y = A. Therefore the integral equation (2) on 
p- 260 takes the form 


1 h |? o, (&) i 
G(x) = — Eyl — — f CEP ENT dé. 


2x T 
In just the same way, choosing M = x in the plane y = h, we obtain the 
integral equation 


1 h |” o£) " 
(X) ee 75 |y=n Ze f z als 2 de. 
2m x J—e(E—xyY--h 


This system of integral equations can be solved by using Fourier transforms. 
Multiplying each equation by e?" and integrating with respect to x from — oo 
to oo, we obtain 


Go = to ae h Í e?* ax - Sy - d£, 
2x o Um -o0(§—x) + h” 


F } oO oo 
2n 9 ro -0o(&— x) + k? 
where 


f= io fG)e?* dx 


and 
f(x) = Ej f(x) = Ej. 


(for brevity). Reversing the order of integration and using the well-known 
formula 


l^ COS AN Hes T g n 
oy +h 2h 
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we obtain the following system of linear algebraic equations for 5, and 9,: 





Oo + gh On == Jo > e Pig +F 9, LT da E 
2r 
It follows that 
OLED, Ihrem 


Og = > G, = 


2r doe M 2n 1 — e 24^ 


The answer on p. 262 is now an immediate consequence of the inversion 
formula 


fey = [^ fer an. 
27 J—o 
549. The integral equation 
2 PLO (AO) =, 0< p< (89) 


Tox + y x+y 
can be solved as follows: Writing (89) in the form 


2 (fo) 1 x| 2d xy | ax 


—— K | 17 


mJo y 1+(x/y) LI + (x[y) 
eo) e [a | ax = «0» 


zəy x L4(y/x) U + (yx) 
we make a Landen transformation 
ze. (25) — K(k), 
1+k 1+k 
obtaining 
y a 
: | Je) (2) Be 2| LQ) (2) ee: (90) 
T 40 y y T Jy X X 
Because of the formulas 


lk 


x) Z f T ds 
yl Jo JOP — sy? — 8°) 


L 
2d 


I 


| = Í EM 
x ne t — s — s 
(90) becomes 


2 | i | T ds 
> | 
= 2i (x) dx i TE == 


2°28 y ds 
= 1 ee Uc ( ). 
+ n [reo 6 xf Te aly 
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The expression on the left can be represented as a double integral over the 
trapezoid bounded by the lines s = 0, s = x, s = y and x = a. Changing 
the order of integration in this integral, we obtain 


2 f = 1 Ner dx = g0). (91) 


If we write 


cu Uus dece. Veen 


z Vx? — 5? 
(91) goes into Schlömilch’s integral equation 
2|" TT(s) 


0 Eos 





ds=g(y, O<y<a, 
with solution 


Et 
Y(s) = ETT = dt 
(see W8, p. 229). To deduce x from a knowledge of V'(s), we use the 
formula 
24 [* YQ 
n dx Je i 2 


(see Bl). Substituting for V'(s), we arrive at the answer on p. 264. 


f= ds 


561. To find integral equations for the virtual charge densities on the 
planes ọ = 0 and o = a, we note that if M = r is a fixed point in the first of 
these planes and if N — p is an arbitrary point of the interface between the 
two dielectrics, then 


SS if N belongs to the plane ọ = a, 
cos (ray n) = 1v r* + c? — 2re cosa 
0 if N belongs to the plane ọ = 0. 
Applying formula (7), p. 267, we find that 
E B [ ? AOL 
or) = — — E,|,-5 + -sina| ————————— dp, 
^ 2n aloo m Jo + o? — 2rp cosa i 
where 
& + fo 


By a similar argument, if we choose the fixed point M in the plane ọ = a, 
then 


a(r) = È Elona + * sin af ee. do. 
a 2 or +e — 2rpcosa 
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This system of integral equations can be solved by using Mellin transforms. 
Multiplying each equation by r?-' and integrating with respect to r from 0 
to co, we eventually obtain the system of linear algebraic equations 


= j£5mi—wp-1). .. ße 
a Ion (0 509 r^ 
— ga Sin (x — ap — 1). B. 


sin x(p — 1) ee 247 


for 5, and 5,, where 
f= IM Nr?" dr 
and 
AO mE Seel; 


(for brevity). To guarantee the convergence of the integrals appearing in (92), 
we choose p to be acomplex number of the form p = 1 + iv(— o0 < « < 00). 
Solving the system (92) for c, and c,, we find the values of the charge densities 
by using the inversion formulas 
1 lt+in 1 l4-io0 
Gg = — Gor ?dp, O, = — Gyr” dp. 
"T eJ 2ri Jı-io : ý 
565. The requirement that the tangential component of the electric field 
be zero on the surface of the conductor leads to the integral equation of the 
first kind 


x 2 
[Hear DO a0, 0uxco, 03) 
0 TO) 


where j(&) is the total density of current flowing on both sides of the half- 
plane, and E(x) is the tangential component of the external field at the point 
x.*? This integral equation can be solved by using the integral transform (27), 
p. 196. To reduce (93) to a form suitable for application of this method, we 
multiply the equation 


o 2 
Í HEKE) jE) d£ = — E(0) 
0 T 


39 Each of the densities o, and c, is O(r-*1) as r — 0 and O(r-%2) as r — oo, where 
5, <1 and s, > 1. The functions f, and fx are assumed to be O(1) as r — 0 and O(r-*) 
as r — coo, where s > 1. 
40 Here we have 
je Sl yest + jely——o =j + je E(x) = ES as 


The difference between the current densities is given by formula (9), p. 270, implied by the 
conservation law for the circulation of the magnetic field around a closed contour. 
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by e~** and subtract it from (93). The result is 
S i A á tka 
[ex — 2) — e eaa dz = Z IE) — Ec. 04) 
0 TO 


Multiplying both sides of (94) by 
(2)( 
pU? Hi; ( x) 


x 


and integrating with respect to x from 0 to oo, we obtain 


o0 © r7(2) — EN — piks (2) . 
Í je) ae | Ho (k |x &) e Ho (k&) e"? kx) dx 
0 


0 x 
2 n«/2 fo _ pik 
_ ce Í EQ) —e EO) de 95) 
0 


TO X 


assuming that it is legitimate to reverse the order of integration. The inner 
integral in the left-hand side can be evaluated after making the preliminary 
transformation 


F HOXK Ix c El) m e *"HOXKE) eH Ox) dx 
0 x 


© HJ- — ED) — HOYX(KE 
-Í Ho (k |x — čl) — Ho (KS) e" PHO (kx) dx 
A x 


o0 > —ikt 
+ Ho | LC FHM dx) = h + Ty 
0 X 


It then follows from the addition theorem for Hankel functions, [see L9, 
formula (5.12.11), p. 126] that 


la ry get o TIH 
I up | EE Gn Bas e" HOX(KX) dx -Í E UED dx 
" x 


0 & X 


o HONI 
+J a| Hoth) e HOXK x) dx 
E x 


m 


S 2 z E Im k: 7/2 pp (2 
+2 > [nex 2 e" HOY X) dx 


m--1 


oo (2), 1... 
+ 4,00 | HEED re ax 
a x 


PROB. 566 SOLUTIONS 379 


The integrals on the right can be evaluated in closed form, eventually leading 
to the expressions 





1 2 Bo 
| ee H® k so Ja n3/2 py (2) kE T 
o irsinh ine ° (69) mi^ ^ oe la 23 m? + 
= l H®(kE) — E €? coth nt H!2)(ké) 
it sinh nt it d j 
z 2 1 
l = HỌ’ i| —— — ——_|. 
ETA itsinh zc — it sinh brr 


Thus we finally have 


o HO. —ikzyg( z 
Í Hs (k lx — ED — e Ha RE) as rne dx 
0 x 
Soa - [HOP(KkE) — e"? coth xt HO(KE)). 
it sinh rt 


If we now introduce the integral transform 


HOXKx) 
we ET 0<t< o, 
x 


e(1) -Í eg(x)e 
(95) takes the form 
C 


- TE) — e EO), 


TC) 





—— | E E(0) — &j($) cosh rs = 


it sinh neUro 


which implies 





Fe te E mm [E(x) — e *E(0)] . 


c? | E(0) ix tanh xt 
cosh rt 


TO) 


The final form of the solution given in the answer on p. 270 is obtained by 
using the formula?! 





o(x) = — ; Í FE)? sinh nt HË(kx)dr, 0<x<o. 
0 
566. The problem reduces to solving the integral equation 
en À CES nan 
Hg” (k |r — el) ip) de = quee — che o5 
0 TG) 


We assume that k is of the form k = |k| e-?(0 < y < 7/2) as in Prob. 565, 


41 The applicability of this formula is guaranteed by the requirement that k be a complex 
number of the form k = |k| e-*? (0 < y < 7/2), and that the external field be due to line 


sources located in the finite part of the xy-plane. 
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and also that the angle between the half-plane and the direction of prop- 
agation of the incident wave is less than y.*? Then the problem can be solved 
by using the general formulas obtained in Prob. 565, with 


Xe b= py E(x) = he cos. 


Bearing in mind that 








o i A (2) k 
[E(r) — e""E(0)] = ef (erea gtr yer? Hu le) dr 
0 r 
; pO 
= RER ta — 1), 
sinh nr 
we have 
CE f° : , 
ej (9) = — 2 f z tanh nr e?" cosh ta Hf? (kg) dr. 
To Jo 
The last integral can be written in the form 
; 2p9 d 
ej) — 2 = (Mn E a) Hr) 
where 
1 [^ cosh Bt susci 
A ae H; (kẹ) dz,  |B|]«m-c y. 


In the paper K3, it is shown that 


l inj4 V 2ko cos 158 5 
un = er eas), 
2 Jn 
Using this formula and performing the differentiation with respect to a, we 
obtain the expression for j = jı + j, given in the answer on p.271. 





*? These restrictions are needed to guarantee the convergence of the integrals and to 
justify using the inversion formula, but can be dropped in the final results. In particular, 
the expressions for the current densities Jı and j, found here are also valid for real k, in 
which case they coincide with the corresponding formulas for the Sommerfeld problem 
(see Prob. 427). 


MATHEMATICAL APPENDIX 


I. Special Functions Appearing in the Text 


Certain basic functions 


The gamma function 
T(z) =| ed, Rez >0. 
The probability integral 
2 pus 
$(z) = — i e * dt. 
o=], 


The Fresnel integrals 
z 2 z 2 
C(z) = Í cs. Se Í sin E. qr. 
0 2 0 2 


The exponential integral 


z pt 
Ei(z)=| “dt, O<argz «2x. 
of 
The sine integral 
sin £ 


si() =| dt. 
o tÉ 


The cosine integral 
Ci (z) -Í A dt,  Jargz| <x. 


oo 
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Orthogonal polynomials 
The Legendre D 


2 n=0,1,2,... 





PQ) = 


The Hermite polynomials 


n 


H,(x) = (—1)"e" Fr e", n=0,1,2,... 
x 


The Laguerre polynomials 


L*(x) = e X 5 d (urn TRE) n = 0, 4.3... 
n! dx” 
Lx) = L,(x). 
Cylinder functions 
The Bessel function of the first kind 


_ 1% v+2k 
yes DGI2) 


larg z| < x. 
xcot(k 5 DI(k4- v1) 
The Bessel function of the second kind 
foy J,(z) cos vn — J_,(z) Haeo 


sin vr 
The Bessel function of the second kind of integral order (n = 0, 1, 2, . . .) 


Y,(z) = lin Y(z) = C mi-l IS kon! i UL “yn 
T k= 0 


(—1)*(2/2)"*™* 
k 1 ! k 1 Z 7 
er xc ee caries 
where d(z) is the logarithmic derivative of the gamma function (the first sum 
is omitted if n = 0). 
The first and second Hankel functions 
H(z) = J,(2) + iY(2, H(z) =J,(z)—i¥(2), larg zl < m. 
The Bessel function of imaginary argument 
(z/2)*** 
LA =) 2 nn arg z| < 7. 
gm ies SENS 
The Macdonald function 
x [.(z) — I(2) 


KZ) = 0% larg z| <7. 
2 sin v7 
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The Macdonald function of integral order (n = 0, 1, 2,...) 


K,(z) = lim K,(z) = (= D+ (z) In : 
1 n—1 -Nn— k — 1)! | 2m 
2 D k! 


2 
1 er oo (2/2) 
nz Zt Lay PR DEM + nt I 


+ 


larg z| < m, 
where y(z) is the logarithmic derivative of the gamma function (the first sum 
is omitted if n = 0). 

Spherical harmonics 
The Legendre functions of the first and second kinds 


]—z 





Po) = F(— vts i E12, 


- Ina 
942 FEN (tet pty 3,1, 
r(» Je»? en 


|z| >1, larg z| < m, 


where 
E (ou (B). x 
F . . = 
(a, B; Y; 2) An 2 . al 
M .. I'A 4 K) E v E 
(Ajo = 1, A). = TO) MOS dR ED 


is the hypergeometric series.! 
For real x in the interval (— 1, 1), the Legendre function of the second 


kind is defined by the formula 
Q(x) = MQ,G + i0) + Q,(x — i0)]. 


Analytic expressions for the spherical harmonics appearing in this book 


can be found in H4, L9 and M2. 
The associated Legendre functions 


Pr) RN, go gt c aye LED 
dz" dz" 


larg(z—l)| < x (m = 1,2,...). 


1 The functions P,(z) and Q,(z) are defined outside the indicated regions by using 
analytic continuation (see e.g., L9, Sec. 7.3). 
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The associated Legendre functions for the interval (—1, 1) 


P, (x) im (— Dt — xy d™P,(x) ] 
dx” 

07) = 1a — tp SO 
dx” 


Elliptic integrals and functions 
The elliptic integrals of the first and second kinds 


Oo CEREREM TD 
E(o, k) -| V1 — k? sin? ọ de. 
0 


Fo = rr: 


The complete elliptic integrals of the first and second kinds 
K(k = F(5.4), E(k = £(2,4). 
(k) 5 (k) 5 


The Jacobian elliptic functions 
sn z = sing, cnz = cos 9, dnz — VI — k sin? 9, 


where @ is the inversion of the elliptic integral of the first kind, i.e., 


Z= F(9, k) -[-— . 
0 V1 — ksin? o 
Further information on special functions can be found in such books as 
Erdélyi et al. (E2), Gray and Mathews (G2), Hobson (H4), Jackson (J1), 
Lebedev (L9), Lense (L11, L12), MacRobert (M2), Magnus and Oberhettinger 
(M3), McLachlan (M5), Ryshik and Gradstein (R2), Smirnov (S6, Vol. III, 
Pt. 2), Snow (S12), Watson (W4), and Whittaker and Watson (W8). 


2. Some Expansions in Series of Orthogonal Functions 


i Sm) Sm 3), cile 
: n 2 al” LN 


n=1 


oo 


Se (2502), x E «a 
n=1 n 2a 


3. Sy SA) Lux O<x<a. 
n a 


n=1 


4. it SE ai (200522), 0« x «a. 
n 


n=1 


oo 


2 


sin (2n + 1)xx/2a] = 


CA 
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z O<x<a 
Im 2n +1 4° 
v cos [(2n + D)xx/2a] 1 x 
6. momota 0 
2 2n+1 2 2a en 
2 sin [Qn + 1)xx/2a] 1 To 
7. 1 n a a St do ed EA l t DES 0 * 
2e ) 2n ae] an "ud 
2 n cos [Qn + 1)xx[2a] x 
S en 
2C 2n + 1 4 sum 
i6 2 
9. cos na) = ar x tt =), O0<x<a 
ei n 6 2a 4a? 
oo 1 x? 
" n-a 005 (nzx[a) (4 _ =), O<xca. 
2C D n "AT dae 32 
" 2 
$ ln + Drafal _ =} -i. 0e x«a. 
iu (2n 4- 1) 8 d 
oo 1 : 
4 (2n + 1) 8a 
& sin (nrx/a) ( x x X | 
13. ER A P T ? 0 See 
2 n? E 6a 4a? 120° 
i sE pei Sin (rada) sin vet) 2 Zi 5), O<x<a 
n=1 a 
" Sinn Deng), sí -2), een 
a nth 16 2a 
oo x ? 
TA Sop ei eee = = (1 = £), O< x « a. 
= Qn + 1) S UR 
17. NM LI O<r<a, 
n=1 YnIWYn) 2 


where the y, are the positive roots of the equation J)(y) = 0. 


o0 2 
18. Is H(i 5 7. 0<r<a, 
n=1 Yad (Yn) 8 a 
where the y, are the positive roots of the equation Jo(y) = 0. 
S Jolyarla) _ 1 r? 1 


: O0crzaa, 


l n=1 Yad Yn) (4 
where the y, are the positive roots of the equation J,(y) = 0. 
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For various other expansions in orthogonal functions (and series of a 
different kind), we refer to the handbooks by Jolley (J5) and Ryshik and 
Gradstein (R2). 


3. Some Definite Integrals Frequently Encountered 
in the Applications 
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Among the handbooks on definite integrals, we cite those by Dwight (D2) 
and Ryshik and Gradstein (R2), as well as the celebrated compendium of 
Bierens de Haan (B4). 


4. Expansion of Some Differential Operators in Orthogonal 
Curvilinear Coordinates 


General formulas 


Let (91, 92,93) be a system of orthogonal curvilinear coordinates related 
to Cartesian coordinates (x, y, z) by the formula 


x = x(q de, da). y = Y(qd5 9293), 2 = 20915 92 q3). 


Suppose the square of the element of arc length in the given system is 
ds? = hi dg? + IÈ dg? + hà dq, 


where the A, are the metric coefficients 


AGE. eus 


Then the differential operators (grad u), , div A, Au, (curl A),, [where u and 
A are given functions of the coordinates, and the index q; denotes the 
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corresponding vector component] take the form 
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The coordinates of the vector AA = grad div A — curl curl A are: 
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Expressions for the above differential operators in other special orthog- 
onal curvilinear coordinate systems can be found in Chapter 7 of this book, 
and in the handbook by Magnus and Oberhettinger (M3). 


Supplement 





VARIATIONAL AND RELATED 
METHODS’ 





Many, and perhaps most, mathematical problems encountered in science 
and engineering are difficult or impossible to solve by analytical methods. It 
is also found that explicitly obtained exact solutions are often too cumber- 
some for interpretation and numerical evaluation. Therefore, in these in- 
stances, it is either necessary or convenient to employ approximate methods 
which yield accurate numerical estimates of the solution. The recent develop- 
ment of high speed electronic digital computers has made practical the success- 
ful application of many of these methods to complex problems. 

This supplement contains a collection of typical problems that illustrate 
a special class of approximate methods. They are related either directly or 
indirectly to the variational formulation of physical problems. Almost all 
of the examples are concerned with boundary value problems for ordinary or 
partial differential equations. However, with suitable and sometimes trivial 
modifications, the methods presented can often be applied to other situations, 
e.g., eigenvalue problems or problems involving integral equations or integro- 
differential equations. 

The selection of problems was, in large measure, influenced by the amount 
of computational work necessary to obtain a solution. Hence, by necessity, 
they are essentially simple." However, the methods employed can usually be 
applied directly to more complicated problems, the only additional difficulty 
being that the calculations are more involved. 

The supplement is independent of the main body of the book in the sense 


1 This supplement was written by Edward L. Reiss, Courant Institute of Mathematical 
Sciences, New York University. 
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that all equation and problem numbers refer only to those in the supplement. 
Literature references, indicated in brackets, are to items in the references 
section on p. 412. 


I. Variational Methods 


l.l. FORMULATION OF VARIATIONAL PROBLEMS? 


Physical problems can frequently be formulated mathematically as 
minimum problems, as well as in terms of differential or integral equations. 
The solution is then a function, selected from a certain class called admissible 
functions, which minimizes a specified functional? with respect to all admis- 
sible functions. For example, Hamilton's principle is an alternative to New- 
ton's equations of motion as a formulation of the laws of mechanics. It 
states that if u(x, 1) is a vector describing the motion of a mechanical system,* 
then between any two times 1 and 1, the actual (stable) motion is an admis- 
sible vector which coincides with the actual motion at t = fy and ! = t, and 
makes the functional 


"(T — U) dt 


a minimum. Here Tand U are the kinetic and potential energy functionals of 
the system. The admissibility conditions usually take the form of boundary 
conditions and of continuity requirements on u and its derivatives. If the 
mechanical system is in equilibrium, so that T= 0 and u is independent of t, 
then Hamilton's principle becomes the principle of minimum potential energy: 
the actual (stable) displacement of the system is an admissible vector that 
minimizes the potential energy functional. 

It is usually not difficult to show that the admissible function (or vector) 
that minimizes the functional is the solution of a system of differential 
equations (or sometimes integro-differential equations, or integral equations) 
called the Euler equations for the functional. Thus in mechanics we obtain 


* For a fuller discussion of the calculus of variations and its applications, see [3, 4, 8]. 
? Here we use the general term functional to denote any mapping of a set of functions 
(e.g., admissible functions) into real numbers. Thus, for example, 


F =f SQ) dx 


is a functional, where f(x) is any piecewise continuous function on the unit interval. In 
our applications, the domain of the functional is the set of admissible functions. 

* We use bold face to indicate a vector, and x = (X, X5, ... , Xp) is the vector of p 
independent variables. The function u is a vector-valued function of p + 1 variables. 
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the equations of motion as the Euler equations for Hamilton’s principle and 
the equilibrium equations as the Euler equations for the principle of minimum 
potential energy. 

To illustrate these remarks, consider the functional 


pu] = |" Ou? + gu? + 2/9] dx (1) 


for the scalar function u(x) of the single variable x. Here a prime is used 
to denote differentiation. The admissibility conditions are the following: 
u(x), u'(x) and w'(x) are continuous functions in the closed interval [a, b] 
which satisfy the boundary conditions 


u(a) = Uo; u(b) = uy, (2) 


where u, and u, are prescribed numbers. The prescribed functions p(x), p'(x), 
q(x) and f(x) are continuous in [a, b]. We shall now show that if the admis- 
sible function u(x) minimizes 7, i.e., I[u] < /[v] for all admissible functions v, 
then u is a solution of the Euler equation 


Lu = (pw) — qu =f, a« x « b. (3) 


To see this, we introduce u(x), the variation of u, namely a function defined in 
the interval [a, b], which has a continuous second derivative and satisfies the 
homogeneous boundary conditions (2) [i.e., vanishes at the end points a and 
b], but is otherwise arbitrary. Consider the admissible function v = u + eu, 
where the real number e is a parameter. Then 


J(e) = I[v] = I[u + eu] 


is a quadratic function of e, given by 


2 
He) = Mu] + elle, i] +Z Hai] (4) 
where 
j, — 420) ne d?J(0) 
E de ' s: de ` 


It is easy to show, by using integration by parts and the conditions u(a) = 
u(b) = 0, that 


h= AKA + qui + fü) dx = —2) "(Lu — f)ü dx. (5) 


Since I[v] is minimized when e = 0 and hence J(e) is a minimum at e = 0, it 
follows from (4) that /,[u, 4] = 0 for all variations a(x). Thus we conclude 
from (5) that u satisfies the Euler equation (3). 
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1.1.1. Determine the Euler equation corresponding to the functional (1) 
if u(a) = u, and no conditions are specified at x = b. Determine the bound- 
ary conditions that u must satisfy at x = b in order to minimize J (they are 
called natural boundary conditions.) 

Ans. Lu =f, u (b) = 0. 

Hint. Let ü(a) = 0 and ü(b) be arbitrary.’ 

1.1.2. Let F(x, u, u) be a specified twice continuously differentiable 
function of its arguments x, u and u’. Determine the Euler equation of the 
functional 

b 
Iu] -['Fe. u, u^) dx, 
assuming as admissibility conditions that u, u’ and u” are continuous in 
[a, b] and satisfy (2). 
Ans. 
(=) S s 
Ou’ Qu 

1.1.3. Let F(x, u, u’,...,u'”) be a specified twice continuously differen- 
tiable function of its arguments, where u™ = d"u/dx”. Determine the 
Euler equation of the functional 


I[u] =| "Fe, u, u’, us ouv tt) dx, 


assuming as admissibility conditions that u, u’,...,u'” are continuous in 
(a, b] and have prescribed values at x = a,b. 


Ans. 
OF (=) ( ry ( OF p 
LEN LESE Nip ls$25 —1)" =0 
Qu Qu' a Qu" ux Qut? 


1.1.4. Determine the Euler equation of the functional 


I[u] =| fiè + u? + 2f(x, yu] dx dy 
D 
for the functions u(x, y) defined on the domain D in the xy-plane bounded by 
the contour C (the subscripts denote the corresponding partial derivatives, 
e.g., 4, = Ou/Ox). The admissibility conditions are that u and its first and 
second partial derivatives be continuous and that u satisfy the boundary 


condition Ws gon C: (6) 


where s is arc length along C and 9 is a specified function on C. The function 
f is prescribed and continuous on C. 


Ans. Au = uy, + Uy, = f(x, y). 





* For a discussion of more general boundary conditions, see [1], pp. 203-207. 
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1.1.5. In Prob. 1.1.4, alter the admissibility conditions so that (6) is 
satisfied on a subarc C, of C. On C; = C — C,, there are no specified 
boundary conditions. Determine the Euler equation and the natural bound- 
ary condition that must be satisfied on C, in order that u minimize 7. 


Ans. Au — f(x, y), i = 0 on Cy 


where the subscript 7 denotes differentiation with respect to the unit outward 
normal n to D. 


1.1.6. Determine the Euler equation of the functional 
I =| ftac, yu + b(x, yu? + c(x, y)u? + 2f(x, yu] dx dy, 
D 


using the admissibility conditions of Prob. 1.1.4. Here a, b, c and f are pre- 
scribed continuous functions on D, and a and b have continuous first partial 
derivatives. 
Áns. 
(au,), + (buy), — cu = f. 
1.1.7. Determine the Euler equation and natural boundary condition for 
the functional 


1 — [ [tatx, Xu + ud + eG yu? + 2f Ge yu] dx dy 
D 


+, alx6), OMAHU? — 29)u] ds, 


where C is the contour bounding D, the functions a, c and f are prescribed 
and continuous on D, and a has continuous first partial derivatives. The 
prescribed functions A(s) and p(s) are continuous on C. 
Ans. 
(au), A (au,), — cu =f, Un + Au = 9. 


1.1.8. Determine the Euler equation of the functional 


Iu) = | JI — 2/65 yd dx dy, 


D 
where f is a prescribed continuous function on D. The admissible functions 
u(x, y) have continuous partial derivatives up to and including the fourth 
order, and satisfy the boundary conditions 
u—q(s), u, = Ys) on. (7) 
Ans. 
A?y = Ugana  2Ueeyy T yvy = f(x, y). 


Hint. Let à = à, = 0 for x, y on C. 
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1.1.9. Determine the Euler equation of the functional 


ru] = f [Aw — 20 — visas, — uz) — Au] dx dy, 
D 
where the admissible functions have the same continuity properties as in 
Prob. 1.1.8 and the condition (7) is satisfied on the subarc C, of C. The 
remaining part of the boundary C; — C — Ci is “free,” i.e., no conditions 
are specified on C}. Determine the natural boundary conditions on C}. When 
C, = 0, compare the results with those obtained in the previous problem. 
The constant v is a specified number in the range 0 < v < $. 


Ans. 
Au=f, vAu + (0 — vus n? + 2u,nng + uy,n$) = 0, 
(Au), + (1 — vy (uy, — using + us (ni — na) 
where n, and n; are the x and y-components of the outward unit normal to D, 
and the subscript s denotes differentiation with respect to arc length s along C. 


Hint. On Cs, ü and ü, are arbitrary. 


1.1.10. Determine admissibility conditions and a functional whose Euler 
equation and natural boundary condition yield the following boundary 
value problem for the region D in the xu-plane with contour C: 


Au = f(x, y) for x, y in D, 


u =0, vAu-- (1 vun + 2u,,nng + uy,n)) =0 for x, y on C. 

Ans. The functional is given in the preceding problem. The admissible 
functions have the same continuity properties as in Prob. 1.1.8, and in addi- 
tion, u — 0 on C. 


1.2. THE RITZ METHOD [14] 


The minimum property of the solutions of boundary value problems 
suggests a method for their approximate determination. Suppose that a 
sequence of admissible functions is constructed whose limit minimizes an 
appropriate functional. Then the function obtained by truncating the se- 
quence after a finite number of terms may provide an approximation to the 
minimizing function. The approximation is presumably more accurate 
when more terms in the sequence are retained. Specifically, we select a 
family of admissible functions 

u = U(x;c) (8) 
depending on n (unknown) parameters € = (c,, Ca, .. ., Cn). Inserting these 
functions into the functional and performing the necessary integrations, we 
obtain 


I{U(x; c)] = BC), (9) 
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where ® is a function of the n parameters c. Necessary conditions for ® to be 
a minimum are that 
od 


Oc; 

The m solutions e = c^, j = 1, 2,..., m of the algebraic equations (10) give 
the stationary points of ®. Let c = c? be a stationary point which also fur- 
nishes a minimum of ®. Then we expect that the function u = U(x; c9), 
which is called a Ritz approximation and which minimizes J with respect to 
all admissible functions of the form (8), is an approximation to an admissible 
function that minimizes 7.6 

In practice, the family of admissible functions is usually formed by taking 
a linear combination 


0  i-L2,..,n. (10) 


ü(x; c) = u(x) + > cjü'(x), (11) 
j=l 
where u? is an admissible function and the i? (j = 1, 2, . . . , n) are variations. 


We shall refer to U in the form (11) as a trial solution. For linear problems, 
the functional / is quadratic in u and its derivatives. Then substitution of (11) 
into the equations (10) leads to a system of linear algebraic equations for c. 
Naturally, we should try to choose the functions «u? and i? so that they 
approximate the solution as closely as possible. However, there are several 
practical considerations governing their selection. First of all, they should be 
chosen so that the integrals necessary to obtain ® are “easy” to evaluate. 
Furthermore, the @ must be sufficiently different. If, for example, two of the 
functions are identical, then the resulting system of linear algebraic equations 
for c will have a zero determinant. If two or more of the functions 3° differ 
only slightly, then the determinant may be small and it will be difficult to 
solve the algebraic equations accurately. If natural boundary conditions are 
to be satisfied on some portion of the boundary, then, as we have seen in 
Sec. 1.1, it is not necessary to impose them as part of the admissibility con- 
ditions, since the solution of the minimum problem automatically satisfies 
them. However, if it is easy to select u, and i? which satisfy the natural 
boundary conditions, then it is advantageous to do so in the Ritz method. 
To illustrate the application of the Ritz method, consider the boundary 
value problem consisting of the differential equation (3) and the boundary 
conditions (2), where the associated functional is (1). For simplicitly, we 
take u= u, = 0, so that u’ = 0.7 Then substituting (11) into (1) and 


€ Convergence properties and the sense of approximation afforded by the Ritz method 
have been established in special cases (see [5, 11]). 
7 For the variations we may take, for example, 
ai = (b — x(a-— xx, f=1,2,...,4, 
or 
jr(x — a) 


i = sin feds epee 
b-a 


’ 
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performing the necessary differentiations, we obtain /[u] = ®(c). Applying 
the stationary conditions (10), we find that the parameters c; satisfy the system 
of algebraic equations 


FAB =O que oen (12) 
j=1 
where i 


b 
Aj; = Aij =|’ (pui; + qu,u;) dx, 
BB-['f&de if =1,2,...50. 

1.2.1. Prove that if the i? are linearly independent functions and the 
coefficients p(x) and q(x) satisfy the conditions p(x) > 0, q(x) > 0 for all x in 
[a, b], then the system (12) has a unique solution. 

Hint. Show by contradiction that the homogeneous form of the system 
(12), i.e., with B; = 0 (i = 1, 2,..., n), has only the solution c = 0. 

1.2.2. Use the Ritz method to obtain an approximate solution of the 
boundary value problem 

u" +u+x=0, u(0) = u(1) = 0 
for each of the following trial solutions: 
a)U—cx(1—x)5; b) U = cx(1 — x) + es(1 — x); 
c) U = cyx(1 — x) + e(l — x?). 
Why are these legitimate trial solutions? Compare the approximations so 
obtained for u and u’ with the exact solution. 
Ans. 
5 17 7 8 7 
= — 3 b — —. o=— ; =, Ser 
Ue qt TE soe dieu 
(see [11], p. 269 and [1], p. 220). 

1.2.3. Use the Ritz method to obtain an approximate solution of Bessel's 

equation 

x?u" + xu’ + (x? — l)u = 0 
in the interval 1 < x < 2, where u(l) = 1, u(2) = 2. Compare the result 
with the exact solution. 

Hint. First write Bessel's equation in the form (3). 


1.2.4. Use the Ritz method to obtain an approximate solution of the 
boundary value problem 
(uy + u= Nv, u(0) — 0, wl) =, 
of the form U = x + x(1 — x)(c + car). 
Ans. 85 35 


Ch = 2 Cs = — — 
see [9]).) 7-226 13 
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1.2.5. Use the Ritz method to obtain an approximate solution of the 
boundary value problem 
u” + (1+ x9u +1=0, u(—1) = u(1) = 0 
of the form 
a) U=c,(1 — x?) + ¢(1 — x4); 
b) U = «(1 — x?) + ¢(1 — x4) + ey(1 — x9). 
Ans. 





a) & = rr C$ = — 2 
1063 ' 4252 
b) cı œ 0.966, c, = — 0.00474, c, œ — 0.0297. 
(see [1], p. 209). 
1.2.6. Obtain a Ritz approximation to the solution of the boundary value 
problem 
[2 — xu] + 40y —2— x*, — y'(X1) 2 y"(41) — 0, 
of the form U = c, + cx? + cxt. 
Ans. 
_ 143363 953. .189 
* 40.7930 ^ — 
(see [1], p. 219). 
Hint. Use Prob. 1.1.3 to formulate the functional. Note thattheboundary 
conditions are natural boundary conditions. Determine how accurately the 
boundary conditions are satisfied by the approximate solution. 


= 5 C3 — 
79301 79301 


1.2.7. Use the Ritz method to obtain an approximate solution of the 


Poisson equation 
Au = th, + ty —2, 


subject to the condition u = 0 on the boundary of the rectangle |x| < a, 
|y] < b, where the trial solution is of the form 
a) U = c(x? — a?)(y? — BP); 
b) U = (x? — a*)(y? — a*) [ax + ex? + y?)] (for the square b = a). 
Ans. 
5 


D 67 ag 
(see [11], p. 281). 
Hint. Use Prob. 1.1.4. 
1.2.8. Solve Prob. 1.2.7, using the Ritz method with 


b) dud EA guod 
8 177 16 277 
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As trial solutions, use 


a) U = zy*(1 — &y?) + G8? — D*Q? — 1); 
b) U — (1 E) + G* — DI? — DXG + cat + ey?) 
Ans. 
a) cı z 0.0425; b) cı = 0.0404, Cy = Cz © 0.0117 
(see [17], p. 167). 
Hint. Transform the boundary conditions into the form (7), and then use 
Prob. 1.1.8. 


1.2.13. Determine a Ritz approximation to the solution of Au = f(x, y) 
in the rectangle 0 < x < a, 0 < y < b, satisfying the boundary conditions 
of Prob. 1.1.10 on the edges of the rectangle. Use a trial solution of the form 


MTX . nm 
U= $ > enn sin = sin a 
m=1 n=1 b 


Ans. 





C — 


—2 
a F -| (2) + ( (5y] IN: fx, y) sin = sin > dx dy 
Ta a 
(see [16], p. 345). 


1.2.14. Use the Ritz method to obtain an approximate solution of the 
clamped rectangular plate problem A?u = f where f is a constant (see 
Prob. 1.1.8), subject to the conditions u = u, = 0 on the boundaries of the 
rectangle 0< x « a, 0 « y< b. Use a trial solution of the form 


U= c( 1 — eos 2)(1 — cos 22), 
a b 


Ebel) 


1.3. KANTOROVICH’S METHOD? 


Ans. 





(see [18], p. 288). 


Kantorovich’s method, which is sometimes called the mixed Ritz method 
or the method of reduction to ordinary differential equations, is essentially a 
generalization ofthe Ritz method. More “freedom” is permitted in the selec- 
tion of the trial solutions (8) and (11) by allowing the parameters c to be 
functions of one of the independent variables x, say x. The functional / then 
reduces to a functional 


I[U(x; €())] = Fle] (13) 


of n functions c,(x), which are determined so as to furnish a minimum of F. 


* For a general description and analysis of this method, see [11]. 
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Thus the c,(x) are solutions of a system of n ordinary differential equations 
which are the Euler equations of Y. The solutions of these equations subject 
to appropriate boundary conditions yield the approximation U(x; c(x)). 

For simplicity, we shall consider Kantorovich's method only for a 
rectangular region ay < x < d,, by < y < b, in the xy-plane. However, the 
method can be applied to regions of more general shape (see [11]). We shall 
employ trial solutions of the form 


U(x, y; e(x)) = u'(x, y) + Desi, y), (14) 
j=l 
where u° satisfies inhomogeneous boundary conditions and the i? homo- 
geneous boundary conditions on y = bo, bj. The boundary conditions on x = 
ao, a, yield the values of c,(a,) and c,(a,), j = 1, 2,..., M. 

As an example (see [11], p. 304), consider the problem of solving the 
equation Au = —1 for x, y in the square |x| < 1, |y| < 1, subject to the 
boundary condition u = 0 on the edges of the square. As a trial solution, we 
take U = (1 — y?)c(x), which satisfies the boundary conditions on y = +1. 
To make the trial solution satisfy the conditions on x = +1, we require that 
c(—1) = c(1) = 0. Then the associated functional (see Prob. 1.1.4) reduces to 


I{u] = ¥[e(x)] = aj (2 pU pe c) dx. 


—1 


The Euler equation of F is obtained by using (1) and (3), and is given by 


e : c= 2 
2-—- 
Solving this equation and applying the boundary conditions c(—1) = c(1) = 0, 
we obtain As = 
«(1 he), iex 
2 cosh k 2 
1 9 CN 
—-(-— » = cosh kx), 
2 cosh k 


1.3.1. Solve the above boundary value problem by Kantorovich’s method, 
using the trial solution 


U = (1 — yea) + cap]. 
Compare with the result of the Ritz approximation obtained in Prob. 1.2.7. 
Ans. 


X) © -; Eee 


cosh a... cosh x, 


, 


e) s oria ER | eonun 


cosh « . cosh x. 


where a, = (14 + V/133)!? are the roots of the characteristic equation 
čt — 287? + 63 = 0 (see [11], p. 317). 


PROB. 1.3.4 SUPPLEMENT 403 


1.3.2. Solve the above boundary value problem by Kantorovich’s 
method, using the trial solution 


U = > ex) cos (j + Pry. 
j=0 


Verify that this yields the infinite series representation of the exact solution. 
Ans. 


2 pL 
ge], jn, 
cosh (j — Hr 


(see [11], p. 320). 


1.3.3. Use Kantorovich’s method to solve the clamped rectangular plate 
problem, i.e., A?u = 1 in the rectangle |x| < a, |y| < 5, with boundary con- 
ditions u = u, = 0 on the edges of the rectangle. Use U = (y? — b?)?c(x) 
as a trial solution. 


Ans. 
24c(x) = A cosh g% cos BS + B sinh 5 sin 85 + 1, 


where £ = x/b, A = d,[ds, B = dsld,, 
dy = B sinh ar cosh ar + «sin Br cos Pr, 
—d, = «cosh ar sin Br + 6 sinh ar cos Pr, 
d, = «sinh ar cos Br — B cosh ar sin Br, 
r = ajb, x ~ 2.075 and B ~ 1.143 (see [11], p. 322). 


1.3.4. Use Kantorovich’s method to obtain an approximate solution of 
A?u = 0 on the semi-infinite strip 0 < x < oo, |y| < 1, subject to the follow- 
ing boundary conditions: 


u, (X, 1) = ux, £1) = 0, u,,(0,y) = y? — 3}, us (0, y) = 9, 


lim u(x, y) =limu,,(x, y) = 0 uniformly in y. 


qux 2 o0 
Use the trial solution 


Iz a c(x) 


(note that U satisfies the boundary conditions on y = +1). 
Ans. 


c(x) = e eos Bx + à sin px) f 


where y = a + Bi ~ 2.075 + 1.143i is a root of yt — 6y? + % = 0 (see [10]). 
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2. Related Methods 


The application of the Ritz method to the solution of boundary value 
problems requires a variational principle. However, in some problems there 
is no such principle, while in others, it is difficult to determine the proper 
functional or cumbersome to evaluate the integrals needed in the Ritz method. 
Thus, in this section, we shall discuss three procedures for obtaining approxi- 
mate solutions which do not require a variational functional, although they 
lead to approximations related to those obtained by the Ritz method. 

For simplicity, consider the following boundary value problem involving 
a single function u(x): 


Lu=f for xin D, Bu=g for xonC. (15) 


Here L is a differential operator defined in a domain D, B is a boundary 
operator defined only on the boundary C of D, and fand g are prescribed 
functions. Thus Bu = g is the boundary condition for the single differential 
equation Lu = f. 

As in the Ritz method, we seek an approximate solution of (15) of the form 


u = U(x; ©), 


depending on n parameters € = (c,, C2, .. . , Cp). We shall assume, unless it 
is otherwise specified, that e is independent of x. In general, the approximate 
solution U does not satisfy the differential equation and the boundary con- 
dition, and in fact 

LU — f = e(x; €) for xin D, 


(16) 
BU — g — E(x;c) for x on C, 


where e and E, called the interior error and the boundary error, are algebraic 
functions of x and c. Ifc is a function of one independent variable, then e will 
be an ordinary differential operator acting on e, and E will contain initial or 
boundary conditions for c. If the function U is selected so that E = 0 for all 
X on C, the procedure used to determine c is called an interior method, while 
if e = 0 for all x in D, the procedure is called a boundary method. 

We wish to determine c so that the errors are, in some sense, as small as 
possible. Essentially, each of the methods described below amounts to 
ascribing a definite meaning to the term “small.” 


2.l. GALERKIN'S METHOD [7] 


In Galerkin's method, the n parameters are chosen to make the errors 
orthogonal to a set of n independent functions w(x), w*(x), .. . , w^(x), 
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usually taken to be orthogonal. This gives n conditions of the form 


|, x; e)w'(x) dx + J EG: wis) ds=0, j=12....,n (17) 


where ds is an element of area on C. These are n algebraic equations for 
determining the n parameters c. In fact, the equations are linear if Land Bare 
linear operators and U is chosen in the form 


U = uo + > c ifj, (18) 
j=l 


as is customary in practice. The interior Galerkin method® corresponds to 
choosing u’ and #, j = 1, 2,..., to satisfy the inhomogeneous and homo- 
geneous boundary conditions, respectively. In the applications, it is custom- 
ary (but not essential) to set w? = i?, j = 1, 2,...,m, and we shall do so in 
all the problems that follow. If, as n — oo, the w’ form a complete set of 
functions, then e — 0 as n — oo (being orthogonal to every function of a com- 
plete set). Some convergence properties of Galerkin's method are discussed 
in [12]. 

Practical selection of the functions i? and w’ is governed by the same 
considerations as in the Ritz method, i.e., they should make evaluation of 
the integrals in (17) easy and they should be sufficiently dissimilar (say 
orthogonal) to lead to a “‘well-conditioned”’ system of algebraic equations. 

If the boundary value problem (15) can be derived from a variational 
principle, then, in many cases, it can be shown that Ritz's method coincides 
with Galerkin's. If the parameters c; in (18) are permitted to be functions of 
one variable, we obtain the Galerkin-Kantorovich method. The conditions 
(17) then give ordinary differential equations and boundary conditions for 
determining c. 


2.1.1. Given the differential equation (3) and the boundary conditions 
(2), with u, = u, = 0, show that the Ritz and Galerkin methods lead to the 
same system of algebraic equations (12) for determining the coefficients c. 


Hint. Use integration by parts. 


2.1.2. Given the differential equation 
(au,), + (bu), — cu = f 


(see the answer to Prob. 1.1.6) and the boundary condition u — 0 on C, show 
that the Ritz and Galerkin methods lead to the same system of algebraic 
equations for the coefficients c. 


° The expression Galerkin's method conventionally denotes the interior Galerkin 
method. 
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2.1.3. Solve Prob. 1.2.3 by Galerkin’s method without transforming 
Bessel’s equation into the form (3). Compare with the exact solution, and 
also with the Ritz approximation using the same number of parameters. 


2.1.4. Use Galerkin’s method to obtain an approximate solution of the 
boundary value problem 
u" + xu’ +u=2x, u(0) = l, u(1) = 0, 
choosing a trial solution of the form 
U = (1 — xp + ex + cox? + c3x3). 
Ans. 
cı œ~ —0.209, Co 22 —0.789, C3 œ 0.209 


(see [13], p. 115). 

2.1.5. Solve Prob. 1.2.4 by Galerkin’s method, using the same trial 
solution. Verify that c, and c, satisfy the same algebraic equations as in the 
Ritz method. 

2.1.6. Use Galerkin’s method to solve the boundary value problem 

Ww) 4 u =1, uO) = w'(0) = ul) = v'(1) = 0, 
choosing a trial solution of the form 
U = c sin nx + cy sin 3xx. 


e, — Anc (n5 $I cg = ABn@lrt + D 


Ans. 


(see [6], p. 233). 


2.1.7. Solve Probs. 1.2.7 and 1.2.12 by Galerkin’s method, using the same 
trial solutions. Verify that the coefficients c, satisfy the same algebraic 
equations as in the Ritz method. 


2.1.8. Use Galerkin’s method to solve Prob. 1.2.9, choosing the following 
trial solutions which satisfy the (natural) boundary conditions: 
a) U = c[9 — 38 + 3%) + xy"); 
b) U = c[9 — 3(x? + y?) + x3y?] 
T €30 — 5(x? + y?) — 3(xt + yt) + ya? H y?)]. 
Ans. 
5 
a) c = E b) 10%, œ 73.3, 10e, ~ 5.38 
(see [1], p. 413). 


2.1.9. Use the Galerkin-Kantorovich method to obtain an approximate 
solution of the heat equation u,, = u, in the semi-infinite strip 0 < x < 1 
t > 0. The boundary and initial conditions are 


u(0, t) — u,(0, t) — ul, t) = 0, t>0, 
u(x, 0) = |, 0 <x <= 1, 


> 


2 
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and u must remain bounded as t— œ. Use a trial solution of the form 


x? x? 
U = a(i +x— x) + RO Tx— 5), 
which satisfies the boundary conditions but not the intial conditions. 


Ans. 
cı(t) & 0.586e”07408 +. 2,45e-11-81, C(t) œ 0.144e-9-740* — 2,30e-11.86t 


(see [6], p. 372). 


Hint. In applying (17), set the area integral over thestrip and the boundary 
integral over the initial line separately equal to zero. 


2.1.10. Use the Galerkin-Kantorovich method to obtain an approximate 
solution of the wave equation u,, = u,, in the semi-infinite strip 0 € x< 1, 
t > 0, where the boundary and initial conditions are 


u(0, t) = u(1, t) = 0, t — 0, 
u(x, 0) = x(1 — x), u(x, 0) = 0, 0O<x<l. 


Use a trial solution of the form 


U = x(1— led) + ex — x)]. 
Ans. 
€, ~ 0.804 cos at + 0.197 cos Br, 


€» & 0.91 1 (cos at — cos Qr), 


where « = x, B œ 10.11 (see [6], p. 375). 


22. COLLOCATION 


Of all the approximation procedures under consideration, the collocation 
method is perhaps the simplest to apply. In this method, the n parameters are 
determined by requiring the errors in (16) to vanish at i points X, Xo, .. . , X, 
in D + Ccalled the collocation points. Of course, these points must be chosen 
so that the resulting system of equations has a solution, say c*(x;). The ideal 
collocation points are those for which c*(x;) minimizes the maximum error 
for all x in D 4- C. For example, if we define 


6(x;) = max |e(x; e°(x;))| + max |E(x; c*(xj))l, (19) 
xin D xonC 
then as the collocation points we should take the values x;, j = 1,2, ...,n 


for which & is a minimum. However, no general procedures are presently 
available for a priori selection of points satisfying this criterion; in fact, they 
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are usually determined by intuition or by practical considerations such as 
computational simplicity. Only interior or boundary points need be con- 
sidered as collocation points, depending on whether interior or boundary 
collocation is employed. 

A disadvantage of collocation is that the approximate solution may vary 
considerably with the position of the collocation points. One way to minimize 
this is to take a sufficient number of points and distribute them over the 
domain and the boundary. 

An obvious generalization of the collocation method is to allow the 
parameters to be functions of one variable, say x. Then the errors will 
depend on c(x) and its derivatives, and collocation may yield a system of 
differential equations and boundary conditions for determining the param- 
eters. 


2.2.1. Solving Prob. 1.2.2 by interior collocation, using U = cx(1 — x) 
as a trial solution and the following collocation points: 
ax—ci b) x=}3; Jx=2. 
Compare with the Ritz approximation and the exact solution. In each ease, 
evaluate 


& = max lel 
0S2S1 


[cf. (19)]. Does the approximation with smallest & have the smallest deviation 
from the exact solution? 


Ans. 


a) =$; b) Ga c) = 
2.2.2. Solve Prob. 1.2.5 by interior collocation, using 
U = (1 — x3)(e4 + ex? + c4) 
as a trial solution and the following collocation points: 


a) x =},2 (ste,—05; b x=}, 1.8, 


2. 


Ans. 
a) c ~ 0.929, c, œ~ —0.0512; b) c, ~ 0.932, e, ~ —0.0341, c, ~ —0.0302 
(see [1], p. 182). 

2.2.3. Solve Prob. 2.1.6 by interior collocation, using the same trial 


solution and x = 1, $ as collocation points. Compare with the approxima- 
tion obtained by Galerkin's method. 


Ans. 
ag =(V24 1220093, e= (V2 — 122 (81 + D 
(see [6], p. 233). 
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2.2.4. Solve Prob. 1.2.7 for the square b = a by interior collocation, using 
the same trial solutions. For the trial solution a, use x = y = Q as the 
collocation point, and for the trial solution b, use the points x — y = 0 and 
x — y — a[2. Compare with the Ritz approximation and the infinite series 
solution. 

Ans. 

l 2 
a) Res: b) a=, COS 
(see [15], p. 437). 


2.2.5. Use boundary collocation to solve Prob. 1.2.7 for the square b = a. 
To select trial solutions, it is convenient to introduce polar coordinates 


r? = x? + yt 0 — tan! y n 
x 
Then the function 
= 2 + ci + car! cos 40 + car? cos 80 


, 
is a solution of the differential equation. Determine the parameters c}, c, 
and c,, using the collocation points 


r=a,0=0, r= J5 z 

4 
Compare with the solutions obtained by interior collocation (Prob. 2.2.4) 
and by the Ritz method (Prob. 1.2.7). Also compare with the infinite series 
solution (Prob. 1.2.8). 


NIA 


tan 0 — 7, r= J2a, Ve 


Ans. 
€1 = 0.590a?, a’cy = — 0.0924, a$c, = 0.00254 
(see [2]). 
2.2.6. Use boundary collocation to determine an approximate solution 
of Au = —2 where u = 0 on the boundary of a regular hexagon with sides 


of length 2a/N 3 whose vertical sides lie on x = +a. As a trial solution, use 


the function 
2 


U = — > -+ c, + car? cos 60 + cr”? cos 120, 


which solves the differential equation. Choose polar coordinates with respect 
to the center of the hexagon, and use the collocation points 


2a n 1 /13 1 
"=a, 9=0, =-—, 0=-, pat [Bo tan 0 = ——. 
me. E. 6 2N 2 AE 
Ans. 
c, © 0.541a?, atc, œ~ —0.0445, alc, as 0.00363 
(see [2]). 
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2.2.7. Solve Prob. 1.2.9 by interior collocation, using the trial solutions 
of Prob. 2.1.8. For the one-parameter approximation, use the collocation 
points 

a)x=y=0; b)x-—y-—ihícx-ey-$i 


For the two-parameter approximation, use the collocation points 


1 

dx=% y=} xsl, 2, 
3 1 1 28 i 

e) Y=e2 y i X 4 2. 


LF 
JE 
Compare these approximate solutions with those o 
Galerkin methods. 


btained by the Ritz and 


Ans. 
Dee dg 
E e——$ uem 
RURSUS H^ 92 
446 32 
I 80 O74.» er cu 00528: 
d) 4 — £557 > 2 6057 


e) 108c, ~ 74, 10%c, ~ 5.15 
(see [1], p. 411). 


2.2.8. Solve Prob. 1.2.9 by boundary collocation, using the following trial 
solutions and collocation points: 


a)U=-U+4YN)+c x=1, p= 
b) U = —iG€ + 5) + ey + ext — 6x 


x=1l, y= 


X 


© agi 


2 i + y) ; 


; eh ve: 


Bir 


(Both trial functions are solutions of the differential equation.) Compare with 
the results of Prob. 2.2.7. 


Ans. 
a) c ~ 0.813; b) c © 0.821, c, —0.0144 
(see [1], p. 413). 
2.2.9. Use boundary collocation to solve Prob. 1.2.14 for the square 


b =a. Let r and @ be polar coordinates with respect to the center of the 
square, and use the trial solution 


Qld 
64 


and the collocation points 


€ + car? + (eart + car) cos 40 + (esr? + cer!) cos 80 


a I a 
, =, r=~* tand=-, Ne — 


: 
2 4 2 Dr 





NI 
ARI: 
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Verify that U is a solution of the differential equation. Compare with the 
approximate solution obtained by the Ritz method in Prob. 1.2.14. 
Ans. 
cı © 1.296F, aco u —2.256F, atc, œ~ —0.3603F, 


a9c, ~œ 0.3078F, ac; ~ 0.01074F, ac, ~ 0.00207F, 
where F = fa?/64 (see [2)). 


2.3. LEAST SQUARES 


In the method of least squares we seek an approximate solution in the 
form u — U(x; c), as before, but the parameters c are determined to minimize 
the “mean square error” of the errors e and E in (16), i.e., 


Í, o(x)e(x; c) dx + f Q(xX)E?(x; c) ds = minimum, (20) 


where the weighting functions w(x) > 0 for x in D and Q(x) > 0 for x on C 

are at our disposal. Usually it is convenient to take w = Q = 1, and we 

shall do so in the problems below. Necessary conditions for the mean square 

error (20) to be a minimum are obtained by differentiating (20) with respect 
to each c;: 

[ we de dx +] QE 9E 

c 0 


JD €; 


deme Jede Q1) 


Cj 


This gives n algebraic equations for determining the n parameters c; by the 
method of least squares. 

The method of least squares is usually less convenient than collocation, 
since the additional integrals in (21) may be difficult to evaluate. On the other 
hand, the method of least squares is more systematic than collocation, since 
there is no arbitrariness corresponding to the selection of collocation points. 


2.3.1. Solve Prob. 1.2.2 by interior least squares. As the trial solution, 
use the function 
U = cx(1 — x) + cgx(1 — x°), 


which satisfies the boundary conditions. Compare the results with the Ritz 
and collocation approximations (see Prob. 2.2.1). 

Ans. 
_ 22M8 s. dnce 413 

101 2437 2437 


C1 


(see [1], p. 220). 
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2.3.2. Use interior least squares and the trial solution 
U = c(x? — a2)(y? — a?) 
to solve Prob. 1.2.7 for the square b — a. Compare the resulting approxima- 
tion with those obtained by the Ritz and collocation methods (Probs. 1.2.7 
and 2.2.4). Also compare with the infinite series representation of the solu- 
tion obtained by separation of variables. 
Ans. 
CEPR Det 
THEOD 
(see [15], p. 436). 


2.3.3. Solve Prob. 1.2.9 by interior least squares, using the trial solution 
U = c[9 — 36? + y?) + x?y?]. which satisfies the boundary conditions. 
Compare with the approximations obtained by the Ritz, Galerkin and 
collocation methods (Probs. 1.2.9, 2.1.8 and 2.2.7). 
Ans. 
15 
=T 
(see [1], p. 414). 


2.3.4. Solve the equation Au = x? — | in the rectangle |x| < 1, |y| < 4 
by the boundary least squares method, where u = 0 on the edges of the rec- 
tangle. Use the trial solution 


= gx — ] + ey(x? — y?) + e(x* — 6x? + y, 
which is a solution of the differential equation. 
Ans. 
.. _ 16643 oe 848 
* o 60-2443 — ° 2443 


(see [1], p. 417). 
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A 


Abel’s equation, 253 

Acoustic resonator, 46 

Addition theorem for Hankel functions, 
378 

Admissible functions, 392 


B 


Boundary error, 404 

Boundary method, 404 

Boundary value problems of potential 
theory, 27 


C 


Cauchy problem, 20 

Collocation, 407 

Collocation points, 407 

Complex potential, 34 

Conformal mapping, method of, 33 

Continuous spectrum, 59, 143 

Curvilinear coordinates, 203 

Cutoff wavelength, 50 

Cylinder functions of imaginary order, 
integral transforms involving, 194 


D 


Definite integrals encountered in applica- 
tions, 386 

Degenerate bipolar coordinates, 247 

Diffraction theory, 254 


Diffusion equation, 11 

Dirichlet conditions, 146 

Dirichlet problem, 27 

Discrete spectrum, 58 

Distribution of d-c current, equations for, 
12 


E 


Eigenfunction method, 103 
Eigenfunctions, 58 
orthogonality of, with weight r(x), 58 

Eigenvalues, 58 

Electromagnetic oscillations, 49 

Electron-optical device, 131 

Electrostatic problems, solution by in- 
tegral equations, 259 

Electrostatics, equations of, 11 

Elliptic coordinates, 204 

Elliptic equations, 27 

Euler equations, 392 

Expansions in series of orthogonal func- 
tions, 384 

Expansion of differential operators in 
curvilinear coordinates, 388 


F 


Flamant’s problem, 158 

Forced oscillations of elastic bodies, 46 
Fourier method, 55 

Fourier-Bessel integral, 160 
Fourier-Bessel series, 292 
Fourier-Mellin theorem, 170 


1 Because of the contents of this book (problems and their solutions), the subject 
index is necessarily eclectic, consisting mainly of first occurrences of key terms. 
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Fourier cosine transform, 144 
Fourier integral theorem, 147 
Fourier sine transform, 144 

Fourier transform, 144, 146 
Fourier’s equation, 9 

Free oscillations of elastic bodies, 43 
Functional, 392 


G 


Galerkin-Kantorovich method, 405 
Galerkin’s method, 404 

Green’s function, 28 

Grinberg’s method, 105 


H 


Hamilton’s principle, 392 
Hankel transform, 144, 160 
Hankel’s integral theorem, 160 
Harmonic function, 27 
Helmholtz’s equation, 28 
Hertz vector, 16 

Hyperbolic equations, 19 


I 


Images, method of, 29 
Inhomogeneous boundary conditions, 103 
Integral equations, 253 
Integral transform, 143 
kernel of, 143 
Interior error, 404 
Interior method, 404 
Inverse transform, kernel of, 145 
Inversion formula, 145 
Inversion, method of, 29 


J 


Jet flow, 36 


K 


Kantorovich’s method, 401 
Kirkhhoff’s method, 37 


L 


Lamé functions, 219 
Laplace transform, 144, 169 


Laplace’s equation, 8 

Laplacian operator, 5 

Least squares, method of, 411 

Longitudinal oscillations of a rod, equa- 
tion for, 4 


M 


Maxwell’s equations, 12 

Mean square error, 411 

Mehler-Fock theorem, 221 

Mehler-Fock transform, 144 

Mellin transform, 144, 189 

Minimum potential energy, principle of, 
392 

Mixed problem, 19 


N 


Natural boundary conditions, 394 
Nernst's law, 11 

Neumann problem. 27 

Newton's law, 9 


P 


Parabolic coordinates, 210 
Paraboloidal coordinates, 231 
Poisson's equation, 8, 28 


R 


Riemann's method, 19 
Ritz approximation, 397 
Ritz method, 396 

Robin problem, 27 


S 


Scalar potential, 13 

Schlómilch's integral equation, 376 

Schwarz-Christoffel transformation, 34 

Separation of variables, general theory of, 
247 

Skin effect, 53, 237 

Singular end points, 59 

Sommerfeld problem, 255 

Special functions, glossary of, 381 

Spectrum, 58 


Spheroidal coordinates, 219 

oblate, 221 

prolate, 220 
Spheroidal wave functions, 220 
Steady-state harmonic oscillations, 42 
Stream function, 34 
Streamlines, 34 
Sturm-Liouville problem, 58 
Superposition principle, 50 


T 


Thermal capacitance, 174 
Three-dimensional bipolar coordinates, 
242 

Toroidal coordinates, 233 
Transmission line equations, 16 
Transverse electric wave, 50 
Transverse electromagnetic wave, 50 
Transverse magnetic wave, 50 
Transverse oscillations: 

of a plate, equation for, 4 

of a rod, equation for, 4 
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Trial solution, 397 

Twisting of a prismatic rod, equation for, 
5 

Two-dimensional bipolar coordinates, 212 


V 


Variation, 393 

Variational and related methods, 391 

Variational problems, formulation of, 
392 

Vector potential, 12 

Vibrating membrane, equation for, 4 

Vibrating string, equation for, 4 

Volterra's equation, 253 


W 


Waveguide problems, 50 
Weber transform, 340 
Weber's integral, 161 
Wiener-Hopf method, 253 


